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Abstract. In this paper, we introduce a path for finding a common element of the set of minimizers of a
convex function, the set of solutions of a generalized split feasibility problem, and the set of fixed points
of a continuous pseudocontractive mapping in Hilbert spaces. Then we establish strong convergence of
the path to a common element of these sets, which is a solution to a certain variational inequality. As a
direct consequence, we obtain the unique minimum-norm common point of these sets.
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1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and induced norm || - ||. Let C be a
convex, closed, and nonempty subset of H, and let 7 : C — C be a self-mapping on set C.
Fix(T) is denoted by the set of fixed points of mapping T

The minimization problem (shortly, MP) is one of most important problems in nonlinear
analysis and optimization theory. The MP is defined as follows: find x € H such that

F(x) = minF (y), (1.1)

where F : H — (—o0,00] is a proper, convex, and lower semi-continuous. The set of MP(1.1),
that is, the set of all minimizers of F is denoted by argmin,cy F(y). A successful and powerful
tool for solving MP (1.1) is well-known proximal point algorithm (shortly, the PPA) which was
initiated by Martinet [1] and later studied by Rockafellar [2] in 1976.

Let D and Q be convex, closed, and nonempty subsets of two Hilbert spaces H; and H», re-
spectively. Let A : Hy — H, be a bounded and linear operator. Then the split feasibility problem
(SFP) is to find a point z € H; such that z € DNA~!'Q. In 1994, the SFP was first investigated
by Censor and Elfving [3], in finite-dimensional Hilbert spaces, for some inverse problems.
Since 1994, the problem has been under the spotlight due to its various applications in medical
image reconstruction, intensity-modulated radiation therapy(IMRT), control theory, biomedical
engineering, communications and geophysics; see, e.g., [3, 4, 5, 6] and the references therein.

E-mail address: jungjs@dau.ac.kr
Received October 26, 2022; Accepted June 6, 2023.
(©2023 Applied Set-Valued Analysis and Optimization

369



370 J. S. JUNG

In 2015, Takahashi et al. [7] considered the following generalized split feasibility problem
(GSFP):

find a point x* € H; such that 0 € B(x"), (1.2)

and
y" =Ax" € H; solves y* = S(y"), (1.3)

where B : H; — 21! is a multi-valued maximal monotone mapping; S : H» — H, is a nonex-
pansive mapping; A : Hy — H; is a bounded linear operator. GSFP (1.2)-(1.3) includes, as
special cases, several split problems, such as the split zero problem (SZP), the split variational
inclusion problem (SVIP), the SFP, and split common fixed point problem (SCFPP); see, e.g.,
[5,8,9,10, 11, 12, 13, 14, 15] and the references therein.

A fixed point problem (FPP) is to find a fixed point z of a nonlinear mapping 7" with property:

ze(C, Tz=1z. (1.4)

Fixed point theory is one of the most powerful and important analysis tools of modern mathe-
matics and may be considered a core subject of pure ad applied nonlinear analysis.

In particular, in 2015, using a generalized hybrid mapping U, Takahashi et al. [7] considered
the GSFP (1.2)-(1.3) combined with FPP (1.4) for a nonexpansive mapping S and introduced
an iterative algorithm for finding a common element of the solution set of GSFP (1.2)-(1.3)
and the fixed point set Fix(S) of S in an explicit way. In 2020, replacing a generalized hybrid
mapping U and a nonexpansive mapping S in [7] by a continuous pseudocontractive mapping
R and a continuous pseudocontractive mapping 7', respectively, Jung [16] proposed an iterative
algorithm based on Yamada’s hybrid steepest descent method [17] finding a common element
of the solution set of GSFP (1.2)-(1.3) and the fixed point set Fix(T) of T for a continuous
pseudocontractive mapping 7.

In this paper, in order to study the MP (1.1) combined with the GSFP (1.2)-(1.3) and the FPP
(1.4) in Hilbert spaces, we introduce a new path based on the hybrid steepest descent method
for finding a common element of the minimizer set argminyeg, F(y) of the MP(1.1) for F, the
solution set B~'0NA~!(Fix(R)) of the GSFP (1.2)-(1.3) and the fixed point set Fix(T) of T,
where F : Hy — (—oo,0] is a proper convex and lower semi-continuous function; B : Hy — 2H1
is a maximal monotone mapping; A : H; — H; is a bounded linear operator; R : Hy — Hj is
a continuous pseudocontractive mapping; and 7 : Hy — Hj is a continuous pseudocontractive
mapping. Then we establish strong convergence of the path to a common element of Q :=
argminyey, F(y) NB~10NA~!(Fix(R)) N Fix(T), which is a solution to a certain variational
inequality. As a direct consequence, we find the unique solution of the minimization-norm
problem: ||x*|| = min{]|x|| : x € Q}.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) and induced norm || - ||, and let C be a
nonempty, convex and closed subset of H.
A mapping A of C into H is called monotone if

(x—y,Ax—Ay) >0, Vx, yeC.
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A mapping A of C into H is called a-inverse-strongly monotone (or, o.-ism) if there exists a

positive real number & such that
(x—y,Ax—Ay) > o||Ax — Ay|*, Vx, yeC.

Clearly, the class of monotone mappings includes the class of o-inverse-strongly monotone
mappings .

Let B be a set-valued mapping of H into 27, The effective domain of mapping B is denoted
by dom(B) = {x € H : Bx # 0}. Recall that mapping B is said to be a monotone operator on
H if (x—y,u—v) >0 for all x, y € dom(B), u € Bx, and v € By. B is said to be maximal
if its graph is not properly contained in the graph of any other monotone operator on H. For
a maximal monotone operator B on H and A > 0, one may define a single-valued operator
J® = (I+AB)~' : H— dom(B), which is called the resolvent of B. Denote the set of zero
points of B by B~'0 = {x € H : 0 € Bx}. It is well-known ([18, 19]) that B~'0 = Fix(J%), for
all A > 0, is convex and closed, and the resolvent Jf satisfies

(x—y, JBx—JBy) > |JEx —J2y||%, Vx, y€H, 2.1)

that is, it is firmly nonexpansive, and that the resolvent identity

Sy =8 (%x-l— (1 - %)fo) (2.2)
holds forall A, u > 0and x € H.
In a real Hilbert space H, the following equality hold:
b= 11 = el + IyI2 = 2(x,y), ¥, y€ H. (2.3)

It is also known that every nonexpansive mapping 7 : H — H satisfies, for all (x,y) € H x H,
the inequality

1
(= Tx) = (y=Ty), Ty =Tx) < || (Tx—x) = (Ty = )|,
and hence, for all (x,y) € H x Fix(T),
1
(x—Tx,y—Tx) < EHTx—xHZ. (2.4)

A mapping T : H — H is said to be averaged if it can be written as the average of the identity
I and a nonexpansive mapping, that is,

T=(l-a)l+as, (2.5)

where @ is anumber in (0, 1) and S : H — H is nonexpansive. More precisely, when (2.5) holds,
we say that T is a-averaged ([20]).

