
Appl. Set-Valued Anal. Optim. 5 (2023), No. 2, pp. 181-191
Available online at http://asvao.biemdas.com
https://doi.org/10.23952/asvao.5.2023.2.05
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Abstract. We propose a special facial reduction algorithm (FRA) for the Shor semidefinite programming
(SDP) relaxation of the quadratically constrained quadratic program (QCQP). Under the mild assump-
tion, our special FRA only requires solving a linear programming problem instead of a semidefinite
program. In particular, when applied to the binary quadratic program, the proposed special FRA needs
fewer assumptions. From a computational perspective, this result improves the scalability and stability
of the SDP approach for QCQP problems. In addition, we also discover a new class of semidefinite
programs whose singularity degree can be computed easily. This new class complements the limited
examples of singularity degrees in the literature. As a by-product, our special FRA can be used to upper
bound the dimension of any set defined by quadratic inequalities.
Keywords. Binary quadratic program; Exposing vector; Quadratically constrained quadratic program;
Singularity degree.
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1. INTRODUCTION

SDP is a powerful optimization model with many applications in various fields, such as eco-
nomics, engineering, and machine learning. The primary issue in SDP is that the time com-
plexity of solving an SDP instance scales poorly with the size of the problem. In this work,
we attempt to address this issue by examining the effectiveness of an existing regularization
technique for certain special SDP instances.

Facial reduction algorithm (FRA) proposed by Borwein and Wolkowicz is an important tool
in modern convex optimization, see [1, 2]. FRA is a preprocessing step for optimization prob-
lems, and it is essential in making algorithms stable and efficient for finding the optimal so-
lution. The key idea behind FRA is to remove redundancy in the problem. For example, in
linear programming, FRA is equivalent to identifying primal or dual slack variables that are
identically zero on the feasible set. An interesting connection between the degeneracy and strict
feasibility in linear programming can be found in [3]. For general conic optimization problems,
it is important to impose additional constraint qualifications. Without constraint qualification, it
could lead to the loss of stability with respect to perturbations in the data. Therefore, it is critical
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to preprocess the problem to find its optimal solution in a numerically stable way. Through re-
moving redundancy, FRA provides a robust framework for recovering a constraint qualification
called Slater’s condition. An excellent survey of the facial reduction algorithm can be found in
[4].

In this paper, we focus on FRA applied to semidefinite programming (SDP) problems. SDP is
a convex optimization problem with a rich history and a significant impact on numerical applica-
tions. If a given SDP problem instance does not satisfy Slater’s condition, FRA can reformulate
the problem iteratively until Slater’s condition is restored. In fact, each reformulation step in
this reduction process is more challenging than solving the original SDP problem. Therefore,
one has to use special strategies in the implementation of FRA in practice. For example, an
important strategy is based on the investigation of the problem structures analytically. In [5],
the authors study SDP relaxation for a combinatorial optimization problem called quadratic as-
signment problem; And they implement FRA analytically to restore Slater’s condition and thus
require no extra computations. It is also the first study to employ this analytical strategy for
combinatorial optimization problems. This idea of using analytical formula is later applied to
the SDP relaxations of many other combinatorial problems and becomes a significant technique
in this area, see [6, 7, 8, 9, 10, 11]. There are also special FRA strategies for general SDP
problems, see [12, 13, 14, 15]. In [12], the positive semidefinite cone in the SDP is replaced
by a computationally more tractable cone. This technique is called partial facial reduction, and
it can produce approximations with different user-specified accuracy. It is effective for a wide
range of problems. In [13], a special FRA called Sieve-SDP is proposed; it attempts to find
specific, easily identifiable structures in the constraints of the SDP. A striking feature of Sieve-
SDP is that it does not rely on any external solvers, and only Cholesky factorization is used as
a subroutine. This simple recipe makes it very efficient for suitable SDP problem instances.

FRA is not only a computational tool but also important in theoretical analysis. In [16],
Sturm defines the singularity degree as the fewest number of iterations required in the facial
reduction algorithm to restore Slater’s condition. The singularity degree can be seen as a mea-
surement of ill-conditioning. Sturm derives a Hölderian error bound based on the singularity
degree for the feasible region of any semidefinite programming problems. Sturm’s error bound
is very influential, and many exciting new results are developed subsequently. For example,
Sturm’s bound is extended and applied to more interesting cases in [17, 18, 19]. In [20], the
bound is used to explain how the exponential size solutions arise in SDP. In [21], a strengthened
Barvinok-Pataki bound on SDP rank is derived using singularity degree. The singularity degree
of the linear image of a cone is investigated in [22].

