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Abstract. In the recent time, the problem of finding common solutions of fixed point problems (FPPs)
of nonlinear mappings and optimization problems (OPs) has received great research attention due to its
potential applications to mathematical models whose constraints can be expressed as the FPPs and OPs.
In this paper, we study the problem of finding a common solution of a split equilibrium problem (SEP),
a variational inclusion problem (VIP) and the FPP with a finite family of multivalued demicontractive
mappings. We propose a new inertial iterative method, which employs the forward-backward splitting
technique together with the viscosity method for approximating the solution of the problem in Hilbert
spaces. The proposed method uses variable step sizes, which do not depend on the norm of the bounded
linear operator. We prove strong convergence results under some mild conditions. Finally, we present
some numerical experiments to demonstrate the efficiency and applicability of the proposed method. Our
result improves and extends several existing results in the current literature in this direction.
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1. INTRODUCTION

Let H be a real Hilbert space with inner project (-,-) and induced norm || - ||, and let C be a
nonempty, convex, and cosed subset of H. Let F : C x C — R be a bifunction. The Equilibrium
problem (EP) is to find x* € C such that F(x*,p) > 0 for all p € C. The (EP), introduced in
1994 by Blum and Oetti [1], has a far-reaching impact and applications in several areas and
fields of research, such as computers, engineering, economics, physics, and so on; see [2] and
the references therein. The EP is also known to be a generalisation of many important prob-
lems in nonlinear analysis, such as variational inequality problems, nonlinear complementarity
problems, saddle point problems, fixed point problems, the Nash equilibra problem, and several
other problems, see, e.g., [3, 4, 5, 6, 7], and the references therein.

In this work, we consider the problem of finding a point x* € C satisfying:

Fi(x",x) >0, VxeCi, (1.1)
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such that p* = Gx* € M satisfies
R(p*,p) >0, Ypel,, (1.2)

where C; C H; and C; C H, are nonempty, convex, and closed subsets of Hilbert spaces H; and
H,, respectively, Fi : C; xC; — R and F; : C; x C; — R are bifunctions, and G : H; — Hj is a
bounded linear operator.

The problem (1.1)-(1.2) is known as the split equilibrium problem (SEP). We denote the
solution sets of EP (1.1) and EP (1.2) by EP(F}) and EP(F,), respectively and we denote the
set of solution of the SEP by

SEP(F\,F,) :={p € EP(F)): Gp € EP(F»)}.

Numerous researchers presented interesting results in finding the solutions of the SEP (1.1)-
(1.2) and also found applications in various areas; see, e.g., [8, 9] and the references therein.
Let H be a real Hilbert space, A : H — H be a single-valued operator, and B : H — 2 be
a multivalued operator. The variational inclusion problem (VIP), considered by Rockafellar
[10], is to find a point x* € H such that

0 (A+B)x". (1.3)

The solution set of the VIP (1.3) is referred to as the set of zero points of A 4 B. The problem
of finding the zero points of the sum of two monotone operators is an active area of research
interest and has various applications in the field of nonlinear analysis, such as convex opti-
mization problems and variational inequality problems. It is a well known fact that the convex
minimization problem can be transformed into finding zero points of a maximal monotone op-
erator defined on Hilbert spaces (see [11] and the references). In an attempt to find the solution
to the VIP (1.3), several methods have been proposed and studied by researchers; see, e.g.,
[12, 13, 14, 15, 16] and the references therein. The most common and efficient of these meth-
ods is the famous forward-backward method introduced by [17] and defined as follows:

X1 = (I+ AnB) ™ (I = M) (),

where 4, is a positive parameter, (I — A,A) is the forward operator, and (I + A,B)~! is called
the resolvent operator, also known as the backward operator. Numerous real world problems
in image processing, machine learning, linear inverse problems, and optimization problems can
easily be modelled into VIP (1.3), which makes it a hot area of research interest to researchers.

Let S: C — C be a non linear mapping. A point p in C is called a fixed point of S if Sp = p.
We denote the set of all fixed points of S by Fix(S), thatis, Fix(S) ={peC:Sp=p}.If Sisa
multivalued mapping, i.e., S : C — 2¢, then p € C is called a fixed point of S if p € Sp.

Over the years, researchers have done numerous interesting works on the common solution
of the fixed point problem (FPP) of nonlinear (single-valued or multi-valued) mappings and
various optimization problems; see, e.g., [18, 19, 20, 21] and the references therein. It is a well
known fact that several real world problems in image recovery, network resource allocation,
signal processing, bandwidth theory, data compression, computerised tomography, and so on
can be directly modelled into mathematical problems in the form of fixed point problems of
nonlinear mappings and various optimization problems, which has made it a centre of attraction
to researchers in the recent time; see, e.g., [22, 23]. This forms the bedrock of our research
interest in investigating the common solution of these problems.
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In 2018, Abass et al. [24] proposed an iterative algorithm for finding the common solution
of the SEP and the FPP for an infinite family of quasi-nonexpansive multi-valued mappings
{T,};L:loo in real Hilbert spaces as follows:

ty = T5 (x4 E,G* (T2 — I Gxy,);
Yn = loun+):§;1°°)~iziﬁ (1.4)
Xnr1 = YaTf (%) + (I = YuD)yn, n>1;

where 7, € Tiuy,, r, C (0,+0), and the step size &, is chosen such that, for some £ > 0,

T2 — 1)Gx,||?
- (8 |(72 ~ 1) G| 8);

" IGHTE - DG

for all Trfz Gx, # Gx,, and &, = &, otherwise (& being any nonnegative real number). Under the
conditions that 7, and r, satisfy the following conditions:
(1) limy— 4o %, = 0 and Z;l oYy = +o0)

() me(0,1),0<1< ﬁ,and0<yn<2u;

(i) liminf, 1, > 0;

(iv) Ao, A; € (0,1), such that ¥';f jood; = 1;
the authors proved that the sequence generated by (1.4) converges strongly to the solution of
the problem.

To accelerate the rate of convergence of iterative methods, researchers often employ the iner-
tial extrapolation technique, which was first introduced by Polyak [25]. The inertial method is
a two-step iteration where the next iterate is defined by making use of the previous two iterates.
Recently, a growing interest has been paid to the study of inertial type algorithms and several
authors have developed fast iterative methods by employing the inertial technique; see, e.g.,
[26, 27] and the references therein.

Recently, Cholamjiak et al. [28] proposed a modified inertial forward-backward splitting
method for solving the common solution of the SEP and the VIP in Hilbert spaces as follows:

Yn :x”+ en(xfl _xl’l—l)7
2w = Oy + (1 — o)) TE (I — yG* (I — TE2) Gy, (1.5)
Xt = Buzn+ (1= B)IL (T = XuV)za,  n>1,

where J%n =(T+2,0) 7", {4} C(0,20), {6,} C[0,6], 8 €[0,1),{r,} C (0,40) with y €
(0, 1) such that L is the spectral radius of G*G, and {@,} and {,} are sequences in [0, 1]. They
proved a weak convergence result for the proposed algorithm.

A major setback with Algorithm 1.5 is the fact that the step size depends on the norm of
the bounded linear operator, however, in most cases the norm of the bounded linear operator
is difficult to calculate or even almost impossible to estimate in some cases. This makes the
implementation of the algorithm more computationally expensive and time consuming. More-
over, the authors were only able to obtain weak convergence result for the proposed algorithm.
In solving optimization problems, strong convergence results are more desirable and applicable
than weak convergence results.