We note that averaged mappings are nonexpansive, Further firmly nonexpansive mappings
(in particular, projections and resolvents of maximal monotone operators) are averaged.

The following lemmas were given in [7].

Lemma 2.1. [7] Let Hy and H, be real Hilbert spaces. Let A : H — H, be a linear and
bounded operator such that A # 0, and let A* be the adjoint of A. Let L is the spectral radius of
the operator A*A. Let T : Hy — H, be a nonexpansive mapping. Then

(i) NA*(I=T)A is ypr-ism.
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(i) Forn € (0,7),
(ila) I+ nA*(T —1)A is nL-averaged ;
(iib) JE(I+nA*(T —1)A) is 1+277L—averagea’.

Lemma 2.2. [7] Let H; and H, be real Hilbert spaces. Let B : Hy — 2™ be a maximal monotone
operator; and let J = (I +AB)~! be the resolvent of B for A > 0. Let A : H; — H, be a linear
and bounded operator such that A # 0, and let A* be the adjoint of A. Let T : Hy — H be a
nonexpansive mapping. Suppose that B"'0NA~Y(Fix(T)) # 0. Let ,n > 0 and z € Hy. Then
the following are equivalent:
(i) z=J3(I+nAX(T —1)A)z;

(ii)) 0 € —A*(T —1)Az+ Bz;

(iii) z € B7lONA~(Fix(T)).
Consequently, Fix(J8(I+nA*(T —I)A)) = (—A*(T —1)A+B)~'0 = B~'0N A~ (Fix(T)).
Moreover, if 0 € —A*(T —I)Au+ Bu and 0 € —A*(T —I)Av+ Bv, then A*(T — I)Au = A*(T —
I)Av and (—A*(T —I)A+B)~'0 is closed and convex.

We recall that

(1) a mapping V : C — H 1is said to be [-Lipschitzian if there exists a constant / > 0 such
that
IVx—Vy| <I|x—y]| forallx, y€C;

(i) a mapping G : C — H is said to be p-strongly monotone if there exists a constant p > 0
such that
(Gx—Gy,x—y) > p|lx—y|? forallx, y € C;
(i11) a mapping T : C — H 1s said to be pseudocontractive if
T =Ty|* < = y[> + |1 = T)x— (I = T)y||* forallx, y € C;
(iv) a mapping T : C — H is said to be k-strictly pseudocontractive ([21]) if there exists a
constant k € [0, 1) such that
T = Ty||* < [lx = yl* + k[ (1 = T)x— (I = T)y||* forallx, y € C;
(v) amapping 7 : C — H 1is said to be nonexpansive if
|Tx—Ty| < ||lx—yl|, forallx,yeC

where [ is the identity mapping.
Clearly, the class of pseudocontractive mappings includes the class of strictly pseudocontractive
mappings and the class of nonexpansive mappings as a subclass. Moreover, this inclusion is
strict (see Example 5.7.1 and Example 5.7.2 in [22]).
The following lemma is due to [23].

Lemma 2.3. Let C be a convex and clsoed subset of a real Hilbert space H. Let T : C — C be a
continuous pseudocontractive mapping. Then, for r > 0 and x € H, there exists 7 € C such that

ry—2Tz)—(y—2z,(1+r)z—x) <O0forally € C. Forr >0 and x € H, define T, : H — C by

1
Trx:{ZEC:(y—z,Tz> (y—2z,(1+r)z—x) <0, VyEC}.

r

Then the following assertions hold:
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(1) T, is single-valued,
(1) T is firmly nonexpansive;
(iii) Fix(T,) = Fix(T) is a closed convex subset of C.

The following lemma is a variant of a Minty lemma (see [24]).

Lemma 2.4. Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Assume
that the mapping G : C — H is monotone and weakly continuous along segments, that is, G(x+
ty) — G(x) weakly as t — 0. Then the variational inequality

xeC, (Gx,p—x)>0 forall peC,
is equivalent to the dual variational inequality
xeC, (Gp,p—x)>0 forall peC.
The following lemmas can be easily proven (see [17]), and therefore, we omit their proof.

Lemma 2.5. Let H be a real Hilbert space. LetV : H — H be an l-Lipschitzian mapping with a
constant | > 0, and let G : H — H be a k-Lipschitzian and p-strongly monotone mapping with
constants K, p > 0. Then, for 0 <yl < up,

(MG = W)x— (LG =PV )y,x—y) = (up — V) |x—y|* forallx, y € H.
That is, UG — YV is strongly monotone with constant up — vyl.

Lemma 2.6. Let H be a real Hilbert space H. Let G : H — H be a k-Lipschitzian and p-
strongly monotone mapping with constants K > 0 and p > 0. Let 0 < u < i—‘; and 0 <t <
1. Then I —tuG : H — H is a contractive mapping with a constant 1 —tt, where T =1 —

V1—u(2p —ux?).

Lemma 2.7 ([25]). Assume that T is nonexpansive self mapping of a closed convex subset of
C of a Hilbert space H. If T has a fixed point, then I — T is demiclosed, i.e., whenever {x,}
is a sequence in C converging weakly to some x € C and the sequence {(I — T )x,} converges
strongly to some y, it follows that (I — T )x = y. Here I is the identity mapping H.

