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Abstract. In this paper, we present the fractional backward differentiation formulas for the numerical
solutions of two-term fractional differential Sylvester matrix equations in the Caputo derivative sense,
which includes the celebrated two-term fractional differential Lyapunov matrix equations. We give two
applications in a two-term time-fractional telegraph equation with illustrative examples. In addition, we
also consider two examples to illustrate the effectiveness of the proposed approaches.
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1. INTRODUCTION

The fractional derivatives (FD), which acted as a generalization of classical derivatives and
dated back to the 17th century, recently gained great interest due to their wide real-world appli-
cations, such as, psychology [2], epidemiology [27], biology [6], engineering [18, 20], econom-
ics [16], and so on [5, 26, 31]. There are several definitions for the FD. Two of them are the Ca-
puto and Riemann-Liouville fractional operators [2, 3, 6, 8, 15, 16, 18, 20] which are employed
in this work. The fractional differential Sylvester matrix equation (FSE) plays an important role
in theory control, filter design theory, and model reduction; see, e.g., [1, 21, 22, 24, 28, 29, 30].
The methods of backward differentiation formulas (BDF) gained popularity due to their large
absolute stability regions which made them competitive for the treatment of stiff problems [4].
In [9, 14], some authors proposed a method of fractional backward differentiation formu-
las (FBDF) for solving FDE with delay. In [23], the author proposed the FBDF method for
solving the two-term FSE; see [23] for more details.

In this paper, we present the FBDF method order r € {2,3} to solve two-term FSE’s and two-
term fractional differential Lyapunov matrix equations (FLE’s). Let @, f € R* and n, ng € N*
such thatng — 1 < o0 < ng and ng— 1<B< ng. We consider the two-term FSE on the interval

*Corresponding author.
E-mail address: lakhlifasadek @ gmail.com; sadek.l@ucd.ac.ma
Received 2 August 2022; Accepted 23 May 2023; Published online 27 March 2024.
(©2024 Applied Set-Valued Analysis and Optimization

137



138 L. SADEK

[to, T] of the form

{ PO&)+PB) (1) = A()P(t) + P(t)C(t) + O(t), 0

P(k)(to) =P, ke {0,1,...,max{nﬁ,na} — 1},

where C(t) € RP*P, A(r) € R™", Q(r) € R"*P, P(t) € R"*? is unknown matrix function, and
P (¢) and PP)(¢) are the Caputo derivative (CD) of the matrix function P(r) with order
and f3, respectively. In particular,

e If a =1 and B = 1, then the two-term FSE is called the differential Sylvester matrix
equation (see [21]).

o If C(t) = AT () (AT denotes the transpose of the matrix A), then the two-term FSE is
called the two-term FLE.

This paper is organized in this form. In Section 2, we present basic concepts, which are
needed in the following sections. We discuss the FBDF method order r for solving the two-
term FSE in Section 3. In Sections 4 and 5, we develop the FBDF method order 2 and 3,
respectively, for solving the two-term FSE’s. In Section 6, we study the error analysis and
the convergence. Finally, Section 7 is devoted to numerical experiments for demonstrating the
effectiveness of the proposed methods.

2. Basic CONCEPTS

This section provides some important definitions that are useful in obtaining our findings.
Let B € Rt and ng € N* such that ng — 1 < § < ng. The Riemann-Liouville derivative
(R-LD) and Caputo derivative of order f for function P(z) are defined by

s 1 (a\®p  P)
RLDPp(r) = Yo (a) [O e T

and

By ¢« PU"s)(n)
PB) () = F(nﬁ—ﬁ)/to(t_n)ﬁ"ﬁ“ dn,

respectively, where the Euler’s gamma function I']0, +oo[— R is defined by (see [19]),
[(x) := / e 'rldr.
0

Lemma 2.1. [11] The relation between CD and the R-LD of function P(t) is

np—1
P (1) = RLpp (P(r)— 3 P(k)(“)(z—ro)k), @0

where ng — 1 < B < ng with ng € N*,
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3. FBDF METHOD ORDER r

In this section, we present the FBDF method order r for solving the two-term FSE. From the
relation (2.1) at 7 =¢;, we have

P(1)) = Rpep(y)) —fffo‘( ¥

" PY()

RLAHO k—ao
_Ripapiy_ Yy VW) ke
where N € N*, step size h = %,and
PP ) =RipPpry— Y U (g kb
(]) 1o t (]) k;() F(k—B+1)(J )

with t; =19+ jh for j=0,1,...,N. From (1.1), we obtain the matrix equation

s PR)

RLpeP(t;) — ¥ 2 (jh) %+ Rl P(1))
i=o Tk—a+1)
ol plh)
B k;) 1“(15_—[(3@1)(%)](_[3 = A(t;)P(t;) + P(t;)C(t;) + O(t)).