In this work, we propose a new iterative method, which employs the inertial technique and the
step size, which is independent on the norm of the bounded linear operator, for approximating
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the common solution of the SEP, the VIP, and the FPP. Our proposed algorithm has the
following features:

(i) our algorithm solves simultaneously three different problems, that is, the split equilib-

rium problem, the variational inclusion problem, and the fixed point problem;

(i1) our algorithm solves the fixed point problem of a family of multivalued demicontractive
mappings, which is a more general problem than the results in [9, 29];

(iii) our algorithm generates a sequence, which converges strongly to the solution of the
problem;

(iv) our algorithm combines the forward-backward splitting method with the inertial tech-
nique to speed up convergence rate.

The remaining part of this paper is organised as follows. In section 2, we present relevant
definitions and lemmas, used in the course of this study. In section 3, we present our algorithm.
Section 4 contains the convergence analysis of the proposed iterative scheme. In section 5, we
present some numerical examples to test the computational efficiency of our algorithm over
other methods in literature while in Section 6 we give some concluding remarks.

2. PRELIMINARIES

In this section, we recall some useful definitions and lemmas needed in establishing our
main results. Let C be a nonempty, convex, and closed subset of a real Hilbert space H, with
inner product (-,-) and norm ||.||. One knows that each Hilbert space H satisfies the Opial
condition [30], that is, for any sequence {x, } with x,, — x, the inequality liminf,_, ;. ||x, —n|| <
liminf,_, ;. ||x, — y|| holds for every y € H with y # x. Recall that a bounded linear operator
D : C — H is strongly positive if there exist a constant ¥ > 0 such that (Dx,x) > ¥||x||* for all
x € C. From [31], one knows that || — pD|| < 1 —p¥, where 0 < p < ||D||~!. For all x,y € H,
one knows that

(D) [P+ 3| < [P+ 200+ )
@) [P+ 31> = [P +20x,9) + 11113
(3) [[8x+ (1= 8)y||* = 81Jx|> + (1= 8)[Iy||* = 8(1 = §)[[x— y|?, where & € (0,1).

Let the weak and strong convergence of the sequence {xn}:l;loo to x as n — oo be denoted
by x, — x, and x, — x, respectively. We denote the metric projection of H onto C by Fc:
|x — Pex|| < ||x—y|| for all x € H,y € C. It is known that P¢ is nonexpansive and has the
following properties:

(i) z=Pcx<= (x—z,z—y) >0forallxe Handy € C;
(i) ||y — Pex||? +|jx — Pex||> < ||x —y||? forall x € H and y € C;
(iii) (x —y,Pex—Pcy) > ||Pcx — Pey||* for all x,y € H.

For a given sequence {x,} C H, wy(x,) denotes the set of weak limits of {x,}, that is,
Weo (Xn) == {x € H : x,, — x, for some subsequence {x,, } of {xn}}

Recall that a mapping T : H — H is said to be

(1) L- Lipschitz continuous on H if there exists a constant L > 0 such that ||Tx — Ty|| <
L||lx—yl|, Vx,y € H.If L € [0, 1), then T is called a contraction.
(2) nonexpansive on H if T is 1-Lipschitz continuous.
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(3) averaged if it can be written as T = (1 — )l + aS, where o € (0,1), S: H — H is
nonexpansive, and / is the identity mapping on H.

(4) monotone on H if (Tx—Ty,x—y) >0,Vx,y € H.

(5) k-inverse strongly monotone (k-ism) on H if there exists a constant k > 0 such that
(Tx —Ty,x—y) > k| Tx—Ty|?, Vx,y € H.

(6) firmly nonexpansive on H if || Tx — Ty||> < (Tx—Ty,x —y), Vx,y € H, or equivalently

17— TyIP < flx—ylI2 1t = Thx— (1~ Ty

Recall that a subset K of H is called proximinal if, for each x € H, there exists y € K such
that ||x — y|| = d(x,K) = inf{||x —z|| : z € K'}. In the course of this work, we denote the families
of all nonempty, closed, and bounded subsets, nonempty, closed, and convex subsets, nonempty
and compact subsets, and nonempty, proximinal, and bounded subsets of C by CB(C), CC(C),
KC(C), and P(C), respectively. The Pompeiu-Hausdorff metric on CB(C) is defined by:

H(A,B) := max { supd(x,B), sup(y,A)}, VA,B € CB(C),
X€EA YEB
where d(x,B) = infycp ||x — b||.

Let S : C — 2€ be a multivalued mapping. S is said to satisfy the end point condition if Sd =
{d} for all d € Fix(S). For multivalued mappings, S; : C — 2€ (i € N) with (= Fix(S;) # 0, S;
is said to satisfy the common endpoint condition if S;(d) = {d} foralli € N, d € [_, Fix(S;).

Recall that a multivalued mapping S : C — CB(C) is said to be:

(i) nonexpansive if H(Sa,Sb) < |la—b|| for all a,b € C;

(i) quasi-nonexpansive if F(S) # 0 and H(Sa,Sd) < ||la—d|| for all a € C, d € Fix(S);
(iii) nonspreading if 2H(Sa,Sb)*> < d(b,Sa)? + d(a,Sh)? for all a,b € C;
(iv) k-hybrid if there exists k € R such that

(14k)H(Sa,Sb)* < (1 —k)||a —b||> +kd(b,Sa)* +kd(a,Sb)?, Va,be C;
(iv) A-demicontractive for 0 < A < 1if F(S) # 0 and
H(Sa,8d)* < |la—d||*+ Ad(a,Sa)?, Va e C,d € Fix(S).

It is easy to note from the definition above that the class of A-demicontractive mappings is
more general than all other types of mappings listed above.

Recall that the best approximation operator Ps for a multivalued mapping S : C — P(C) is
defined by Ps(a) :={b € Sa: ||a—b|| =d(a,Sa)}. It is a known fact that Fix(S) = Fix(Ps) and
Ps satisfies the endpoint condition; see [32] for an example of a best approximation operator
Ps, which is nonexpansive but S is not necessarily nonexpansive. Let S: C — CB(C) be a
multivalued mapping. The multivalued mapping / — S is said to be demiclosed at zero if, for
any sequence {x,} C C which converges weakly to d and the sequence {||x, —1,||} converges
strongly to 0, where #, € Sx,,, d € Fix(S).

Lemma 2.1. [33] Let H be a real Hilbert space and let T : H — H be a given operator.

(1) T is firmly nonexpansive if and only if its complement I — T is firmly nonexpansive.
(i1) T is averaged if and only if its complement I — T is B-ism for some 3 > % Indeed, for
o € (0,1),T is aa-averaged if and only if [ — T is ﬁ—ism.
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Lemma 2.2. [34] For each x1,x2,.. Xy € Hand oy, ..., 04, € [0, 1] with Y7 | o; = 1, the following
holds: ||t x1 + ..+ Guxn||> = Ly 04l|xil|* — Ei<ic jm 00t 16 — x5

Lemma 2.3. [35] Let A : H — H be a k-inverse strongly mapping, then

(1) Ais %- Lipschitz continuous and monotone mapping,
(2) If A is any constant in (0,2k], then the mapping (I — AA) is nonexpansive, where I is the
identity mapping on H.