As the singularity degree depends on the FRA, it is generally not possible to compute it for
arbitrary SDP problem instances. There are very limited examples whose singularity degrees are
known. In [16], the author provides an SDP instance with the largest possible singularity degree,
and it is used as an example to demonstrate the numerical errors caused by a large singularity
degree. The singularity degree of the positive semidefinite matrix completion problem is studied
in [23, 24].

This paper investigates FRA for the Shor SDP relaxation of QCQP. In general, each step
in FRA requires solving a semidefinite programming problem which is equally challenging to
solve as the original problem. We propose a special FRA which can be applied to the Shor
SDP relaxation, and under the mild assumption, it only requires solving a linear programming
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problem. Similar to other special FRAs, our FRA is not exact in the sense that we do not
guarantee to recover Slater’s condition. By relating our work with the existing special FRAs,
it suggests that we achieve a good trade-off between exactness and computational efficiency.
As a by-product, we also come up with a class of SDP instances whose singularity degree can
be computed easily. This is a valuable addition to the limited examples in the literature. We
also note that the proposed FRA can be used to upper bound the dimension of sets defined by
quadratic inequalities.

2. NOTATIONS AND BACKGROUND ON FRA

We let Rm×n denote the set of m-by-n real matrices. For X ,Y ∈ Rm×n, let 〈X ,Y 〉 denote the
usual trace inner product of X and Y , tr(XTY ). We let Rn

+ (Rn
++, resp.) denote the nonnegative

(positive, resp.) orthant of n-coordinates. We let Sn denote the space of n-by-n symmetric
matrices. A matrix X ∈ Sn is called positive semidefinite if 〈x,Xx〉 ≥ 0 for all x ∈Rn. The set of
n×n positive semidefinite (definite, resp.) matrices is denoted by Sn

+ (Sn
++, resp.), and we use

the notation X � 0 (X � 0, resp.) to denote the membership X ∈ Sn
+ (X ∈ Sn

++, resp.).
Given a matrix X , we use range(X) and null(X) to denote the range and the nullspace of X ,

respectively. A face f is said to be proper if f 6= Sn
+ and f 6= /0. Given a convex set C ⊆ Sn

+, the
minimal face of Sn

+ containing C, with respect to set inclusion, is denoted by face(C). A face f
is said to be exposed if there exists W ∈ Sn

+\{0} such that

f =
{

X ∈ Sn
+ | 〈W,X〉= 0

}
.

Every face of Sn
+ is exposed, and the matrix W is referred to as an exposing vector. The faces of

Sn
+ can be characterized in terms of the range of any of its maximal rank elements. Moreover, it

is well-known that each face is isomorphic to a smaller dimensional positive semidefinite cone,
as is seen in the subsequent theorem. Its proof can be found in Proposition 10.1.2 from [25].

Theorem 2.1. Let f be a face of Sn
+ and X ∈ f a maximal rank element with rank r and

orthogonal spectral decomposition

X =
[

V U
][ D 0

0 0

][
V U

]T ∈ Sn
+, D ∈ Sr

++.

Then f =VSr
+V T and relint ( f ) =VSr

++V T . Moreover, W ∈ Sn
+ is an exposing vector for f if

and only if W ∈USn−r
+ UT .

Let A : Sn → Rm be a linear operator and b ∈ Rm. The feasible region of a semidefinite
programming problem can be defined as

F := {X ∈ Sn
+ |A (X) = b}. (2.1)

We say that Slater’s condition holds for the problem if there exists a matrix X̂ ∈ F∩Sn
++. When

Slater’s condition is failed for S, it implies that the entire feasible set S is contained in a proper
face of the semidefinite cone Sn

+. If f is a face of Sn
+ containing the feasible set F , then we can

use Theorem 2.1 to rewrite F equivalently as

F = {V RV T ∈ Sn |AV (R) = b,R ∈ Sr
+}. (2.2)