The Griinwald approximation ([19]) of R-DZP (1) and %LDE P (1) att;j are

J
SUDEP (1) =h™* Y. @y o P (t;— kh),
k=0

j
RLDPP (1)) = h P kz{)w,;ﬁp (1;—kh),

where @ is determined by the generating function Wé for FBDF method order r

Wi(8) =Y @ &~ (3.1)
k=0

The generating functions for FBDF of order r € {2,3} are given below ([14])
B

Wi (§) = (%—25%52) (3.2)

B
wie) = (36436 -38°) 63)
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It follows that

e O PM() e

h ];)wmp(tj—kh)—’gom(m)

ng—1 P(m)(to) L m B
n;) r(m—ﬁ+1)(fh)

= A(t;)P(tj) + P(t;)C(t;) + Q(t)).

Let ny := min{ng,ng} and ny := max{ng,ng}. Thus

J
+h Py @ pP(tj—kh) —
k=0

J ni—1 ( -h)m—a (jh)m—ﬁ
Y @ P (1 —kh) — / P™ (1
,;O kP (1 = k1) mX::O(F(m—ochl) F(m—B—l—l)) (fo)
J ny—1 ( 'h)m—a
_ J
hBY @ (k) - § I )
szb k,B (J ) mglr(m_a*+1)
=A(1)P(t;) + P(t;)C(t;) + Q(t),
where o* = o and § whenever ny = ngy and ny = ng, respectively. Thus
J J np—1 np—1
WY @ Pk +h P Y @ pPii— Y bimP™(t0)— Y, cjmP™ (1)
k=0 k=0 m=0 m=ny
ZA(Z‘j)P(l‘j) —I—P(l‘j)C(l‘j)—f—Q(l‘j), j: I+ 1,i—|—2,...,
where P;_; = P(t; — kh) and
(jh)" (j)mP (jh)"—
bj,m = + s CJ"m ==
I'm—o+1) T'(m—B+1) I(m—o*+1)
It follows that
i+1
(W@ o +h P@y )P+ Y (0 o+ h P& )Py
k=1
n—1 ny—1
=Y bipiwmP™(t0)+ Y, civ1.mP™ (t0)
m=0 m=nj
+A(ti1)P(tiv1) + P(ti1)C(tiv1) + O(tiv1), (3.4

where @ . is the coefficient of FBDF with order r. For calculating @y . in (3.4), we need the
following Lemma.

Lemma 3.1. [34] Let ¢(z) := 1 + Y7 x5 Then (9(2))P =¥, w,gﬁ )2k where the coefficients
(B)

o, are recursively evaluated by

S (B
of) <1 o =Y ( - _1)%@;@.
]:

Next, we describe the steps for calculating the coefficients (Ii,: .
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Algorithm 1 Calculation of the coefficients @, .

(1) Let Wi (z) = dP ((2))P.
(2) From Lemma 3.1, we obtain

Wh(z) = dP ( y (D,Emzk) .

k=0

(3) @] 5 =dP o). (by equation (3.1)).

4. FBDF METHOD ORDER 2

In this section, we apply the FBDF method of second order to solve the two-term FSE. Let
the approximation Py of P(t;;) obtained at step i + 1 by FBDF method order 2. The next
result shows that P,y is the solution to a Sylvester matrix equation (SME).

Theorem 4.1. Let o, f € Rt and Ne,ng € N* such thatng — 1 < o0 < ny and ng—1< B < ng.
Let ny :=min{ng,ng} and ny := max{ng,ng}. Let P(t) be the solution to the FSE (1.1). Then
the approximation P11 of P(t;+1) satisfies the following SME:

Mi1Pip1 + Pp1LLip1 + 841 =0, 4.1)
where

Mis1 =A(tiv1) — (h_a@&aw%_ﬁ@&ﬁ)lnxn,

1

2
1/ _ _

Liv1 =Cltip1) = 5 <h ‘O g +h ng,ﬁ>lpxp7 (4.2)

with I,,«,, being n X n the identity matrix and

i+1
i1 = Otir1) = Y (W@ g +h P& )Pyt &
k=1
nlfl nzfl
+ Y b P () + Y ciimP™ (), (4.3)
m=0 m=n

where Gflz o and 05,:7 p are the coefficients of FBDF with order r.