Lemma 2.4. [36] Let {a,}, {cn} C R4, {0,} C(0,1), and {b,} C R be sequences such that
an+1 < (1 =0)a,+by+c, forall n > 0. Assume Z;“:O Cp| < Hoo. Then
(1) If b, < Boy, for some B > 0, then {ay} is a bounded sequence.

oo _ 1 bn 1 —
(2) If ¥.,%, On = +o0 and limsup,,_, ., o <0, then nETwa” =0.

Lemma 2.5. [37] Let {a,} be a sequence of nonnegative real numbers, {0} be a sequence
in (0,1) with ::1 O, = oo, and b, be a sequence of real numbers. Assume that a,; <
(1 —a)an + ot,by for all n > 1, if limsupy_, ., by, < 0 for every subsequence {a,,} of {a,}
satisfying liminfy_,  o.(ay, ., —an,) > 0, thenlim,_,  «a, = 0.

Assumption 2.1. In solving the equilibrium problem (EP), we assume that F : C x C — R
satisfies the following conditions:

(A)) F(x,x) =0, forallx € C;

(A2) F(x,y)+F(y,x) <0forallx,y € C;

(A3) lim, o F(tz+ (1 —t)x,y) < F(x,y) forall x,y,z € C;

(A4) y+— F(x,y) is convex and lower semicontinuous for each x € C.

Lemma 2.6. [38] Let C be a nonempty, convex, and closed subset of a Hilbert space H, and
let F : C x C — R be a bifunction satisfying Assumption 2.1. For r > 0 and x € H, define a
mapping TF : H — C by TF (x) = {z€ C: F(z,y) + 1 (y —z,2—x) > 0,¥y € C}. Then, TF is
well defined and the following hold:

(1) Foreachx € H, TF (x) # 0;
(2) TF is single-valued;

(3) TF is firmly nonexpansive;
4 Fix(T) = EP(F);

(5) EP(F) is convex and closed.

Let B: H — 2" be a multivalued monotone mapping. The effective domain of B, denoted
by Dom(B), is defined as D(B) = {x € H : Bx # 0}. The graph of (B) is denoted by G(B) =
{(p,q) € H x H : q € Bp}. The range denoted, by R(B), is defined by R(B) = U,y Bx. B is
called monotone if, for all x,y € H, p € Bx and g € By implies that (p —g,x—y) < 0. B s called
maximal monotone if it is monotone and if for any (x,p) € H x H, (p —q,x —y) > 0 for every
(y,q) € Graph(B) implies that p € Bx. Recall that the resolvent mapping Jf : H — H associated
with a multivalued maximal monotone mapping B is defined by J%(x) = (I + AB)~!(x) for
all x € H, for some A > 0, where [ is the identity operator on H. It is a known fact that if
B : H — 2! is a multivalued maximal monotone mapping and A > 0, then Dom(]f ) = H and
Jf is a single-valued and firmly nonexpansive mapping.
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Lemma 2.7. [39] Let H be a real Hilbert space. Let B: H — 2H be a maximal monotone
operator and A : H — H be a k-inverse strongly monotone mapping on H. Define T), = (I +

AB)~Y(I—2A), A > 0. Then,
(i) F(Tz) = (A+B)"'(0);
(ii) forO0<s <A andx € H, ||x — Tex|| < 2|[x — Tyx||.

3. THE ALGORITHM

In this section, we present our proposed algorithm and highlight its main features. We
also state the conditions needed to establish the strong convergence theorem for the proposed
method.

Condition B

(B1) H; and H; are two real Hilbert spaces and C; C Hy, C; C H, are nonempty, closed and
convex subsets of H| and H», respectively.

(By) G: Hy — H, is a bounded linear operator with adjoint G*, Q : H; — 2H1 is a maximal
monotone operator, and V : H] — Hj is a o-ism.

(B3) F1:C; xCy — Rand F, : C; x C; — R are two bifunctions satisfying conditions (A) —
(A4) with F, being upper semicontinuous in the first argument.

(B4) D : Hy — H\ is a strongly positive bounded linear operator with coefficient 7, and f :
H; — H is a contraction with coefficient p € (0,1) such that 0 < 1 < ]T)l

(Bs) S;: C; — CB(Cy) is a finite family of multivalued demicontractive mappings with con-
stant k; such that / — S; is demiclosed at zero, S;(p) = {p} for all p € N, Fix(S;), and
Kk =max{k;},i=1,2,....m.

(Bg) The solution set Y = SEP(F,F>) N (Q+V)~1(0)NN™, Fix(S;) is nonempty.

Condition C
(C1) {yu} C (0,1) such that lim, o Y, =0 and Y1, coys, = 0.
(C2) {Bn,i} € (0,1), Y Bni=1, and liminf, e (Byo —k)Bni > 0 foreach 1 <i < m.
(C3) 0 < liminf, e A, <limsup,_, A, <20,and0<a < ¢, <b < 2.

(C4) Let v > 0 and {g,} be a positive sequence such that &, = o(y,), i.e., lir£ % =0.
n——oo ¥n

(Cs) {rn} C (0,4o0) and {s,} C (0,+e0) such that liminf,,_, 1, > 0 and liminf,_, ;. 5, > 0.
Now, we present the algorithm as follows:

Algorithm 3.1. The Inertial Forward-Backward Splitting Method
Step 0. Select initial data xg,x; € H; and setn = 1.
Step 1. Given the (n — 1)th and nth iterates, choose Vv, such that 0 < v, < ¥, Vn € N with ¥,

defined by
v —{ in{v, Hxnf;n—lﬂ}’ if X 7 Xn-1,
=

Vv, otherwise.

Step 2. Compute 1, = x,, + V;, (X — X1 )-
Step 3. Compute g, = T1' (I, + % G* (T2 — I)Gl,,), where

|| (Ta2 1) G, |2 o P
Y = Idl)GK(TF2 —1))Gln‘\||2’ if 15,°Glu # Gln,

Ys otherwise (7 being a nonnegative real number).
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Step 4. Compute
Iy = ﬁn,Ogn + Z:n:l ﬁn,ihn,i; hn,i € Signs
in = (I‘l‘A«nQ)il(I_)LnV)tn = JAQH(I_A‘nV)tn;
Xn1 = YN f (In) + (I — YuD)zn.

Set n:=n+ 1 and return to Step 1.

Remark 3.1. By conditions (Cy) and (Cy4), we find from (4.26) that

V,
lim V,|x, —x,—1]|=0 and lim —|x,—x,_1] =0.
n—s+-o0 n—roeo Yy

We present some features of our proposed algorithm as following.

Remark 3.2. (i) The algorithm employs the inertial technique to accelerate the rate of con-
vergence. Moreover, the first step of the algorithm is easily implemented since the value
of ||x, —x,—1]| is known prior to choosing v,. These features make our algorithm is less
computationally expensive.

(i1) The step size ¥, is self-adaptive, that is, it is independent of the norm of the bounded
linear operator.

(ii1) Our proposed algorithm solves the problem of finding a common solution of the split
equilibrium problem, the variational inclusion problem, and the common fixed point
problem of a finite family of multivalued demicontractive mappings, which is a more
general problem than the ones considered in [22, 29] and several other results in the
literature.

Now, we demonstrate that the step size of the algorithm is well defined.
Lemma 3.1. The step size {Y,} of the Algorithm 3.1 defined by (4.27) is well defined.