Here, we define AV (·) := A (V ·V T ). Then, it is obvious that Slater’s condition holds for opti-
mization problems with the above constraint. Therefore, the key issue is to find (the minimal)
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face f . As all the proper faces of a semidefinite cone are exposed, it suffices to find the expos-
ing vector for the minimal face f . FRA attempts to identify an exposing vector by solving the
auxiliary problem

{y |A ∗(y)� 0, bT y = 0}. (2.3)

Then A ∗(y) is an exposing vector, and it defines an exposed face containing F . In general, the
reformulation (2.2) after FRA may still not satisfy Slater’s condition. When this is the case,
one simply needs to reapply FRA for the reformulated set (2.2). At each step, the size of the
positive semidefinite constraint becomes strictly smaller, and thus, this procedure stops after at
most n−1 steps. The smallest number of steps for FRA to restore Slater’s condition is called the
singularity degree, which is denoted by sd(F). Thus, the singularity degree sd(F) is an integer
between 0 and n−1. Apart from the reduction in the size of the positive semidefinite constraint,
at least one linear constraint in A (X) = b becomes redundant and thus can be discarded, see
[26]. In general, finding an exposing vector by solving the auxiliary problem (2.3) is difficult.
Indeed, (2.3) is also a semidefinite program, and it may fail Slater’s condition as well.

3. THE SHOR SDP RELAXATION FOR QCQPS

Quadratically constrained quadratic programs(QCQPs) are an important class of nonconvex
optimization problems, and they can be formulated as

inf{q0(x) | qi(x)≤ 0 ∀ i = 1, . . . ,m} ,

where q0, . . . ,qm : Rn→ R are quadratic functions. For each i, we write

qi(x) = xT Aix+2bT
i x+ ci

for Ai ∈ Sn, bi ∈ Rn and ci ∈ R. The feasible region is denoted by

P = {x ∈ Rn | qi(x)≤ 0 ∀ i = 1, . . . ,m} . (3.1)

SDP relaxation plays an important role in the study of the QCQP, [27, 28, 29]. In [30], the au-
thors study the exactness of the SDP relaxation for the QCQP, as well as the efficient algorithms
for solving them.

We consider a convex relaxation for P called the Shor SDP relaxation. Define Qi ∈ Sn+1 and
the linear operator A : Sn+1→ Rm as follows:

Qi :=
[

ci bT
i

bi Ai

]
and A (Y ) =

〈Q1,Y 〉
...

〈Qm,Y 〉

 .
The Shor relaxation for (3.1) can be written as

S :=
{

Y ∈ Sn+1
+ | Y00 = 1, A (Y )+ s = 0 for some s ∈ Rm

+

}
, (3.2)

Note that if P is full dimensional, then S always satisfies Slater’s condition.

Lemma 3.1. If P is r-dimensional, then S contains a feasible solution Y such that

rank(Y) = r+1.

In particular, P is full-dimensional implies that S satisfies Slater’s condition.
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Proof. If P is r-dimensional, then there exist r+ 1 affinely independent vectors x1, . . . ,xr+1 in
F such that qi(x)≤ 0. Define X = 1

r+1 ∑
r+1
i=1 xixT

i and x = 1
r+1 ∑

r+1
i=1 xi. Then

Y =

[
1 xT

x X

]
=

1
r+1

r+1

∑
i=1

[
1
xi

][
1
xi

]T

� 0.

The affine independence implies that the rank of Y is exactly r + 1. The matrix Y is clearly
positive semidefinite. For j ∈ {1, . . . ,m}, we have

(A (Y )) j = 〈A j,X〉+2bT
j x+ c =

1
r+1

r+1

∑
i=1

(
xT

i A jxi +2bT
j xi + c

)
≤ 0.

Thus Y ∈ S for some s ∈ Rm
+. In particular, this means if P is full dimensional, then Y ∈ Sn+1

++

has full rank, and thus S satisfies Slater’s condition. �

Remark 3.2. Slater’s condition for S in (3.2) is sometimes referred to as partial-polyhedral
Slater’s (PPS) condition, as it does not capture the polyhedron cone Rm

+ for the variable s. To
simplify the presentation, we simply use the classical term Slater’s condition here. If necessary,
all the results in this paper can be generalized to include the polyhedron cone Rm

+ as well.