Proof. At each t;;, let P,y be of the approximation of P(t;+), and FBDF with order 2 be
defined as
i+1
(h*“wg,a +hP wgﬁ) P+ Y (h*“w,{va +hP w,gﬁ) Pi1x
k=1

n—1 ny—1

= Y b1 wP™ o)+ Y civ1mP™ (10)
m=0

m=nj

+A(tip1)P(tiv1) + P(ti1)C(tiv1) + Otit1)-
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Therefore

I, _ _
(A(ti+1)—§(h aa)'&a-i-h ﬁwg’ﬁ)Ian>Pi+1+Pi+1 (C(li+1)

| _

_E(h awo%a_"h ﬁw&ﬂ)l}?XP) +Q(ti+1)
i+1 5 5

— Z <h_a(D'k7a + h_ﬁwh[g) PH_I_](
k=1
ni—1 np—1

+ Y bi1mP™ (1) + Y civ1mP"™ (1) =0.
m=0 m=n

We find the following SME M, | Py + Py 1Lt + &1 = 0. O

We can directly compute the SME (4.1) by using the well-known function sylvester in
MATLAB. Then, we give the Algorithm 1 of CU,? in (4.2) and (4.3), we can give an explicit
representation of the coefficients of FBDF method order 2 in next Lemma 4.1.

Lemma 4.1. The coefficients of the FBDF method order 2 are obtained explicitly

B
iy () o, koo

(B) (B)

where @y’ =1, 0"’ = —3p, and
B _4 (Bt i 1 (2(1+B) (8) _
W, —5(1—7 a)k_1+§ T—l W, 5, k=2,3,....
Proof. From (3.2) and Algorithm 1, we can give the coefficients of the FBDF method order 2
immediately. 0

Corollary 4.1. Let o, 3 € R" and ng,ng € N* be such thatng —1 < @ <ng andng —1< B <
ng. Let ny :=min{ng,ng} and ny := max{ng,ng}. Let P(t) be the solution to the FLE:

P () + PP (1) = A(1)P(t) + P(1)AT () + Q(r),
PO (1)) =P, ke {0,1,...,ny—1}.
Then the approximation P\ of P(ti11) satisfies the following Lyapunov matrix equation (LME):

M 1Py + PiM, | + &1 =0, 4.4
where {
Mo = A1) — 5 (h*“as&a +h*ﬁw§7ﬁ> Tosen,
and
i+1
Sir1=0(tir1) — (h‘“w,ia +h_ﬁw/i[3>lui+l—k
k=1
ni—1 ny—1
+Y bis1 mP™ (10) + ) cit mP™ (10).
m=0 m=ny

Note Theorem 4.1 for C(t) = AT (t). We can directly compute the LME (4.4) by using the
well-known function lyap in MATLAB.
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5. FBDF METHOD ORDER 3

In this section, we apply the FBDF method order 3 to solve the FSE. Let the approximation
P41 of P(t;+1) be obtained at step i + 1. Theorem 5.1 shows that the matrix P, is the solution
of a SME.

Theorem 5.1. Let a, 8 € R* and ng,ng € N* be such that ng —1 < & < ng andng —1 < <
ng. Let ny :=min{ng,ng} and ny := max{ng,ng}. Let P(t) be the solution to the FSE (1.1).
Then the approximation P11 of P(ti11) satisfies the following SME:

M 1Py1+ Pl + 641 =0, (5.1

where
(

M1 =A(tip1) — (hiaw(%,a +h7ﬁw§7ﬁ> Insn,

N =10 —

Liv1 =Clti1) — (hfaw(%,a +h7ﬁmg,ﬁ) Ipxp;

1

Sip1 = Otiv1) — <h7“07;ia +h7ﬁ&7k273> Py«
ni—1 : ny—1

+ Y bisiwmP™(t0)+ Y civrmP™ (t0),

m=0 m=n,

+

(5.2)

~
I

with the coefficients of FBDF method order 3 being obtained explicitly

1\
w,ij:(€> o, k=01,..., (5.3)

where

w] ___1’}/7

2
mn_ 9 18\ “y(y—1)
O =\ 2 (5.4)

BT (205

11 k -1 k

2 3(v+D\ () _
+11(1— ] )a)k3, k=3,4,...,

\
withy e {a,B}.