Proof. Let d € Y. Then Trf‘d = d,TerGd = Gd. Since Trfz is averaged, we conclude from
Lemma 2.1(ii) that

G (I = T2)Glal| |l —d|| > (G*(I = T,,2)Gln, by — d)
=((I-T)Gl,— (I1-T/*)Gd,Gl, - Gd)
> Bl = T,2)Glal %,

for some f3 > % It follows that ||G*(I — T{2)GL,|| > 0 when ||(I — T,/2)Gl,|| # 0. Hence, {y,}
is well defined.
UJ

4. THE CONVERGENCE ANALYSIS

First, we establish some lemmas, which are relevant in the convergence analysis of the pro-
posed algorithm.

Lemma 4.1. Let {x,} be the sequence generated by Algorithm 3.1. Then, {x,} is bounded.
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Proof. First, we need to establish that Pr(I — D+ nf) is a contraction on H;. For all x,y € H,
we have

1Pc(I =D+nf)(x) =PI =D+nf)W) <[ =D+nf)(x) = (I =D+nf)()
< |[(I=D)x—(I =Dyl +nlfx—fyl
< (1= —=np))lx—yl
This demonstrates that Pr(I — D+ nf) is a contraction. Hence, by the Banach contraction

principle, there exists an element d € Y such that d = Py(I — D+ 1nf)(d). Since d € Y, then
d=T.'d, Gd =T,*(Gd),d = JC (I - A,V)d, and S;(d) = {d} for each i = 1,2,...,m. Since

T,f' and [ — Trf‘ are firmly nonexpansive, we obtain from Lemma 2.1(i), the definition of ¥,, and
the condition on ¢, that

gn —d||* = 11,5 (1o + mG* (T2 — 1) Gl,) — d||?
< |l + WG (T, = 1)Gly —d||? (4.1)
= |ln —d|)*+ RIG* (T2 = DGL||* + 2 (1, — d,G* (T2 — ) Gly,)
= |l —d|*+ G (L2 — 1)Gl|* + 27 (Gl — Gd (T[> — )Gl — (T2 — 1) Ga)
<l —d|> = (2= ¢) (T2 = DG (4.2)
< |lln—d|*. (4.3)

From Lemma 2.2, (4.3), and the fact that S; is demicontractive for eachi = 1,2,...,m, we have

m m
th _d”2 - Bn,OHgn _dH2 + Zﬁmi”hn,i _dH2 _ﬁn,O Zﬁmi hn7i _gnHZ
i=1 i=1

m m
< Buollgn —d|* + Y BuiH(Sign:Sid) — Buo Y Buillni — 2ul?
i1 i=1

m m
< Buollgn—dl* + Y Builllen —dl* + xillgn — nill*) = Buo Y- Bu.illin,i — gull?
i=1 i=1

m
<llgn—dl* =Y Bui(Buo— K)llgn — hnil)? (4.4)
i=1

< lign—d|> (4.5)
In view of the conditions imposed on the control parameters, we have
lzn —d|* = (I + 20Q) ' (I = 2V )tw — (I + 2,0) " (I = 2aV)d|?

< |ty —d — Au(Vt, — Vd)|?

= ||ty —d||* = 2A,(Vt, — Vd, 1, —d) + A2 ||V1, — Vd|?

< |ta —d||* = (26 = An) A |Vty — Vd||? (4.6)

< ||t —d|. “.7)
By the definition of /,, we have

V,
[ = d| =[]0 + Va(xn = x0—1) = d| < [[xa —d|| +‘Vn'?n||xn — Xn—1|

n
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From Remark 3.1, we see that %Hxn —Xp—1|| = 0 as n — +oo. Thus there exists a constant
J1 > 0 such that %Hxn—xn,lﬂ <J forall n > 1. Hence, ||l, —d|| < ||x, —d|| + y,J;. It follows
from (4.3), (4.5), and (4.7) that

11—l

< Yulnf () = D + (1 = yul))||zn —d]|

= Va[nlf () = f( )|+ Inf(d) = D[]+ (1 = yauT) ||z — d||

< u[nplll—dll +[Inf(d) = Dd|[]+ (1 — ya) l[za —d||

< yunplllxa —dl[ + ]+ yul[n f(d) = Dd|| + (1 = yun))[|lxn — d|| + yudi]

Inf(d)—Dd] , [1—yu(7 - np)]h]
n—ne n—npe

= [1 —yu(N —np)]llx, —d|| + wu(7 —np) [

<=y —mp)]lxn —d|| + wu (R —np)J”

where

J* =sup

Inf(d) =Dd|| | [1=ya(0—np)li
n-np —-np '

Setting a,, := ||x, —d||, by := W, (M —Mp)J*, ¢, :=0, and o, := W, (7 —Np), and using Lemma
2.4(1) and the assumptions on the control sequences, we have that {||x, —d||} is bounded, which
implies that {x,} is bounded. Therefore, {l,}, {g.}, {t»}, and {z,,} are also bounded. O

Lemma 4.2. The following inequality holds for alld € Y andn € N :

2 (N — Wy
Hxn—l—l_d”2§ <1_ Y, (77 Y, 77P)> Hxn_dHZ

(1-w.mp)

V,

2(7—np)” 2(7 —np) "

2yu(—mp) | wu® (L= ¥f)*+vunp)
(1-vyunp)

+7m : ooy ) Dd,xn+1—d>}

(1=yaf)*
~ (1—wunp)

m
+ 3 Bui(Bro—x)llgn— hn,illz}.
i=1

ss

{yn(z - ¢n)”(Tv52 —D)Gla||* +2(0s — An) 2|Vt = Vd|?

Proof. Letd € Y. Then, by applying the Cauchy-Schwarz inequality, we have
1w = |1 = xn + V(s = x5-1) —dl||?
< | — d||2 + Va0 = xn—1 || (Valltn — X1 [ + 2|2, — ]

V,
< ||xn_d‘|2+3‘]21/fn?n|’xn_xn—l|la (4.8)
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where J5 := sup,cn{||xn — d||, Val[xn — xn—1]|} > 0. Now, by using (4.2), (4.4), (4.6), and (4.8),
we have

e = dl* < (1= y)?||z0 — d|* + 29 (0 f (1) — Dd, 11 —d)
< (1= ) [lta — d|I* = (26 — ) | [V =V |*]
+2Wn<nf( n) —Tlf( )v Xn+1 _d> +2‘Vn<nf(d> —Dd, xpq1 _d>
< (1=l — I~ 3 Bui(Bro — ) lgn — s> — (26— A}V — Vel
i=1
+2yun < ( ) ( ) Xn+1 — >+2Wn<nf(d)_Dd7 xn+1_d>
(1_‘Vn ) “|l _de_Yn(z ¢n)‘|(7;1;2_1)Gln||2

— Z Bui(Bno — K)lIgn — hnill* — (26 — ) A [Vty — Vi ||’]
i=1

+ P (| —d|* + || %01 — d||?) + 2w (n £ (d) — Dd, xy11 —d)
< [(1 = @)+ wan Pl — d|* + wunplxps1 —d|

_ Vi
+{(1— i)+ WnnP]SJZWnV”xn —Xp—1|| +2¥u(nf(d) — Dd, x,+1 —d)
— (1= w7 ) {m(2— (pn)”(Tsfz _I)GlnHz + Zﬁmi(ﬁn,o —K)l|lgn _hmin
i=1