4. A SPECIAL FRA FOR THE SHOR SDP RELAXATIONS

In this section, we provide a special FRA for the Shor SDP relaxation. The key idea is to relax
S further into a larger set S̃ whose exposing vectors can be computed via linear programming.
As S ⊆ S̃, any exposing vector for S̃ is also an exposing vector for S. Moreover, we are able
to find an exposing vector of maximum rank for S̃ at each facial reduction step, and thus this
allows us to compute the singularity degree of S̃. Like any other special FRAs, the proposed
FRA is not guaranteed to always restore Slater’s condition.

Let K ⊂ Sn+1 be a convex cone such that Y ∈ K if and only if the n× n submatrix of
Y formed by the last n rows and columns are positive semidefinite. It should be clear that
Sn+1 ⊂K and thus the set S̃ defined below is a further relaxation for S.

S̃ :=
{

Y ∈K | Y00 = 1, A (Y )+ s = 0 for s ∈ Rm
+

}
. (4.1)

Proposition 4.1. Suppose Slater’s condition does not hold for S̃ in (4.1). Then there exists a
vector y satisfying

0 6= (A ∗(y),y) ∈K ∗×Rm
+. (4.2)

In addition, A ∗(y) in (4.2) is a non-trivial exposing vector for S̃.

Proof. Define the affine set

L :=
{
(Y,s) ∈ Sn+1×Rm | Y00 = 1,A (Y )+ s = 0

}
.

If Slater’s condition does not hold for S̃, then (coneL) and the interior of
(
K ×Rm

+

)
have an

empty intersection. By the hyperplane separation theorem, there exists 0 6= (W, t) ∈ Sn×Rm

and α ∈ R such that

(1) 〈W,Y 〉+ tT s≥ α for every (Y,s) ∈ int(K ×Rm
+).

(2) 〈W,Y 〉+ tT s≤ α for every (Y,s) ∈ coneL.
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As 0 ∈ coneL and 0 is in the closure of (intK )×Rm
+, we have α = 0. This also shows that

(W, t) ∈
(
K ×Rm

+

)∗
= K ∗×Rm

+. As 〈W,X〉+ tT s≤ 0 is a valid inequality for the affine set L,
we conclude that (W,s) = (A ∗(y),y) for some vector y.

�

Note that the dual cone K ∗ is the set of matrices in Sn+1 such that the first row and the first
column are zeros, and the n×n submatrix formed by the last n rows and columns are positive
semidefinite. This allows us to write (4.2) into a more explicit form, i.e.,

∑
m
i=1 Aiyi ∈ Sn

+

yT [B c
]

= 0
y ≥ 0,

(4.3)

where B = [b1,b2, . . . ,bm]
T and c = [c1,c2, . . . ,cm]

T . Below, we obtain an interesting result for
a special case; when the data matrices A1, . . . ,Am are positive semidefinite, finding a vector y
satisfying (4.2) reduces to solving a linear program.

Theorem 4.2. Let the data matrices A1, . . . ,Am in (4.3) be positive semidefinite. Then the ex-
posing vector for S̃ can be obtained from any feasible solution in the set

{y ∈ Rm
+ | yT [B c

]
= 0}. (4.4)

Proof. Suppose that A1, . . . ,Am ∈ Sn
+. Then any y ∈ Rn

+ implies that ∑
m
i=1 Aiyi ∈ Sn

+. Thus,
finding a solution to system (4.2) is equivalent to finding a nontrivial solution in the polyhedron
(4.4). �

Next, we show that after FR, the facially reduced program has the same form as S̃ in (4.1).
This allows us to restore Slater’s condition for S̃ by applying FRA a finite number of times.

Let y be a vector satisfying (4.2). Let V ∈ Rn×r be a matrix with orthonormal columns satis-
fying range(V ) = null(A ∗(y)). Define AV := A (V RV T ) where R ∈ Sr. After facial reduction,
we obtain a spectrahedron S̃1 defined over a smaller dimensional space

S̃1 :=
{

R ∈ Sr
+ |AV (R)+ s = 0 for s ∈ Rm

+

}
. (4.5)

It holds that R ∈ S̃1 if and only if V RV T ∈ S̃. The new feasible region S̃1 has the same form as S
in (4.1). (The only difference is that the constraint Y00 = 1 becomes different, but this does not
affect the simplification in Theorem 4.2.) Moreover, Ai ∈ Sn