Let F : H — (—oo,00] be a proper, convex, and lower semi-continuous function. For any
0 > 0, define the Moreau-Yosida resolvent of F in a real Hilbert space H as follows:

1
s =argmip| F) + 351 26

for all x € H. It was demonstrated in [26] that the set of fixed points of the resolvent associated
with F coincides with the set of minimizers of F. Also the resolvent J g of F 1s single-valued and
nonexpansive as firmly nonexpansive for all 6 > 0. It is also well-known ([27]) that resolvent
identity (2.2) holds, that is, for any » > 0 and u > 0, the following holds:

fo:Jﬁ(Her (1—E>fo). 2.7
r r

In the following, we write x, — x to indicate that the sequence {x,} converges weakly to x.
x, — x implies that {x, } converges strongly to x.
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3. MAIN RESULTS

Throughout the rest of this paper, we always assume the following:

e H; and H; are real Hilbert spaces with the inner product (-, -) and the induced norm || - ||;
e F: Hy — (—oo,o0| is a proper convex and lower semi-continuous;

e argminycy, F(y) is the set of the MP(1.1), that is, the set of all minimizers of F;

e A: H| — H, is a bounded linear operator;

e A*: Hy — Hj is the adjoint of A;

e L is the spectral radius of the operator A*A

e B: H; — 21 is a maximal monotone operator with dom(B) C Hy;

e B0 is the set of zero points of B, that is, B o= {z€ H,:0€ Bz},

o Jﬁ : H) — dom(B) is the resolvent of B for A; € (0,0) and liminf,_,o A, > 0;

e G: H — H; is a k-Lipschitzian and p-strongly monotone mapping with constants
K, p>0;

V : Hy — Hj is an [-Lipschitzian mapping with constant / € [0,0);

Constants £ > 0 and y > 0 satisfy 0 < u < i—@ and 0 <7yl <,

where T=1—+/1—u(2p — uk?);

T : Hy — H, is a continuous pseudocontractive mapping with Fix(T) # 0;

T,, : Hy — H; is a mapping defined by

1
Tyx = {zeHl (Tz,y—z)——(y—2z,(1+r)z—x) <0, VyGHl}

Ty

forx € Hy and r; € (0,0), ¢ € (0,1) and liminf;_,or; > 0;
e R: H, — H, is a continuous pseudocontractive mapping with Fix(R) # 0;
® Ry, : Hy — H» is a mapping defined by

1
Ry, x = {z €H,:(Rz,y—2)— E(y—z,(l—i—vt)z—x) <0, Vy EHz}

1t
for x € H, and a; € (0,0), and liminf,_,g ; > 0;
e Q:=argminyey, F(y) NB~'ONA™!(Fix(R)) NFix(T) # 0.
By Lemma 2.3, we note that 7,, and Ry, are firmly nonexpansive and hence nonexpansive, and
Fix(T,,) = Fix(T) and Fix(Rg,) = Fix(R).
Now, we introduce the following path t — x;, 0 <t < 1, defined by
. 1 )
— F — |l —
Vi argyrrel}{r}[ (y)+26t||Xt y” ]7
a =J5 (vi+ A% Ry, —1)Avy)
Xt =t’)/Vx, + (I—tuG)(O,x, + (1 — Qt)TrtZt),

where &,71, A, 0 € (0,%0), 6, € (0,1) and 1, € (0, 1) for ¢ € (0,1). From (2.6), we note that
Vr = ng[.

For x € Hy and r € (0, 1), consider the following mappings Q; and W, on H; defined by, for
x € Hp,

(3.1)

Wix = 6ix+ (1 — 6,)T,,J3 (J§ x+ A% (R, — I)AJ§ x)
= Ox+ (1= 6,)T,,J; (I+ A" (R, —)A)J 5 x
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and
Ox =tyYVx+ (I —tuG)Wux.

Since Ji and Ry, are firmly nonexpansive (see (2.1)), they are averaged. For 1, € (0, %) for
t € (0,1), the mapping I +1n;A*(Ro, —I)A is averaged (see Lemma 2.2 (ii))). As a composite of
averaged mappings, it follows that the mapping Jﬁ (I+mA*(Ro, —I)A) is averaged and hence
nonexpansive. Noting that J g and 7,, are nonexpansive, we have, for x, y € Hj,

[Wex =Wy || < 6flx = yl[ + (1 = 6) x = yl| = [lx =]

and
1Qx — Oyl = [ltyVx+ (I —tpG)Wx — T, (1yVy + (I — tuG) Wy ||
<t Wx— Wyl + (I —tuG)Wx — (I — 1nG)Wyy||
< tYlflx—yll+ (1 —27)[lx -y
= (1= (z=7D)t)lx—yll.

Since 0 < 1 — (7 —7l)t < 1, O, is a contractive mapping. By Banach contraction principle, Q;
has a unique fixed point x; € Hy, which uniquely solves the fixed point equation

Xy = t’}/Vx, + (I—t,uG)(tht + (1 — ez)Trth),
= tWx + (I —1uG)(8,x + (1 — 6,) T, J3 (I +MA* (Ro, —)A)J5 x;), 1 € (0, 1).

We summarize the basic property of {x;}, {v/}, {w;}, {z} and {y,}, where v, = ngt, u =
(1+ ntA*(Raf _I)A)Vt, it = Jzu; and y; = 6,x; + (1 - 9t>Tr;Zt-

Proposition 3.1. Let the path {x;} be defined by (3.1). Let {v;}, {u;}, {z:}, and {y;} be defined
by v, = ng,, up = I+ A" (Roy, —I)A)vt, 24 = thut, and y; = Ox; + (1 — 6,)T,, 24, respectively.
Then

(1) {x;} and {y;} are bounded fort € (0,1);

(2) x; defines a continuous path from (0, 1) into H, and so does y,; provided & ,r;, A;, & :
(0,1) — (0,00) are continuous, and 1, : (0,1) — (0, %) is continuous with 0 < 8 < &,
0<r<r,0<A<A,0<a<aand0<n<n,fortc(0,1),and 6 :(0,1)— (0,1)
is continuous with 0 < lim;_,06; < 1;

(3) limy; o [|x; — Tr,ZtH ==0;

(4) lim, HVt —xz” = lim; ngxz —XtH =0;

(5) lim; o ||us —thutH = lim, . ||u; — z]| = 0;