+ (26 — Ap) An||VE, — Vd|*},

(4.9)
which in turn implies that
X1 —d|?
1-2 n_+ n_2 + n I— n_ 2+ n Vn
§< Vall + (Wnf17) wnp)||xn_d||z+(( V) wnp)SJWn_Hxn_xniln
(1—vunp) (I—vyanp) 72
2y, (1-yun)? F 2
+——"" __(nf Dd, xpi1 —d) — ————{m(2—¢,)|(T,> - 1)Gl,
(I_Wnnp)m() +1—d) (l—t/fnnp){ﬂ On)|[(T,2 — DGl

+(20 = )X |[Va = VA|*+ Y Bri(Buo — 1) llgn — nil|*}
i=1

_ o 2M=mp)y o 2% -np) v’
=( (1—wunp) Mo —dI+ (1—wunp) {Z(ﬁ—nP)J3

(A=) +¥anp) ) Vo 1 B )
27 —np) 3J2%Hxn xn—1\|+ﬁ_np<nf(d) Dd, X1 d)}

1-

((1 vn )){Yn( — ) |(T2 = 1)Gl|* + (26 — An) Ay [V, — V|2

+iﬁnl(ﬁn0_ ) llgn — n,i”2}7

i=1

where J3 = sup{||x, — d||? : n € N}. This completes the proof. O
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Lemma 4.3. The following inequality holds for alld € Y and n € N

_ _ Vi
P = dl? < (1= )|l — d||* +32(1 — Wnn)Zanuxn —Xn1]|

+29, (Nf(d) = Dd, X1 —d)+2J4(1 = yu1))?||Vi, — V|
+2J5(1 = w12 GH (T2 = DGl || — (1= i) *{llgn — ll* + ltw — zal|*}
where Jy .= SuPneN{)Lnth — 2|} and Js := SuPneN{Yann —n]}.

Proof. Let d € Y. From the fact that (I + 4,Q) ! is firmly nonexpansive and I — A,V is nonex-
pansive, we have

Iz —d|* = |+ 220) ™ (I = AV )t — (I + 24 Q) (I = 2,V )d||?
<Azp—d, I=LV)t,—(I— 1,V )d)
1 1 1 1
< Sl —dIP+ Sl —dIP = S ln = 20> = SAZ WVt = VAl + Al — 20|V — V],
So, we have
Iz —d|* < it = d|I* = lltn — zall* + 24|Vt — V[, (4.10)
where J4 := sup,cn{Aul/tn — zn||}. From (4.1) and (4.3), we arrive at
i+ %G (T2 = 1)Gly —d||* < [l —d|*
By the firmly nonexpansivity of Trfl, we have
lgn —d|1> = 17,5} (b + %G (T2 = 1)Gl) = T 1d >
<(gn—d, L, + WG (T[> —1Gl, —a)
1 %
= 5 {llgn—dIP* + 1l + %G (T3> — Gy —d|?
~ (g —d) = (I + WG (T;2 = 1)Gly —d)|I*}
1 b
< Allgn—dI? + 1t —dI* = llgn — b = %G (T2 = D)Gla|*}

= S llgn—dIP + [ —dI> = (lga — bl + 2IIG" (% ~ )G P
—2%(gn — ln, G (T2 = 1)Gl))}
< %{Ilgn—dllzﬂlln—dllz— 180 — Lall* + 2% lgn — Lall||G* (T2 — )G ||}.
Thus
lgn —dlI* < |lln—d|* = llgn = Ill* + 2%l gn — Wll|G* (T2 = D) G|
<ty —d|* = lgn — lll* + 2J5| G*(T,> = G|, (4.11)
where Js := sup,cn{¥llg» — Ix||}. Using (4.5), (4.8), and (4.11) in (4.10), we arrive at

V,
|2n _d||2 < | _d||2 _{_3]2%[?"”)5” —Xn—1|| = llgn — ln”2

n

—I—2J5HG*(TS{:2 —DGL|| — ||t —an2 +2J4||Vt, — Vd]|. 4.12)
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Substituting (4.12) into (4.9) yields that

_ v
P = dl* < (1= ) |l — dl||? +3lelfn?"|!xn —Xn-1]|

— llgn = tall® + 205 G* (T, = DGlul| = It — zul|* + 24| Vin — V|

+ 2y, (nf(d) —Dd, xp1 —d)
Vi
= (1= yu1)?[Jxn — d||* +352(1 — v ) > ¥ ;Hxn—xn—lll

+2y,(nf(d) —Dd, xp41—d)
"‘2-]4(1_‘//11 )”Vln Vd||+2~]5(1_1//n )HG*(TFZ )GlnH

(l_l/fn ) [”gn_l ||2+||tn—Zn|| ]

which is the required inequality. U

Theorem 4.1. Let Hy and H, be two real Hilbert spaces, and let Cy C Hy and C, C Hp be
nonempty, convex, and closed subsets. Let G : Hl — H, be a bounded linear operator with
adjoint G*. Let F| : C; xC; — R and F, : C; x C; — R be two bifunctions satisfying conditions
(A1)-(Aq) with F, being upper semi-continuous in the first argument. Let D : Hi — H, be a
strongly positively bounded linear operator with coefficient 1 and f : Hy — Hy be a contraction
with coefficient p € (0,1) such that 0 < n < % Suppose that Q : Hy — 2 is a maximal
monotone operator and V : Hy — H) is a o-ism. Let S;: C; — CB(Cy) be a finite family of
multivalued demicontractive mappings with constant K; such that I — S; is demiclosed at zero,

Si(d) = {d} for all d € (L, Fix(S;), and x = max{k;} for each i = 1,2,...,m. Suppose that
Condition B and Condition C are satisfied. Then, the sequence {x,} generated by Algorithm
3.1 converges strongly to a point x* € X, where x* = Pe(I — D+ nf)(x").

Proof. Let x* = Pr(I — D+ nf)(x*). It follows from Lemma 4.2 that

s —x*||* < (hﬁ) [ben — x>

Xn —Xn—1 ||

2y(M—mp) | yul® J3_’_(3J2(1_‘l/nﬁ)2+‘lfnnp)ﬁ”
(I1=wump) | 2(7—np) 2(7—np) 74

1

Next, we claim lim,,_, ; 0 |[|x;, —x*|| = 0. By Lemma 2.5, it suffices to demonstrate that

limsup(n f(x*) — Dx*, x,11 —x) <0
koo

for every subsequence {||x, —x*||} of {|[x, —x*||} satisfying

timinf(|Lxy 1 =] = o, ) > 0
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So, we suppose that {||x,, —x*||} is a subsequence of ||x, —x*|| such that

li]gigf(ﬂxnkﬂ —x*|| = ||%n, —x*||) > 0. 4.14)

Again, from lemma 4.2, we have

(1_Wnkﬁ)2 2
) oG A A Ve, —Vd
U—%mm( O Vi, |
29, (1 —1p) > > 2w (—=np) | v 0?

< (1= T2 Ix,, —d||* — x4 —d|]* + 2 — J

( (1—y,np) >” S (I—w,np) | 2(7—np)"°

(3Jz(l—wnm) +wnmp) Vi

Xy — X1 ||+ ——— —Dd, Xy 11 —d) 5.