Proof. In order to prove (5.1), we follow the proof of (4.1) in Theorem 4.1. For the coeffi-
cients of FBDF method order 3 in (5.3) and (5.4), the generating function of FBDF method
order 3 is (3.3). Applying Algorithm 1, we can give an explicit representation of the coef-
ficients of FBDF method order 3. Hence, the coefficients of the FBDF method order 3 are

obtained explicitly by
1\’
ZD',iy: (F) (DIEY), kIO,l,...,
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where w(gY) =1, o = —%%
o= gy (1) 75
o) = % <1 — %) o, +% (@ - 1) o
fork=3,4,.... -

Corollary 5.1. Let o, € R" and No,ng € N* be such that ng, — 1 < ot < ng, and ng—1< B <
ng. Let ny :=min{ng,ng} and ny := max{ng,ng}. Let P(t) be the solution to the FLE. Then
the approximation P11 of P(t;y1) satisfies the following LME:

Mis1Piy1 + P M, | + &1 =0, (5.5)
where {
M1 =A(tip1) — 3 (h_aw&a +h_ﬁw§7ﬁ> Liscn,
and
i+1 ) )
&1 =0(tiy1) — Y (hiaafkva +hfﬁa7k75) Piii—k
k=1
n—1 ny—1
+ Y bt P (t0)+ Y civrmP™ (to).
m=0 m=ny

From the Theorem 5.1 with C(¢) = AT (¢), we have the desired result immediately.
Next, we summarize the steps of the FBDF method order r for solving the two-term FSE.

Algorithm 2 The FBDF method order r for solving the two-term FSE
Inputs: A(1), C(z), Q(), P fork=0,...,no—1,and 1, T .
(1) Choose h.
2) N=11,
(3) Fori=1:N, compute:
4) oy , and m/?ﬁ’
(5) Miy1 =A(tit1) — 3 <h_aw&a +h_Bw§ﬁ) Liscn,

(6) Liv1 = Altis1) = (000G o + 1P @) Iy,

(7N
it1
Eix1=0(tir1) — (h_aw/ia +h_ﬁw/§,5> Py
k=1
ni—1 ny—1
+ Y bi1nP™(t0)+ Y cir1mP™ (10).
m=0 m=ny

(8) Solve the SME M1 P,y + P11 + &1 = 0.
(9) End for i.
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Next, we summarize the steps of the FBDF method order r for solving the two-term FLE.

Algorithm 3 The FBDF method order r to solve the two-term FLE
Inputs: A(z), Q(t), P% fork=0,...,n, — 1, and 19, 7.

(1) Choose h.
Q) N=11
(3) Fori=1:N, compute:

4) w,ga and w,:’ﬁ,

(5) M1 =A(fip1) — 5 <h_aw§7a +h_ﬁw§,ﬁ) Lnsns
(6)

i+1
E1 = O(tir1) = ), <hia@'}ia ‘f’hiﬁwziﬁ) Pip1-k
k=1

}’llfl nzfl

+ Y biiwmP ™ (t0)+ Y cirmP™ (t0).
m=0 m=nj
(7) Solve the LME M Py + P ML | + &+1 =0.
(8) End for i.

6. THE ERROR ANALYSIS

In this section, we present the error analysis of the error analysis for FBDF method order r.
We consider the error ¢, = P(t;) — P; between the exact solution P(¢;) and the numerical solution
P.

J-

Lemma 6.1. [12, 13, 14] Let B € R™. Then
j ng—1
WPY @P(ti)— Y bjwP™ (o) — PP (1) =0(n), (6.1)
k=0 m=0
and @] = o(jF-1.
Lemma 6.2. [12] Let M, M, > 0 and {A;} satisfy

-1
M| <My +MyR Y (Al I=kk+1,... lh<T.
i=0

Then | A < T (My + Mykh$), for 1 > k,lh < T, where § = max {|Ao|,|A1],..., | A_1]}.
Lemma 6.3. Let the matrix function F, where F(P) = A(t)P+ PC(t) 4+ Q(t). Then
IF(P) —F(Py)|| <L|P = Pofl, VPP eR™, (6.2)

where

M = max ||A + max ||C .
GG[ZMH Sl ge[toﬂll (9]l
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Proof. Letting P, P, € R"*P, we have
F(P)—F(P) =A(t)P+PC(1)+ Q(1) — (A(t) . + PC(1) + Q(1))
=A(t)(Pr—P)+ (P —P)C(1),
SO

|F(P1) = F(P)|| < max [|A(n)[[||Py — P2l + max [|[C(n)|[|P1— P
nelto,T] nelto,T)

< (max I+ max ] ) 17~ 2,

nel,T 10,

O

Theorem 6.1. Let o, 3 € R" and Ne,ng € N* be such that ng — 1 < o0 < ng, and ng—1< B <
ng. Let the following two-term FSE be given

PE(1)+ PP (1) = A(1)P(r) + P(1)C() + Q(1), ©3)
P(k)(to):Pk,kE{0,1,...,max{nﬁ,na}—1}. '
Then, the FBDF method order r is convergent, and ||e;|| = O(h").