(6) limy_yo ||ty — v¢ || = limy 0 ||uy _ngt” =0;

(7) limy_ ||z; — Tr,ZtH =0;

(8) lim; g th —ZtH =0

(9) lim; 0 [|x; — ;|| = 0;

(10) limy_yo ||xr — Tp,x¢|| = 0
(11) 1imy 0 [l —J5 x| = O

Proof. From now, we put K; = I+ m,A*(Rg, — I)A and u;, = K;v, fort € (0,1). Let p € Q.
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(1) First, we note that p =T,,p, p = Jgp, p= Jﬁp, Ro,(Ap) =Ap, Kip = (I1+ A" (Ro, —
I)A)p, and J3 ((I+1:A*(Re, —1)A)p) = J;, (K p). Since
lze = pII* = |7 (vi + A* (R, — DAv) = I3 p|I?
< [lve + mA*(Re, — DAV, — p|? (32)
= ve = pII* + 2 A" (R, — DAV||* +21: (v — p,A*(Ra, — ) Avy),

we have
e = plI* < [Ivi + nA* (Rg, —I)Av; — p||?
= |[vi = pII> + 17 ((Re, — I)Avi, AA* (Rq, — 1) Av,) (3.3)
+ 21 (ve — p,A* (Ro, — I)Avy).
Observe that

N7 ((Ra, — 1)Av;,AA*(Rq, — 1) Av,) < LN ((Rq, — )Avy, (Rg, — I)Avy)

(3.4)
= L[| (Rg, — DA, ||*.
Moreover, from (2.4), we obtain
20 (vi — p, A" (Ro, —I)Avy)
=21(A(vi — p), (Re, — 1)Awy)
= 277[ <A(Vt — p) + (Rat —I)Av, — (Rar —I)Avt, (Rar —I)Avt>
= 21 [((Re, (Av,) — Ap, (R, — D)Av,) — || (Re, — 1)Ave |*] (3.5)
1
< 20 511Re,~ DA = (R~ D
= —1/||(Rg, — DAV ||>.
Therefore, from (3.2), (3.3), (3.4), and (3.5), we derive
lze = pII* < llus — plI®
< v = pI2+ (L, — D] (Re, — 1)Avi[]? 3.6)
1
< v —PH2 (by n; € (OaZ))
We also have
v = pll = [[T5.% — J5 pll < |lx; — pl. (3.7

Observing that the mapping K; = I + 1,A*(Rq, —I)A and Ji (I+1n:A*(Rg, —I)A) both are non-
expansive as averaged (Lemma 2.1 (i1)) and 7}, is nonexpansive, from (3.6) and (3.7), we derive
lye =PIl < 6llxi — pll + (1 = 6)[| T,z — T, pl|
< Ollxi — pll+ (1= 6) |z —p|
= 6lx — pl| + (1= 6) I3 u: — p|
< 6 lx: — pl[+ (1= 6)[[u: — p||
< 6 |lx: — pll+ (1= 6)[[v: — pl|
< [lx = pll-

(3.8)



CONVEX MINIMIZATION, GENERALIZED SPLIT FEASIBILITY, AND FIXED POINT PROBLEMS 377

Therefore, it follows from (3.1), (3.8), and Lemma 2.6 that
% = pll <t YWxe —yVp| + (I —tuG)y, — (I —tuG)p| +t[|yV p — uGpl|
< 1yl — pll 4+ (1 —=19)|lye — pl| +1(VI[V p[l + plIGpl)
< (L= (z=yD)0)[lx — pll +(¥IVpll + ul[Gpl)).
So, we obtain
Vel +rlGpll
T—Yl
Hence {x; } is bounded and so are {y:}, {v:}, {Vx:}, {z}, {T,z } {we}, {Gy}, and {thut}.
(2) Lett, tp € (0,1). Since v, = ng, and v, = Jgoxto, we derive from (2.7) that

[l = pll <

[vi =i || = Jf{ (%tfxﬂr (1 - %O)ngt) —Jgo%
< |+ (13 ) "
< g+ 220l
< =g+ 2l
where M7 > 0 is an appropriate constant. From (2.2), we induce that

|zt — 24 || = Jﬁo (%ut + (1 — %)Jﬁu,) —Jﬁouto
< H%(ut—um ( —%) J%ut Uy, ) 5.10)
< o=+ 20 B,
< ur — gy +%AM2,

where M, > 0 is an appropriate constant. Again, since K; = I+ 1,A*(R¢, —I)A is nonexapnsive
as averaged (Lemma 2.1 (ii)), we calculate that

e — uge || = [|(1+ A" (Ray, — DAy — (I + NiyA” (Reyy — D A)vy |

= || Kive — Kigvso |

< ||Keve — Kevig | + ([ Keveg — Kig s ||

< e =vio [l + | (vig + A" (Rey, — DAviy) — (Vi + My A" (Ry, ) — DAvy )|

< [ve =il + 1A (Rey, — 1)Aviy — My A" (Ro, — I)Avy | 3.11)
+ [[MA* (Rey, — 1) Aviy — N1y A” (Royy — 1) Avy |

< lve = vip|l + |1 — Mo [[[ A" (Ra, — 1) Avy |
+ [[M1,A™ (R, (Aviy) — Rey, (Aviy) ) |

1
< e = v [ 110 = 11 | M3 + T |A™ [ Rey (Avey ) — Ry, (A )
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where M3 > 0 is an appropriate constant. Let Ry, (Avy,) = df and Rey, (Avy)) = dy,. Then, by

Lemma 2.3, we obtain

1
(y—d/,Rd]) — E@—d;,(l + op)d] — Avy)) <0 forally € Hp

and
(y—dy,Rdy) — —
0

Putting y = dy, in (3.12) and y = d] in (3.13), we obtain

1
<dt0 —dt/,Rd;> — E(dto —d;, (1 + (Xt)d; —AV;0> S 0

and

1
<d1{ - dtoaRdt0> - a_<dt/ - dt(), (1 + ato)dto —AV[0> S 0.