+ implies that V T AiV ∈ Sr
+. Thus if

S̃1 is not strictly feasible, then we can facially reduce the set (4.5) in the same way as before to
obtain S̃2. This yields a chain of feasible sets, say, S0 := S,S1, . . . ,Sk for some positive integer k;
and the sizes of these sets are strictly decreasing. As we have a finite-dimensional problem, we
restore Slater’s condition after a finite number of steps. The singularity degree sd(S) is defined
as the smallest length k of any chain of feasible sets. It is well-known that if we choose any
exposing vector of maximum rank at each facial reduction step, we obtain a chain of minimum
length; see [26, 31].

It turns out that we can not only compute an exposing vector efficiently by solving a linear
programming problem but also obtain a maximum rank exposing vector A ∗(y) for S̃. This is
achieved by computing a feasible vector y for (4.2) such that the number of non-zero entries in
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y is maximized, i.e,
max ‖y‖0

subject to yT [B c
]
= 0

y≥ 0,
(4.6)

where ‖y‖0 is the l0-norm of y.

Lemma 4.3. Assume A1, . . . ,Am in (4.3) are positive semidefinite. Let y′ be optimal for (4.6).
Then A ∗(y′) is a maximum rank exposing vector for S̃.

Proof. Assume that y′′ satisfies (4.2) and rankA ∗(y′′) > rankA ∗(y′). This means supp(y′′) 6⊆
supp(y′). Let λ ∈ (0,1) be arbitrary. Define y∗ = λy′+(1−λ )y′′. By the convexity, we have
that y∗ is also a feasible solution to (4.6). Moreover supp(y′)( supp(y∗). This is a contradiction
to the optimality of y′. �

The l0-norm maximization problem (4.6) can be converted into a linear programming prob-
lem using standard techniques in the literature, see [32, 33]. We include a self-contained proof
here.

Lemma 4.4. Let (p∗,q∗) be the optimal solution for the following linear programming problem

max eT p
subject to (p+q)T [B c

]
= 0

0≤ p≤ 1
q≥ 0.

(4.7)

It holds that p∗+q∗ is optimal for (4.6).

Proof. Assume that p∗+ q∗ is not optimal for (4.6). Let y∗ be any optimal solution to (4.6).
Then ‖p∗+ q∗‖0 < ‖y∗‖0, and thus the set E = {i | p∗i = q∗i = 0 and y∗i > 0} is not empty.
Define a new solution for (4.7) by setting

p̃ = min{p∗+q∗+ y∗,1} and q̃ = max{p∗+q∗+ y∗−1,0}.
Note that (p̃, q̃) is feasible for (4.7). Moreover, eT p̃ > eT p∗ as E is not empty. This is a
contradiction. �

As the l0-norm maximization problem (4.6) can be solved using a linear program. Thus, we
can compute the singularity degree of S̃ efficiently.

Theorem 4.5. The singularity degree of S̃ in (4.1) can be computed in polynomial time.

To the best of our knowledge, there are minimal SDP instances whose singularity degrees
are known. Our example in Theorem 4.5 extends the range of information provided by the
other examples. Further research is needed to comprehensively understand singularity degree,
an important parameter in SDP.

Remark 4.6. Note that if B has full row rank, then Slater’s condition holds for S̃ trivially1.
Thus, we receive no dimensional reduction by considering S̃. Moreover, the assumption on the
data matrices can be considered stringent. This represents one of the worst-case scenarios
in our approach. Fortunately, for certain practical cases like binary quadratic programs, this
issue can be alleviated. This is discussed in the next section.

1We would like to thank Haesol Im for her helpful comments.
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5. BINARY QUADRATIC PROGRAMS

Binary quadratic programs (BQPs) are an important special case of QCQPs, and it is widely
used to model combinatorial optimization problems. In this section, we show that the assump-
tion in Theorem 4.2 on the positive semidefiniteness of the data matrices A1, . . . ,Am can be
partially discarded without loss of generality for BQP.