From the fact that limy_, ., ¥, = 0 and (4.14), we have
(1 - ‘Vn,ﬂ’l)z
(1= np)

Consequently, we obtain ||V, —Vd| — 0 as k — +o. By following a similar argument, we
find from Lemma 4.2 that

(20 — A ) o, ||Vitn, —Vd||* — 0, k — +oo.

lim || gn, — hnil| =0, Vi=1,2,....m, (4.15)
k—yo0

and limy_e %, (2 — @) || (Ts I)Gly, ||> = 0. From the definition of y,, we have

(T, snk —1)Gly, |I*

2— 0, k — oo
¢nk( ¢nk) HG*( Sy —I)Gl%kHz
By the condition of ¢,,, we have that
To? —1)Gly, |2
Tl -0l o
|G*(T5,; — )Gl |
Since ||G*(Tsfi —I)Gl,,|| is bounded, we arrive at
lim |[(T5% = 1)Gly, | = 0. (4.16)
It follows that
IG* (T2 = DGl || < IG*|I(T;,2 = DGl || = IGINN(T;2 = 1) Gl | =0 (4.17)

as k — +oo. Similarly, from Lemma 4.3, we have

(l_wﬂk )Hg”lk lﬂk||2

< (1= Y ) [l = d” = lmn = dll|? + 3021 =y, 1) llfnkw"Hxnk X1l

n

+2Wnk<nf< )_Dd x’lk+1_d>+2‘]4(l_wnk ) ”thk_VdH
+2J5(1 =y, 1)*|G*(T;2 — )Gl |
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From (4.14), (4.17), and Remark 3.1, we have

lim ||gn, — Iy, || = O. (4.18)
k—ro0
Following the similar argument, from Lemma 4.3, we have
Jim [t =20, | = 0. (4.19)
It follows from Remark 3.1 that
klgrolo ||lnk — Xy H = Vi Hx”k X1 H =0. (4.20)

By (4.15), we have
m

||tnk - gnk || = Hﬁnk,Ognk + Z ﬁnkﬂ'hnbi - gn7k
i=1

m
< ﬁnk,OHgnk _gnkH + Zﬁnk,inhnk,i _gmk“ — 0, k= +oo
i=1

Furthermore, letting k — +oo, we have
lgne = X || = 05 ||tn, — Xl = 05 ||zm, — X | = 05 ||zm, — Lol = O3 ||7any i — X, || = 0. (4.21)

Moreover, by (4.15) we have

kgrfmd(gnk,Signk) < kh_r>r°10|]gnk —hy il =0, i=1,2,....m.

From the fact that lim v, = 0, we have
k—4-o0

Hxnk—l—l _xnkH < Wnanf(lnk) _Dxnk” + (1 - Wnkﬁ)HZ”lk _x'lkH — 07 k — oo (422)

To complete the proof, we need to establish that w,(x,) C Y. We first prove that wy(x,) C
" Fix(S;). Since {x,} is bounded, then w(x,) is nonempty. Let £ € wy(x,) be an arbitrary
element. Then, there exists a subsequence {x,, } of {x, } such that x, — £ as k — +4oco. Then, we
have that g, — £. Since I —§; is demiclosed at zero for each i = 1,...,m, then it follows from
(4.15) that £ € Fix(S;) for all i = 1,...,m. This implies that £ € N/, Fix(S;). Hence, wg(x,) C

;n:] Fix(Si).

Next, we prove that wg(x,) C (A+B)~1(0). Let T,, = (I + A,,Q)"1(I — A4, V). From
the definition of z, and (4.19), we have limy_ || T, tn, — tn, || = iMg_ye0 || 25, — tn, || = 0. Since
liminf;_,. A, > 0, there exists 6 > 0 such that A,, > § for all k > 1. By Lemma 2.7(ii), we
have limy_,e || Tst, — tn, || < 21imy_y0 || Ty, — tn, || = 0. By Lemma 2.7(ii), we have that Ty is
nonexpansive. In view of 7, — £, we obtain from the demiclosedness of I — Ty that £ € F(Ty).
By Lemma 2.7(i), we obtain £ € (A4 B)~'(0). Hence, we have that wg(x,) C (A+B)~1(0).

Finally, we prove that wg(x,) C SEP(F},F>). First, we prove that wy(x,) C EP(F;). Since
8n, = Trfli (In, + ynkG*(Tsnk —1)Gl,, ), we have that

Fy(8n )y o~y — T G (T2~ )Gl > 0, y €€,
N

which implies that

1 1 )
Fl (gnkay) +r_<y_gnk’gnk _lnk> - r_<y_gnk7’}/nkG (Ts‘fi _I)Gll’lk> Z 07 Yy € Cl-

Ny ng
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So, from the monotonicity of Fi, we have

1 1
_<y_gnk7gnk _lnk> - _<y_gnk>'}/nkG*(7;52 _I)Glnk> > F (}’7gnk)7 yeC(i.
r k

ng Ny

Since g,, — %, then it follows from (4.17), and (4.18), liminf_, .. r,, > 0, and condition (Ag)
that

Fi(»4) <0, ye . (4.23)

Now, for y € Cy, let y, := ay+ (1 — a)X, for all a € (0,1]. Then we have that y, € C;, and it
follows from (4.23) that Fj (y4,X) < 0. By applying assumptions (A)-(As4), we have

0=FH (yaa)’a) < akF (ya,)’) + (1 _a)Fl (Yaaﬁ) < akF (ya,y)-

It follows that Fi (y,,y) > 0, Vy € C;. Letting a — 0 by Condition (A3 ), we have that F} (£,y) > 0,
Vy € Cy. This implies that £ € EP(F}).

Finally, we prove that GX € EP(F,). Since G is a bounded linear operator and w(x,) =
weo(ly) by (4.20), then Gl,, — GX. It follows from (4.16) that

TFi Gly, — G%, k — +oo. (4.24)

Sn

By definition of Y}fi Gly,, we have

1
Fz(TsfiGlnk, M+ == TSIZ Gly,, Tsfi Gly, —Gly,) >0, y € Cy.
N
Since F; is upper semi-continuous in the first argument, it follows from (4.16), (4.24), and
limsupy_,,, sp, > 0 that F>(G%,y) > 0, Vy € C,. This proves that G € EP(F3). Hence, we(x,) C
Y as required. From (4.21), we see that we (x,){gn, } = we (xn){xs, }. Since {x,, } is bounded,
then there exist a subsequence {xnkj} of {xp, } such that Xy, — xT and
lim (n f(x*) — Dx",x,, —x") =limsup(n f(x*) — Dx*,x,, —x")
J—roo J

k—ro0

= limsup(n f(x*) — Dx*, gn, —x). (4.25)

k—so0
Since x* = Pr(I — D+ nf)(x*), it follows from (4.25) that
limsup(1/ () = D', =) = lim (0 (6) = D', =)
= (Nf(x*) —Dx*,x" —x*) <0,
which together with (4.22) yields that

limsup(n f(x*) — Dx*, x,, 11 —x")

k—>oo
— hmsup(‘r’f(x*) _DX*vanrl —xnk> —|—1imsup<nf(x*) —Dx*,xnk —x*>

= (nf(x*) - Dx*,xT —x*) <0.