10

Adding up (3.14) and (3.15), we obtain

(l + (Xt)d[/ —AV[() _ (1 + OC,O)dto —AV[O

<dfo - dzldet/ - Rdt0> - <dfo - d,/, o 0,

Since R is pseudocontractive, by (3.16), we deduce

(07 al‘o

and hence

[0/
(dy, —d,,d| — dyy +dy, — Avy, — E’(d,o —Avy)) > 0.

0
From (3.17), we derive

(0/
o~ P < (i, (1= 2 ) ()

10
0 — O,
OC,O

< |ldiy — di | iy —Aveo

and hence

1R, (Avig) = Roy, (Avig) | = [ldf = dho | < 0w — 0ty =

where M4 > 0 is an appropriate constant,
Now, substituting (3.9) and (3.18) into (3.11), we have

1 My
lete =ty || < {1ve = vig |+ 10 = 11 [M3 + 7 [|A7 [ 0 — 01|~

M, 1
< oo = x|l + 16 _6IO|F+ N —nzo|M3+Z||A*||Iat -

On another hand, let w; = T,,z; and w;, = Tr,o Zs,- Then, from Lemma 2.3, we see that

O£,0|7

1
% (y —dyy, (1 + 04y)dyy — Avy,) <0 forall y € Hp.

) <0,

My

1
(y—wiy, Twy,) — — (¥ —wyy, (1 +119) Wy — 240) < 0 forall y € Hy,

T to
and

1
(y—wi, Twy) — —(y—ws,(1+r)wy —z) <0 forally € H.

Iy

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)



CONVEX MINIMIZATION, GENERALIZED SPLIT FEASIBILITY, AND FIXED POINT PROBLEMS 379

Putting y = w; in (3.20) and y = wy, in (3.21), we induce

1
<Wt — Wy TWt0> - r—<Wt — Wy, (1 + ”to)Wto —Zt0> <0, (3.22)
fo
and
1
<W[O — Wy, TW[> — r—<W[0 — Wy, (1 + r[)W[ —Z[> S O (323)
t

Adding up (3.22) and (3.24), we obtain

1 — 1 —
(W, — Wiy, Twy — TW[0> . <Wt — Wy, ( +rlo)Wt0 y (1+r)w Zt> <0,
r;o Iy

which implies that

Wiy — X, Wy — 2
<Wl —Wto, (Wt — TW[) — (Wto — TWto)) — <Wt —Wto, l()r o _ tr [> S 0.
to t

Now, using the fact that T is pseudocontractive, we have

Wity =29 Wt — 2
<Wt — Wiy - 2 07
r,o Iy

and hence
Iy

_O(W[ _Zt)> > 0. (3.24)

<Wt—Wto,Wto —Wr+Wr — 24 — -
t

By (3.24), we have

’
||Wt_Wt0||2 < <Wt—Wt0,Zt—Zto+ ( - ﬁ) (Wt—Zt)>

Iy

1
< [wr —wy || ||zt—zt0||+r—|r;—rz0|||w;—z,|! ;
t
S0
Ms
e —=wigl| < flze =zl +[r = 1| ==, (3.25)

where M5 > 0 is an appropriate constant, Therefore, by (3.9), (3.10), (3.19), and (3.25), we have

Ms
[we —wio|| < llze — 24 || + |’”t—’”to|7

M, Ms
< H”t_”toH+|;Lt_a'to‘7+|rl_rlo|7

M,
< [ = violl 130 = A | =2+ 1 = 1 |3
Lo M, Ms (3.26)
+Z||A H]Ott—ato|7—|—\r;—r[0]7
M M.
< o =g 4181 = 8| =5+ A = A 7 + |1 = 1|3

1 M, M;s
71" = = = | =2
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Again, since y; = 6;x; + (1 — 6,)T,,z, and y;, = 6, %, + (1 — GtO)T,loz,O, by (3.26), we induce
1ve = Yioll = [1(ext 4 (1 = 6,) Trr2) — (B xig + (1 — 6y ) T 210 )
= [1(6 — 61y )x: + 6y (30 —x15) — (6 — 64) Tr2e + (1 — O3 ) (T2t — Ty )|

= [[(6: — 1) (xt — T, 21) + O3y (50 —xz) + (1 = 6y ) (T2 — Ty 21 ) |
<6 — O |[lxr — T, 22| + Oy [l e —XtoH

+(1—9zo>[HXz—xtoll+\5t 5z0| S |2 - M)LJrlnt Mo | M3

- . g (3.27)
+ﬂmnm—aaz~wn—%ﬁ{

= |6, — Oy |||x; — Ty, 2 || + ||xt — X

L %ﬂm Sl A 2 M2 1~
. M, Ms
+ﬂMM%—%&;+m—%%7}
Therefore, by (3.1) and (3.27), we derive

([ — 2z || = [[EYV X + (I = tuG)yr — (10YVxeg + (I — 101 G) yy, )|
< ||t —t0) YV +10(YVxe — YWoxiy) || + | (T — tuG)yr — (I — to LGy, |
+|(I =101 G)y: — (I — 1oL G) vy ||
< |t = tol[|YVaxel| +t077 % — x| + [ — 20| |L Gy || + (1 = 20T) [|ye — Wi
< |t =10l (Y|Vxel| + [ Gyel) + 0720 — s |
+ (1 —=107)[|6; — O |[|x: — Tr,th + [ — 264 [[]

+(1=17)(1—64) | |6 — 5t0| + 1A — A4 ’ 1 +|Th Ny | M3
1 M, Ms
+Z||A*|||0‘t—0‘to|7+|’”t—’”to|7

Hence, we obtain

VIVl + p|| Gy (1 —107) || — Tz |
_ < _ _
||xf leH = l’O(T—'}/l) |t t0’+ (T—')/l) |91 6l‘0|
1—17)(1—-6
( ,0(()1-)_( 70) o) |6 — 5to| +|A¢ A¢| +|77t Tro | M3 (3.28)

M4 Ms
+Z||A*|||a,—oc,0|7+ |”t—”to|7 .