For BQP, the feasible set P can be written as

P = {x ∈ {0,1}n | qi(x)≤ 0 ∀ i = 1, . . . ,m} .
The binary constraint x ∈ {0,1}n allows us to reformulate the quadratic constraints qi such that
the data matrices Ai are positive semidefinite. To be more precise, we simply note that

qi(x) = xT (Ai− riI)x+2(bi + ri)
T x+ ci,

for any constant ri. In particular, we may choose ri to be the smallest eigenvalue of Ai, which
makes Ai− riI positive semidefinite. In a similar fashion, we can assume B does not have full
row rank to avoid the worst-case scenario in Remark 4.6.

In this case, the relaxation S̃ boils down into

S̃ :=
{

Y ∈K | arrow(Y ) = e0, A (Y )+ s = 0 for some s ∈ Rm
+

}
,

where e0 is the first unit vector and arrow : Sn+1→ Rn+1 is a linear operator defined by

arrow(Y ) =


Y00

Y11− 1
2(Y01 +Y10)

...
Ynn− 1

2(Y0n +Yn0)

 ∈ Rn+1.

Here the arrow operator is used as a relaxation for the binary constraint x2
i = xi.

Similar to Proposition 4.1, if S̃ does not satisfy Slater’s condition, then there exists a solution
(y,z) ∈ Rm×Rn+1 to the system

0 6= (A ∗(y)+ arrow∗(z),y) ∈K ∗×Rm
+ and z0 = 0, (5.1)

where the dual operator arrow∗ : Rn→ Sn+1 is given by

arrow∗(z) =


z0 −1

2z1 −1
2z2 · · · −1

2zn
−1

2z1 z1 0 · · · 0
−1

2z2 0 z2 0
...

... . . . ...
−1

2zn 0 · · · 0 zn

 .
Denote by z̃∈Rn the last n entries in z∈Rn+1. Then (5.1) can be written as a system in variable
(y, z̃) ∈ Rm×Rn, i.e.,

∑
m
i=1 Aiyi +Diag(z̃) ∈ Sn

+

yT [B c
]
− 1

2 z̃ = 0
y ≥ 0.

(5.2)

Since we can assume A1, . . . ,Am are positive semidefinite without loss of generality, it is always
possible to set z̃ = 0 and solve (5.2) as a linear programming problem as in Theorem 4.2 for
(4.3). However, we would not be able to identify an exposing vector from (5.2) of maximum
rank for S̃, as z̃ is a free variable.
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6. APPLICATIONS AND RELATED WORKS

6.1. Upper bounds. In view of Lemma 3.1, if the Shor SDP relaxation S in (3.2) does not
satisfy Slater’s condition, then P in (3.1) is not full dimensional. The dimension of P can be
upper bounded using the exposing vector W for S̃. To be more precise, if W ∈ Sn+1

+ is an
exposing vector for S, then dim(P) ≤ n− rank(W). Since it is difficult to find an exposing
vector for S, we can replace the Shor relaxation S by S̃ in (4.1). Indeed, as S ⊆ S̃, it holds
that dim(P) ≤ n− rank(W) for any exposing vector W of S̃ as well. More importantly, we
can compute a maximum rank exposing vector W for S̃ Lemma 4.3 efficiently. This forms a
procedure to upper bound the dimension of any set defined by quadratic inequalities through
semidefinite programming.

6.2. Relation with partial facial reduction. If we compare the sets S in (3.2) and S̃ in (4.1),
the key difference is that the positive semidefinite constraint Y ∈ Sn+1

+ is replaced by a weaker
constraint Y ∈K , see the definition of K before (4.1). This replacement can be viewed as a
special case of an existing method in [12]. Permenter and Parrilo introduce a special FRA called
partial facial reduction algorithm. The main idea is to replace the positive semidefinite cone in
(2.1) with a user-specified computational tractable cone. The philosophy behind their method
is an argument by Andersen and Andersen, which can be stated as “the most effective prepro-
cessing approach should be straightforward and efficient”. Therefore, they replace the positive
semidefinite constraints Y ∈ Sn+1

+ by polyhedron cones or positive semidefinite constraints on
all 2×2 principal submatrices of Y . This yields a computationally tractable FRA.

Under their framework, it is also possible to replace the constraints Y ∈ Sn+1
+ by positive

semidefinite constraints on all k×k principal submatrices of Y for any k≤ n+1. This is related
to the Factor-width-k matrices; see [34]. When k = n+ 1, we solve the original FR auxiliary
problem. Thus, when k = n, this stands for the best approximation of FRA under this framework
in some sense. However, it is also computationally more expensive for large k, which does not
fit the philosophy of Andersen and Andersen anymore. Indeed, it is mentioned in [12] that using
this representation is not always practical when k is too large.