Applying Lemma 2.5 to (4.13) and using Remark 3.1 and the condition on Y, we have that
lim,— 40 || X, —x*|| = O as required. O

By the properties of best approximation operators, we have the following result.
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Corollary 4.2. Let H| and H, be two real Hilbert spaces, and let C; C H; and C, C H, be
nonempty, convex, and closed subsets. Let G : Hy — H, be a bounded linear operator with
adjoint G*, and let F; : C; xC; —» R and F, : C—2 x C; — R be two bifunctions satisfying
conditions (A)-(A4) with F> being upper semi-continuous in the first argument. Let D : H; —
H, be a strongly positively bounded linear operator with coefficient 7, and and let f : Hy — H,
be a contraction with coefficient p € (0,1) such that 0 < < %. Suppose that Q : H; — 21 is a
maximal monotone operator and V : H; — Hj is a o-ism. Let S; : C; — P(C)) be a finite family
of multivalued mappings such that P, is k;- demicontractive and I — Ps; is demiclosed at zero
with kK = max{x;} foreach i =1,2,....,m. Let {x,} be a sequence generated as follows:

Step 0. Select initial data xg,x; € H; and setn = 1.
Step 1. Given the (n — 1)th and nth iterates, choose Vv, such that 0 < v, < V,,, Vn € N with ¥,
defined by

. gn .
9, = mm{v, Hxn—xn71|‘}7 if X # X1, (4.26)
v, otherwise.

Step 2. Compute 1, = x,, + V;,, (X, — X—1).
Step 3. Compute g, = Trf‘ (I, + }/nG*(J}fz —1)Gl,), where

F

0ull(T5,” ~D)Gln||> it TGl + Gl
Y= 6" (T2 -DGhI’ 5" Gln 7 Gl (4.27)
Ys otherwise (7 being a nonnegative real number).

Step 4. Compute
Iy = Bn,Ogn + 2?1:1 ,Bn,ihn,i; hn,i S PS;(gn);
20 = I+ 2, Q) " (I = 2V )t = J2 (I = 2V )t
Xnr1 = Y f (In) + (I — YuD)zp.
Set n :=n+ 1 and return to Step 1.

Suppose that Condition B and Condition C are satisfied. Then, the sequence {x,} gener-
ated above converges strongly to a point x* € Y, where x* = Pr(I — D+ nf)(x*) and Y :=
SEP(Fy,F)N(Q+V)~1(0)NN™, Fix(S;) is nonempty.

Proof. Since Ps, satisfies the common endpoint condition, F(S;) = F(Ps,), and I — Ps, is demi-
closed at zero for each i = 1,2, ..., m, then the result follows immediately from Theorem 4.1. [

Remark 4.1. Our result in Section 4 improves on existing works in the following aspects:

(1) Our result involves the problem of fixed points of a finite family of multivalued demi-
contractive mappings, which is a more general class of mappings than the ones studied
in [9, 24, 29].
(i1) Our result improves on the results in [28, 40], which require prior knowledge of the
norm of the bounded linear operator while our result employs a self-adaptive step size.
(i11) The result in this paper extends the result in [24] from the problem of common solutions
of the SEP and the FPP of a family of multivalued quasi-nonexpansive mappings to
the problem of common solutions of the SEP, the VIP, and the FPP of a family of
multivalued demicontractive mappings in Hilbert spaces.
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(iv) Unlike the result in [24], our algorithm utilizes the inertial technique to speed up the
convergence of the proposed algorithm.

(v) We obtain the strong convergence of the proposed algorithm without following the con-
ventional “two-case approach” employed by numerous authors in the literature.

5. NUMERICAL EXAMPLES

In this section, we present some numerical experiments to demonstrate the computational
efficiency of our Algorithm 3.1 in comparison with Algorithm (1.5), Appendix 6.1, Appendix
6.2, and Appendix 6.3 in the literature. All numerical computations were carried out using
Matlab version R2019(b).

In the numerical computations, we choose N = %, Vi = > +1 L€ = (2n41r1 55 Bno = T Bni=

+1 . _ _ ntl
5(gn+1) i=1,2,....5 l’l_3n+l7 , =0.8,v=0.85 andrn—sn—3’;+5,selectan—3n+27ﬁn

50T +17 and 6, = 3, in Algorithm (1.5), Appendix 6.1, Appendix 6.2, and Appendix 6.3, and
take ¢; = ¢, = 0 in Appendix 6.1 and Appendix 6.3.

Example 5.1. Let H; =R =H,,C; = [—3,0] and C; = (— +0,0]. For all x € R, let the operators
G,Q,V :R — R be defined by G(x) = 3x, Qx = 4x, and Vx = 3x, respectively. Fori=1,2,...,5,
define multivalued mappings S; : C; — CB(C}) by

Si(x) = { [_ iljlﬂho}? x€[-3,-2);
o}, ce 2.0

It can easily be verified that S; is a hybrid multivalued mapping with Fix(S;) = {0} for each
i. Hence, S; is O-demicontractive. Moreover, for each x,y € Cy, define the bifunction F; : C; X
C) — Rby Fi(x,y) = xy+y—x—x?, and for each u,v € C,, define the bifunction F> : Co x C; —
R by F>(u,v) = uv+ 10v — 10u — u?. It can easily be verified that Fi, F; both satisfy conditions
(A1)-(A4). After simple calculations, we obtain from Lemma 2.6 that

u—

TH(u)=—, VYueC
r (u) 1+r’ uedly,
and
v—10s
TSFZ(V): T4s VveQG,.

We choose f(x) = ,D(x) = 3. It can easily be checked that all the conditions of Theorem 4.1
are satisfied.

We choose four different initial values as follows with ¥ = 0.05 in each case:

Case I: xg = 29, x; = 394;

Case II: xo = —65, x; = —500;
Case III: xo = —59.45, x; =491;
Case IV: xg = 125, x1 = —542.

We compare the performance of Algorithm 3.1 with Algorithm (1.5), Appendix 6.1, Appen-
dix 6.2, and Appendix 6.3. The stopping criterion used for our computation is |x,| —x,| <
1072, We plot the graphs of errors against the number of iterations in each case. The numerical
results are reported in Figure 1 and Table 1.
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TABLE 1. Numerical Results for Example 5.1
Alg. 1.5 | App 6.1 | App. 6.2 | App. 6.3 | Alg. 3.1
Casel No. of Iter. 15 15 11 11 5
CPU time | 0.0047 0.0059 0.0249 0.0111 0.0122
(sec)
Case II | No. of Iter. 15 15 11 11 5
CPU time | 0.0048 0.0059 0.0224 0.0106 0.0121
(sec)
Case III | No. of Iter. 15 15 11 11 5
CPU time | 0.0055 0.0044 0.0177 0.0044 0.0055
(sec)
Case IV | No. of Iter. 15 15 11 11 5
CPU time | 0.0055 0.0065 0.0325 0.0113 0.0158
(sec)
10° ‘ 10°
——Algorithm 1.5 ——Algorithm 1.5
Appendix 7.1 Appendix 7.1
10%F ——Appendix 7.2]3 102 ¢ ——Appendix 7.2]3
Appendix 7.3 Appendix 7.3
10tk ——Algorithm 3.1 10tk ——Algorithm 3.1]
é 10° é 10°F
10 h G 107
1072 1072
10 : ‘ 103 : ‘
0 5 10 15 0 5 10 15
Iteration number (n) Iteration number (n)
10° 10°
——Algorithm 1.5 ——Algorithm 1.5
Appendix 7.1 Appendix 7.1
10%F —+—Appendix 7.2 102 F —+—Appendix 7.2
Appendix 7.3 Appendix 7.3
1otk ——Algorithm 3.1 1otk ——Algorithm 3.1
é 10° U§J 10° ¢
107 10t
102 102k
107 : : 102 ‘ ‘
0 5 10 15 0 5 10 15
Iteration number (n) Iteration number (n)
FIGURE 1. Top left: Case I; Top right: Case II; Bottom left: Case III; Bottom

right: Case IV.
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Example 5.2. Let H} = Hy = [,(R). Define Cy :={x €l : Hx|| <ltand Gy:={yeh:|y| <
1}. Let F; : C; x C; — R be defined by Fj(x,y) = xy — y*, where x = (x1,x2,...,X;,...) and
y = (¥1,Y2,.,¥i,-..) € C1,, and let F5 : C; x C; € R be defined by F>(u,v) = u? +uv — 212,
where u = (uy,up,...,u;,...) and v = (vi,vy,...,v;,...) € Co. One can easily verify that conditions
(A1)-(A4) are satisfied. After some steps of calculations with Lemma 2.6, we have

ThH(w) = lw , w=(vi,wa,...,wi,...) € C
—r
and
z
Th \22, e Zin-n) € Co.
(@) =377 ¢= @naantin) €G

For all x € I, let the operators G,Q,V : I, — I, be defined by G(x) = %x Ox = 2x, and
Vx= %x, respectively. For i =1,2,...,5, define S; : H; — H\ by S;x = 3; for all x € [,. We
choose f(x) = %x and D(x) = %x. It is clear that all the conditions of Theorem 4.1 are satisfied.