Since 6, : (0,1) — (0,1) is continuous, &, A, 0, r; : (0,1) — (0,0) are continuous and 1, :
(0,1) — (0, %) is continuous, from (3.28), we conclude that x; is continuous. Also, it follows
from (3.27) that y; is continuous.
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(3) Since
Xy =tyVx;+ (I —tuG)y,
=tyVx,+ (I —tuG)(6x, + (1 —6,)T,,z)
=tyVx; + 6x: + (1 — 6,) T,z — t UGy,
we have

t
=Tzl < — (Vv + RIGyl)) 0 ast 0.
— U

(4) Let p € Q. Using v; = J§x;, J§ p = p and firmly nonexpansivity of J3, we derive from
(2.1) and (2.3) that

v —p* = Hfgxt—PHZ
< (J5x —J5p,x—p) (3.29)
= %(HW — I+l = plI* = [ve — ).
Again, noting that x; = tyVx; + (I —tuG)ys, yr = 6:x: + (1 — 6;) T}, %, and T,, p = p, from (3.29),
we induce that
lx: = pII> = [l1(Wx; — uGy,) + (i — p)
= ||t(YWx; — uGy,) + 6,(x; — Tr,2:) + (T, 20 — p) ||*
< [(e(yVxe = uGy)|| + llze = pll) + 6l — T,z 117
= || WVx: — WGyi||* + 2t || WV x: — uGyilll|z — pl + |z — pII?
+ 6|l — T 2| 22| YV xe — Gy || + ||z — plI) + Ol — T, 2] (3.30)
<)Y — uGyi >+ ||z — plI* + M,
<tV xe — uGyr||* + l|ue — p||* + My
<tV = uGyl* + [lve — p|I> + M,
<tV — uGy||* + (b — plI* = llxe = vl [*) + M,

I

where
M; = 0 |lxe — Ty 2| 2@t | YVxe — mGye || + ||ze — pl|) + 64l x: — T,z ] (331)
+2t||YVxe — uGyi |||z — pll. '
By (3.30), we obtain
v —x¢||* < t]|[Wx, — uGy,||* + M. (3.32)

Noting lim,_,o M; = 0 by (3), it follows from (3.32) that
li — x| = lim ||JEx, — x| = 0.
tl_%”"t x| tl_{%H 5% — x|
(5) By (3.6), we see that
e = pl* = [[vi + 1M:A* (Re, — DAV, — p|>
< [lve = pII* +ne(Lne = V)| (Rey, — 1AV || (3.33)

1
< v —PH2 (by n; € (0’Z>>



382 J. S. JUNG

Again, since th is firmly nonexpansive, by (2.1) and (2.3), we have

1
o= plI* < (e = T3 powe = p) = Sl = pIP* + llze = pII* = llue = 2|1,

and hence ) ) )
lze = plI” < [Jur — plI~ — [Jur — z|
< e —pIPP = llus — > (3.34)

< e = pII* = flur = 1>
Thus, as in (3.30), we derive from(3.34) that
I = plI* < tllVx — uGyi||* + llz: = pl|> + M,
< tl|Wxe = uGyi|* + lur = plI* = |lus — z||* + M
<t Wx = nGyil* + [vi = plI* = llue = 21 + M,
< ]| — uGye 1>+ o — pl1> = e — e ||* + M,
where M; is of (3.31). Hence
lur —z||> < t]|yVx)t — uGy,||* + M. (3.35)
Therefore, by (3.35), we have
1 |y — 2| = Tim | —J3u | =0.
(6) In fact, from (3.6), we know that
e = plI* < |lvi + A" (Rg, — I)Av; — p||?
< v = plI* +ne(Lne = V)| (Re, — DAV || (3.36)
< |l = plI> e (L = D[ (R, — DAV 1.
Again, as in (3.30), we induce from (3.36) that
I = Pl < tllyVx = nGy >+ |z = plI* +M,
< 1| W — uGyi* + |l — plI* + 0 (L0 — 1)[|(Re, — DAV [|* + M.
where M; is of (3.31). So, we have
(1= L) [|(Re, — DAV ||* < t]| YV, — uGyi||* + M.
Since 1 —Ln; >0and 0 < n <1, fort > 0, we obtain
(R, —I)Av¢|| — 0 ast — 0. (3.37)

Therefore, we derive from (3.37) that
lim ||u; — v¢|| = lim ||, A" (Rg, — I)Avy|| < lim —||A™||||(Ro, — I)Av;|| = 0.
t—0 t—0 —0L
(7) In fact, by (3), (4), (5), and (6), we have
2t = Thzell < llze — wae]| + [Jur — ve|| + [|ve = xe|| + | — Tz || — O as  — 0.
(8) By (3) and (7), we have

e — z¢|| < | — Tzl + | Tzt — ]| — O as t — 0.
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(9) By (4) and (6), we have
|lxe — we|] < || —ve|| + ||ve —ws]] = O ast — 0.
(10) By (7) and (8), we have
e = T || <Ilxe — 22l + [z = T zel| + | Tz — T e |
S 2||.xt _ZtH + ||Zl‘ _TrtZtH —Qast— 0

(11) By (4), (5), (6), and (9), we have

X = I X || || Xe — Vi Vi — Uy U —Jy U AUt —Jy Xt

e =3 x | <l [+ 1+ [lete =I5 || 4 15 e = I3 x|

S Hx,—th + HV[ —l/l[H + ||M[—JAB;M;|| + Hl/l[—xtH —0 ast—0.
]

By using Proposition 3.1, we establish strong convergence of the path {x;} to a point of Q,
which guarantees the existence of solutions of the variational inequality (3.38) below.

Theorem 3.1. Let the path {x;} be defined by (3.1). Let &;,A;, 04,11 : (0,1) — (0,0) be continu-
ous with0 < 8 <8, 0<A <A, 0<a<oy, 0<r<r fort€(0,1),andlet 6, :(0,1)— (0,1)
be continuous with 0 < 0 < 6, < 1. Let n; : (0,1) — (0, %) be continuous with 0 < n < n;, for
t € (0,1). Then {x;} converges strongly, ast — 0, to a point q € Q, which is the unique solution
to the variational inequality:

(uG—YV)g,p—¢q) >0 forall p € Q. (3.38)

Proof. We first note that the uniqueness of a solution of variational inequality (3.38) is a direct
consequence of the strong monotonicity of 4G — ¥V (see Lemma 2.5).