In this work, we consider a special relaxation S̃ in (4.1) whose computational complexity is
close to the case of using factor-width-k matrices with k = n. Thus, our special FRA applied to
S̃ is expected to have a good chance to capture the exposing vectors from the original intractable
auxiliary problem (2.3). Our key contribution shows that FRA applied to S̃ is significantly easier
than for S.

7. CONCLUSION

In this work, we address the issue of poor scalability in SDPs by examining the effectiveness
of the facial reduction algorithm. We apply FRA to the Shor SDP relaxation of QCQPs. Under
the mild assumption, we show that the auxiliary problem in FRA collapses into a linear pro-
gramming problem that can be solved very efficiently. Thus, we obtain a partial facial reduction
at a very low cost, which is otherwise intractable. We also note that the proposed FRA requires
fewer assumptions when applied to the binary quadratic programs. We use the framework of an
existing special FRA to argue that our algorithm makes a good trade-off between the exactness
of facial reduction and computational complexity. In addition, we construct new semidefinite
programming problems whose singularity degrees are known, and this is a good addition to the
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list of limited examples in the literature. We also note that our special FRA can be used to find
an upper bound for the dimension of any set defined by quadratic inequalities.

Acknowledgments
We dedicate this paper to Professor Henry Wolkowicz on his 75th birthday. The two authors
are indebted to him for his support and guidance in their careers.

REFERENCES

[1] J. Borwein, H. Wolkowicz, Regularizing the abstract convex program, J. Math. Anal. Appl. 83 (1981),
495–530.

[2] J. M. Borwein, H. Wolkowicz, Facial reduction for a cone-convex programming problem, J. Aust. Math. Soc.
30 (1981), 369–380.

[3] J. Im, H. Wolkowicz, Strict feasibility and degeneracy in linear programming, arXiv preprint arXiv:
2203.02795, 2022.

[4] D. Drusvyatskiy, H. Wolkowicz, The many faces of degeneracy in conic optimization, Foundations and
Trends R© in Optimization 3 (2017), 77–170.

[5] Q. Zhao, S. E. Karisch, F. Rendl, H. Wolkowicz, Semidefinite programming relaxations for the quadratic
assignment problem, Journal of Combinatorial Optimization, 2 (1998), 71–109.

[6] H. Hu, R. Sotirov, On solving the quadratic shortest path problem, INFORMS J. Comput. 32 (2020), 219–233.
[7] M. F. Anjos, B. Ghaddar, L. Hupp, F. Liers, A. Wiegele, Solving k-way graph partitioning problems to

optimality: The impact of semidefinite relaxations and the bundle method, in Facets of combinatorial opti-
mization, pp. 355–386, Springer, 2013.

[8] H. Wolkowicz, Q. Zhao, Semidefinite programming relaxations for the graph partitioning problem, Discrete
Appl. Math. 96 (1999), 461–479.

[9] F. Rendl, R. Sotirov, The min-cut and vertex separator problem, Comput. Optim. Appl. 69 (2018), 159–187.
[10] X. Li, T. K. Pong, H. Sun, H. Wolkowicz, A strictly contractive peaceman-rachford splitting method for the

doubly nonnegative relaxation of the minimum cut problem, Comput. Optim. Appl. 78 (2021), 853–891.
[11] F. De Meijer, R. Sotirov, SDP-based bounds for the quadratic cycle cover problem via cutting-plane aug-

mented lagrangian methods and reinforcement learning: Informs journal on computing meritorious paper
awardee, INFORMS J. Computing 33 (2021), 1262–282

[12] F. Permenter, P. Parrilo, Partial facial reduction: Simplified, equivalent sdps via approximations of the psd
cone, Math. Program. 171 (2018), 1–54.

[13] Y. Zhu, G. Pataki, Q. Tran-Dinh, Sieve-sdp: a simple facial reduction algorithm to preprocess semidefinite
programs, Math. Program. Comput. 11 (2019), 503–586.

[14] H. A. Friberg, A relaxed-certificate facial reduction algorithm based on subspace intersection, Oper. Res.
Lett. 44 (2016), 718–722.