We choose four different initials as follows with ¥y = 0.08 in each case:

Case I xo = (2, — 1,—%,---),)(1:(%,IL,ZL’...)’
Case II: xo = (2, g‘,zg—s,. Sy x1 = (1,45, 15, ),
Case III: xo = (2, % )’xl_(%ﬂ_ll_wzl_ov' ),
CaseIV:xo—(g,i,g, --),x1:(2,%,%,---)_

We compare the performance of Algorithm 3.1 with Appendix 6.2, and Appendix 6.3. The
stopping criterion used for our computation is ||x, 1 —x,|| < 1072. We plot the graphs of errors
against the number of iterations in each case. The numerical results are reported in Figure 2 and
Table 2.

TABLE 2. Numerical results for Example 5.2

Alg. 1.5 | App 6.1 | App. 6.2 | App. 6.3 | Alg. 3.1
Case | No. of Iter. 8 8 13 13 4
CPU time | 0.0079 | 0.0067 |0.0124 |0.0140 |0.0144
(sec)
Case II | No. of Iter. 7 7 13 13 5
CPU time | 0.0070 | 0.0111 0.0101 0.0231 0.0298
(sec)
Case III | No. of Iter. 8 8 13 13 4
CPU time | 0.0069 | 0.0112 |0.0100 |0.0138 |0.0196
(sec)
Case IV | No. of Iter. 8 8 14 14 5
CPU time | 0.0063 0.0056 | 0.0067 |0.0067 |0.0145
(sec)

Remark 5.1. We point out that the algorithms in Appendix 6.1 and Appendix 6.3 can solve
the common solution of split mixed equilibrium problems and variational inclusion problems.
But for fair comparison in the numerical examples, we take ¢; = ¢, = 0 in the two algorithms
so that the problem reduces to the problem of finding a common solution of split equilibrium
problems and variational inclusion problems.
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10°

——Algorithm 1.5
Appendix 7.1
——Appendix 7.2
Appendix 7.3
——Algorithm 3.1
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10 12 1

——Algorithm 1.5
Appendix 7.1
——Appendix 7.2
Appendix 7.3
——Algorithm 3.1

0 2 4 6 8
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FIGURE 2. Top left: Case I; Top right:

right: Case IV.

10 12 14
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——Algorithm 1.5}
Appendix 7.1
——Appendix 7.2
Appendix 7.3
——Algorithm 3.1

2 4

6 8
Iteration number (n)

10 12 14

Case II; Bottom left: Case III; Bottom

Remark 5.2. By using different initials in each of Examples 5.1 and 5.2, we obtain the nu-
merical results displayed in Tables 1 and 2, and Figures 1 and 2. We compared our proposed
Algorithm 3.1 with the methods of Cholamjiak ef al. and Arfat et al. (Algorithm 1.5, Appendix
6.1, Appendix 6.2, and Appendix 6.3) in Examples 5.1 and 5.2.

Furthermore, we note the following from our numerical examples:

e In Examples 5.1 and 5.2, we can see from the tables and graphs that the number of
iterations for our proposed method is almost the same (well-behaved) for all initials.
Also, there is no significant difference in the CPU time as we vary the initials.

e From the tables and figures, we can clearly see that, in terms of number of iterations, our
Algorithm 3.1 outperforms the methods of Cholamjiak et al. and Arfat et al. (Algorithm
1.5, Appendix 6.1, Appendix 6.2, and Appendix 6.3) in Examples 5.1 and 5.2.

6. CONCLUSION

We studied the problem of finding a common solution of the split equilibrium problem, the
variational inclusion problem, and the common fixed point problem of multivalued demicon-
tractive mappings. We introduced a new iterative scheme, which combines inertial technique
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and adaptive step sizes with viscosity and forward-backward splitting methods for approximat-
ing the common solution of the aforementioned problem in Hilbert spaces. We proved strong
convergence of the proposed algorithm without a prior knowledge of the operator norm. We also
presented some numerical experiments to illustrate the efficiency of our method in comparison
with some other methods in literature.
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Appendix 6.1. [40, Theorem 3.1]
Let {x,}, {yn}, and {u, } be sequences generated by xo,x; € H; and

Yn =Xy + Gn(xn _xnfl)a

tn = Qyn + (1 — o) T (1 — yG (1 — T2\ Gy, 6.1)

X1 = Puttn + (1= Bp)Jnttn,  n =1,
where J,, = (I+4,B) "' (I—A,A), with {1,} € (0,2a), {6,} C [0, 6], for some 8 € [0,1),{r,} C
(0,+400) with y € (0, %) such that L is the spectral radius of G*G, and {0, }, {B,} are sequences
in [0,1].

Appendix 6.2. [28, Theorem 3.2]
Let {x,}, {yn}, and {z,} be sequences generated by xo,x; € H; (satisfying the assumptions

made on the control parameters) and

(Vi = X+ 0 (%0 — 1),

Zn = Opyn+ (1 — (sz)TrInFl (I—yG*(I— Trfz)G)yru

Wi = Buza+ (14 Ba)JL (= aV )2,

Cor1 = {2 € Gy [[wn — 2| < [Pon — 2| * + 267 130 —xu—1|* = 26 {xs — 2,301 — xn) },

(Xn+1 = PCn+1x17 n=> 15

(6.2)
where J2 = (I+2,0)", {A} € (0,20), {6,} C[0,6], 6 € [0,1),{rs} C (0, +o0) with y €

(0, 1), such that L is the spectral radius of G*G and {a,}, {B.} are sequences in [0, 1].

Appendix 6.3. [40, Algorithm 4.1]
Let {x,}, {yn}, {zn} and {u, } be sequences generated by xo,x; € H; and:

(Vo = X+ 0 (X0 — X 1),

ttn = yn + (1= )T (1 yG (1 - %)) G)y,

2 = Buttn + (1 — Bu)nttn:

Cost = {2 € Gt 20— 2P} < ln — 212 + 26210 — X1 || — 264 (0 — 2 %1 — )},

\Xn_._] = PCnJrlxl’ n Z 1’

(6.3)
where J,, = (I+4,B) "' (I—A,A), with {1, } C (0,2a), {6,} C [0, 6], for some 8 € [0,1),{r,} C
(0,+o0) with y € (0, 1), such that L is the spectral radius of G*G, and {0, }, {B,} are sequences
in [0, 1].
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