From now, let v; = ng,, ur = v + NA*(Ro, — AV = Kyvy, 7 = thut and y; = 6,x, + (1 —
6;)T;,z for t € (0,1). Let {t,} C (0,1) be a sequence with 7, — 0 as n — co. Put §, := &,
Ay =Ny Oy i= 0y Ty i=T1, M i= Mty On i= O, X 1= Xz, Y i= Y1, Vn 1= Vi, Uy := Uy,
Zn =2, and wy, := T, z,. Since {x,} is bounded by Proposition 3.1, there exists a subsequence
{xn;} of {x,} which converges weakly to ¢ € H;. First of all, we demonstrate that ¢ € Q. To
this end, we divide its proof into four steps.

Step 1. We prove that ¢ € argminycp, F(y). For this purpose, let d > 0. Using v, = ng X, and
(2.7), we derive that

||xn _J5Xn|| < ||Vn _ngn” + ||xn _VnH

d d
Jg((l — S—)ngn+6—xn> —ngn
n n

d d
swwwm+\0——)ga+—%—M
n 6n

= ||Vn_xn|| +

On
d
S Vn — Xn + l -+ Vn — Xn
oo =l + |1 = 5| v =
d
=Q+1——)wfmm$mm—mu
On

for some K > 0. Hence it follows from Proposition 3.1 (4) that

%, — JE x| = 0 as n — oo, (3.39)
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Since J5 is single-valued and nonexpansive, using (3.39) and Lemma 2.7, we obtain
q € Fix(J§) = argmin F(y).
YEH,

Step 2. We prove that g € Fix(T). To demonstrate this, we put w, = T, z,. Then, by Lemma
2.3, we have

1
(y—=wn, Twp) — —(y—wp, (1 +7r)n)w, —z,) <0 forall y € H;. (3.40)
r

n
Put ve = ev+ (1 —¢g)g for € € (0,1] and v € H;. Then ve € H;. From (3.40) and pseudocon-
tracttivity of 7', it follows that

1
(Wn —ve, Tve) > (Wy—ve, Tve) + (ve — wy, Twy) — r_<Vs — Wy, (L +10)Wn — 2n)
n
1
= - <V8 — Wy, Tve — TWn> - I”_<V£ — Wn,Wp _Zn> - <V£ - Wn7Wn>
| n (3.41)

> — [[ve = wall? = — (ve = Wn, W — 20) = (ve = W, W)
n
— 2z

= _<V£_Wnavs>_<V€_Wn7 >

I'n

Since {x,}, {z,} and {w,} have the same asymptotical behavior (due to Proposition 3.1 (7) and
(8)), wy, — g as i — o0. Also, by Proposition 3.1 (7), we have ”W”r_z”H < ”W”r_z"H — 0 as n — oo.
So, replacing n by n; and letting i — oo, we derive from (3.41) that (g — ve, Tve) > (¢ — Ve, Ve)
and —(v—¢q,Tve) > —(v—gq,ve) for all v € H;. Letting € — 0 and using the fact that 7 is

continuous, we obtain

—(v—q,Tq) > —(v—gq,q) forallv e H. (3.42)

Let v=Tgq in (3.42). Then we have ¢ = Tq, that is, ¢ € Fix(T).
Step 3. We prove that ¢ € B~10. To this end, let z, = an u,. Then it follows that

Un € (I+A,B)z,, thatis, u"; ¢ B,
Since B is monotone, we know that, for any v € Bu, '
(2w — 11, - &y >0. (3.43)
n
Since H””;L_nz"” < Hun—iﬁ: “I 5 0 as n—s oo by Proposition 3.1(5), we have u,, — ¢ and z,, — ¢

as i — oo by Proposition 3.1 (5) and (9). By replacing n by n; in (3.43) and letting i — oo, we
obtain (¢ — u,—v) > 0. Since B is maximal monotone, we conclude 0 € Bq, that is, g € B 0.

Step 4. We prove that Ag € Fix(R). In fact, since {x,}, {vn}, {un}, and {z,} have the same
asymptotical behavior (due to Proposition 3.1 (4), (5), and (6)), {Ax,, } converges weakly to Ag.

Again, let & > a > 0. Then, using (3.18) and (3 37), we obtain
||Ran (Av,,) — Ry (Avy,)|| < T (Ran —DAv, || — 0 asi— co. (3.44)

Hence, from (3.44), it follows that
lim ||(Rg — I)Avy,|| = lim ||(Rg, —I)Avy,|| = 0. (3.45)
[—ro0 [—>o0 !
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Since Ry is nonexpansive, by (3.45) and Lemma 2.7, we obtain Aqg = Ry (Aq), that is, Ag €
Fix(Rg) = Fix(R), which means that ¢ € A~!(Fix(R)). This along with Steps 1 — 3 obtains
q € Q.
Next, we prove that g is a solution to the variational inequality (3.38). In fact, observe
b — plI?
= | =tpG)yi — (I =1uG)p — (UG =V )p+1¥(Vx — V p)|>
= [|(I = 1uG)y; — (I —1pG)p|?
—=2t[(LG = YV)p,y: — p) —t{((LG =WV )p,uGy: — nGp)]
+2tY[(Vor =V p,yi — p) =t(Vx; =V, UGy, — uGp)
=22Y((UG = WV)p.Va =V p) + 22| (UG — W) plP* + 27 |[Vae — V p?
< (1=12)?|lys = pII* = 26{(G = V) p.yi = p) + 2t¥ | — p|l [ = p|
+20%[ (G — V)l (|uGyll + | Gpl)
+2071 |l = pl| (|Gye | +|Gpl) + 262 ¥ — pll[| (G =1V )p|
+2([(RG = W)+ V8l — pl)
= (1 =202 +7°7) |y = p|I* = 2((WG = V) p,yi — p) + 21|l — p|l[ly: — p|
+202[[ (G — W) pll (|1 Gyl + |1 Gpll) + 2271 |1x: = P (IRGye || + IR Gpl)
+202Y|(uG = W)plll|xe — pll + 2 (I (LG = W) + ¥l — pl*)
< (1=207)|lye = pl* +26((LG = W)p, p = 1) + 171l = p|> + lye = pII*) +1°M,

where

(3.46)

M = sup{7°||y: — p|I* +2(| (kG — Yl + VlI1x: — pI) (|G|l + |4 Gpl])
+271| (WG —W)plllx — pll + (WG — W) p|I> + V1|l — p|*}-
Hence, for small enough 7, by (3.8) and (3.46), we obtain

1—2tt+1yl , 2t 1?
Py — G—W)p,p— M

1—2tt+1yl 5 2 1?
< — |5 - —=((uG—W)p,p—

e = pl* <
(3.47)
M.