[15] S. Sremac, H. Woerdeman, H. Wolkowicz, Complete facial reduction in one step for spectrahedra, arXiv
preprint arXiv:1710.07410, 2017.

[16] J. F. Sturm, Error bounds for linear matrix inequalities, SIAM J. Optim. 10 (2000), 1228–1248.
[17] S. B. Lindstrom, B. F. Lourenço, T. K. Pong, Optimal error bounds in the absence of constraint qualifications

with applications to the p-cones and beyond, arXiv preprint arXiv:2109.11729, 2021.
[18] S. B. Lindstrom, B. F. Lourenço, T. K. Pong, Error bounds, facial residual functions and applications to the

exponential cone, arXiv preprint arXiv:2010.16391, 2020.
[19] B. F. Lourenço, Amenable cones: error bounds without constraint qualifications, Math. Progam. 186 (2021),

1-48.
[20] G. Pataki, A. Touzov, How do exponential size solutions arise in semidefinite programming?, arXiv preprint

arXiv:2103.00041, 2021.
[21] J. Im, H. Wolkowicz, A strengthened barvinok-pataki bound on sdp rank, Oper. Res. Lett. 49 (2021), 837–841.
[22] F. Wang, H. Wolkowicz, Singularity degree of non-facially exposed faces, arXiv preprint arXiv:2211.00834,

2022.



FACIAL REDUCTION FOR THE SHOR SDP RELAXATION OF QCQPS 191

[23] D. Drusvyatskiy, G. Pataki, H. Wolkowicz, Coordinate shadows of semidefinite and euclidean distance ma-
trices, SIAM J. Optim. 25 (2015), 1160–1178.

[24] S.-i. Tanigawa, Singularity degree of the positive semidefinite matrix completion problem, SIAM J. Optim.
27 (2017), 986–1009.

[25] M. Laurent, F. Vallentin, Semidefinite optimization, Lecture Notes, available at http://page.mi.fu-berlin.de/
fmario/sdp/laurentv.pdf, 2012.

[26] S. Sremac, H. J. Woerdeman, H. Wolkowicz, Error bounds and singularity degree in semidefinite program-
ming, SIAM J. Optim. 31 (2021), 812–836.

[27] A. Joyce, B. Yang, Convex hull results on quadratic programs with non-intersecting constraints, Optimization
Online preprint, 2021.

[28] Z.-Q. Luo, T.-H. Chang, D. Palomar, Y. Eldar, Sdp relaxation of homogeneous quadratic optimization: Ap-
proximation, Convex Optimization in Signal Processing and Communications, p. 117, 2010.

[29] Y. Ding, D. Ge, H. Wolkowicz, On equivalence of semidefinite relaxations for quadratic matrix programming,
Math. Oper. Res. 36 (2011), 88–104.

[30] A. L. Wang, On Quadratically Constrained Quadratic Programs and their Semidefinite Program Relaxations,
PhD thesis, Carnegie Mellon University, 2022.

[31] B. F. Lourenço, M. Muramatsu, T. Tsuchiya, Facial reduction and partial polyhedrality, SIAM J. Optim. 28
(2018), 2304–2326.

[32] K. Fukuda, Lecture: Polyhedral computation, spring 2016, Institute for Operations Research and Institute of
Theoretical Computer Science, ETH Zurich. https://inf.ethz.293ch/personal/fukudak/lect/pclect/notes2015/
PolyComp2015.pdf, 2016.

[33] M. Mehdiloozad, K. Tone, R. Askarpour, M. B. Ahmadi, Finding a maximal element of a non-negative convex
set through its characteristic cone: An application to finding a strictly complementary solution, Comput. Appl.
Math. 37 (2018), 53–80.

[34] E. G. Boman, D. Chen, O. Parekh, S. Toledo, On factor width and symmetric h-matrices, Linear Algebra
Appl. 405 (2005), 239–248.


	1. Introduction
	2. Notations and Background on FRA
	3. The Shor SDP Relaxation for QCQPs
	4. A Special FRA for the Shor SDP Relaxations
	5. Binary Quadratic Programs
	6. Applications and Related Works
	6.1. Upper bounds
	6.2. Relation with partial facial reduction

	7. Conclusion
	References