Observe that
(UG =V )p,p—y1) = (LG =YV )p,p— (Orx; + (1 — 6,)T,2))
UG —=y)p,p—Tnz) + 0 (WG —W)p, Tzt — x1)
=((UG=PW)p,p—2) +{(MG—=VV)p, 2 =T, z)
+6,((uG—W)p, Tzt — xz) (3.48)
<((UG=W)p,p—z) + (LG —VV)p|llz: — Tzl
+ 6 [|(uG = W) T2 — x|

<((UG—=YV)p,p—2z)+L,
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where L, = ||(LG — YW)pllllzx — T,z || + (G — ¥V)p|||| Tzt — x¢||. Then, from (3.47) and
(3.48), we derive that
t Ly
M .
T—1vl) + T—17l

2
_ < _ _
o —pl|* < T_},IWLG W)p.p Zt>+2(

In particular,

Iy, Lz,,.
_ 2z LM P 4

Note that z,, — g by Proposition 3.1 (8) and lim;_,o L; = 0 by Proposition 3.1 (3) and (9). This
fact and the inequality (3.49) with ¢ instead of p imply that x,,, — g strongly. Moreover, by
taking the limit as i — oo in (3.49), we see that

[bn, — pII” <

lg—p|* < (LG —1V)p,p—q).

T—1vl

In particular, g solves the following variational inequality

q€Q, (UG—YW)p,p—q)>0, peQ,

or the equivalent dual variational inequality (see Lemma 2.4)

g€, (UG—YV)g,p—q)>0, pecQ.

Finally, we prove that the net {x;} converges strongly, as  — 0, to ¢. For this purpose, let
{sx} C (0,1) be another sequence such that sy — 0 as k — co. Put x; := x,, and z; 1= z,,. Let
{xx;} be a subsequence of {x;} and assume that x;, — g. Then, by the same proof as the one
above, we have g € Q. Moreover, from strong monotonicity of uG — vV, it follows that ¢ = g.
Therefore, we conclude that x; — g € Q as t — 0, which is the unique solution to variational
inequality (3.38). This completes the proof. U

By taking V=0, G=1, u = 1 in Theorem 3.1, we obtain the following result.
Corollary 3.1. Let the path {x;} be defined by

) 1
v = argmin [F(y)+ 2—&||xt —yII°]

it = JZ (Vt —|— n[A*(Rat — I)AV[),

Xt :(1 —l)(@txt + (1 — Qt)Tr[Zt),, 1 e (O, 1)
Let 86,2, 0,1 : (0,1) — (0,00) be continuous with 0 <0 < &, 0<A <A, 0<a<a, 0<
r<r fort € (0,1), and let 6, : (0,1) — (0,1) be continuous with 0 < 6 < 6, < 1. Let 1, :
(0,1) = (0,1) be continuous with 0 < 1 < 1 fort € (0,1). Then {x;} converges strongly, as
t — 0, to g € Q, which solves the following minimum-norm problem : find q € Q such that
lgl] = mingeq [|x]-
Proof. From (3.38) withV =0, G =1 and u = 1, we derive 0 < (g, p — g) for all p € Q. This
obviously implies that

lgl* < (p,a) < lIplllq]| forall p € Q.

It turns out that ||g|| < ||p|| for all p € Q. Therefore, g is the minimum-norm point of Q. O

By taking 7 =1 in Theorem 3.1, we obtain the following result.



CONVEX MINIMIZATION, GENERALIZED SPLIT FEASIBILITY, AND FIXED POINT PROBLEMS 387

Corollary 3.2. Let the path {x,} be defined by
) 1
v =arg min [F(y)+ 2—&”?@ -],

a =J5 (vi+ A (Ro, —1)Av,)
Xt :l‘)/Vx, + (I—t.uG)(Q,xl + (1 — Gt)Zt), IS (O, 1)

Let &,A;, 04 : (0,1) — (0,00) be continuous with 0 < 6 < &, 0 <A < A4, 0 < a < o for
t €(0,1), and let 6, : (0,1) — (0,1) be continuous with0 < 6 < 6, < 1. Let 1, : (0,1) — (0, %)
be continuous with 0 < n < 1y fort € (0,1). Then {x;} converges strongly, ast — 0, to q €
I := argminyep, F(y) NB~'0NA~Y(Fix(R)), which is the unique solution of the variational
inequality:

(uG—yV)q,p—q) >0 forall peT.

By taking V =0, G =1, u =1 in Corollary 3.2, we also obtain the following result.
Corollary 3.3. Let the path {x,} be defined by

, |
v =arg min[F(y) + 5% -7,

% :J;li (v +MA™ (R, — I)Awy)
Xt :(1 —t)<9[x[+<1 _Gl‘)zt)a t e (0,1)

Let &, 2,0 : (0,1) = (0,00) be continuous with 0 < 6 < &, 0 <A <A, 0< a < o for
t € (0,1), and let 6, : (0,1) — (0, 1) be continuous with 0 < 0 < 6, < 1. Let 1, : (0,1) — (0, 1)
be continuous with 0 < n < 1, fort € (0,1). Then x; converges strongly, ast — 0, to q € T,
which is the minimum-norm point of T.

Remark 3.1. 1) It is worth pointing out that our path is a new ones different from those
announced by several authors. In particular, Theorem 3.1 is a new result which guaran-
tees the existence of solutions for variational inequality (3.38) along with utilizing the
more general classes of K-Lipschitzian and p-strongly monotone mappings, continuous
pseudocontractive mappings and Lipschizian mappings in comparison with [28, 29, 30].

2) Corollary 3.1 is also a new result for finding a minimum-norm point of Q
3) Corollary 3.2 and Corollary 3.3 are new results for finding a point of I" and a minimum-
norm point of I, respectively.
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