Proof. From (6.3) and (6.1) in Lemma 6.1, we have

j J nlfl
WY @ (Pti)+h P Y @ gP(ti )= Y bivmP™ (10)
k=0 k=0 m=0
nzfl
— Y cirtmP™ (1) — Cjl = F(P(1))).
m=ni

In view of (3.4), we obtain

j j n1—1
WY of P +h Py @y gPik— Y, bit1 mP™ (1o)
k=0 k=0 m=0
ny—1

— Y i1 mP™(t0) = F(P}),

m=ni

for j=i+1,i+2,...,. Observe that
J J
bjeo—h™* Y @ qejk—hPY @ gej 1 +Cil" = —(F(P(1))) —F(P))).
k=0 k=0
It follows that
bje() — h*“ngaej — hiﬁ wgﬁej — hiam;,aeo - hiﬁ G)';’ﬁe()
Jj—1 Jj—1
—h° Z wléaej_k —h B Z (D,:’ﬁej_k +thr
k=1 k=1

=—(F(P(t))) — F(P))).
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Hence, we have
(h‘“wg’a +hP wgﬁ) ej=— (h‘“afjﬁa +hPal - bj) €0
J

j—1
Y (h‘“w,;a +h‘ﬁw,§ﬁ> ejk
k=1

+thr—|— (F(P(tj)) —F(Pj))

and
(h@ o+ h P ) llesl < [h@] o+ P a5~ b leo]
j—1
+ ¥ (1w +h Py ) e 4
k=1

+HICIA"+[|F (P(t;)) — F(Py)]-
Letting ||C;|| < K for any j and using inequality (6.2), we have

(h @ o+ 1P ) llejl < 1@ o Py — by ol
j—1
+y (h—aa;,;a+h—ﬁw,gﬁ) lej—ll -+ K" +Mle;]].
k=1
Now, we estimate e;. Observe that

Kh j-1 (h*“w,f’ajth*ﬁw,;ﬁ)

eill < —+ ei_
lejll < h—“(i)'&a%—h—ﬁa)'gﬁ—M ,;h—awg7a+h—ﬁwg7ﬁ—M|| J el

0w+ P a b

h—°%@! h—B r7 M leoll-

@ o +h Py~
It follows that .
Kh' Jj=1
eill < + €i_kll,
lejll < h_aw6a+h_ﬁ666ﬁ—M kZZ)pkH j—l|

where
R (@ +hPay,) ‘h @+ PET b, |
h=2®f o +hPwy s — M howy , +h Pog g —M
Thus |le;|| < I%h’—kZi;(l)pkHej_kH. Using Lemma 6.2, we can prove that e; = O(h"). O

7. NUMERICAL ILLUSTRATIONS

In this section, four examples are considered ([7, 10, 17, 32, 33]) to illustrate the effectiveness
of the approaches using MATLAB software.

Example 7.1. Consider the following two-term FSE:
{ PL(1) + PP) (1) = A(1)P(r) + P(C(1) + (1), B €]0, 1],

7.1
P(0) = P, D
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with
0 00 00
A(t):<1 ’)’ C(t):(t 1)’ PO:(O()),
and
( _ I(6B+1) a rG5) .., T6B+1)
00~ Fegi-a) TE-a" TEE
_ﬂﬁ—ﬁ —t3 +t2
T'(5-B) ,
CTB) s TQ@) e TB) 5
QIZ(I)_(WIZ _mtl mlz 5
_L 1-B 3B+l 42
ro—p) O ororHr
Qa1 (1) = =1 2% 3B +1
(3 +1) e I'(4) o TBB+1)
e repa e ey
_L 3-B . 3B+1 3B 4 3 0
| Ta_p T AT

The exact solution of Eq. (7.1) is

1B % 2y
o= (" BT ).
In Figure 1, the solutions Py (t), P>1(t), and Py (t) of FSE (7.1) for &« = 0.7 and 8 = 0.3 using
the FBDF method order 2 (FBDF2) and FBDF method order 3 (FBDF3) forz € [0, 1]. In Table 1,

0.05

——— Exact solution y .
— — -FBDF2 method / \ 0
FBDF3 method / \ \

®)

— Exact solution
— — -FBOF2 method
FBDF3 method

ol=u L L L L L L L L }
0 01 02 03 04 05 06 07 08 09 1

-0.25

t

(A) Py (1)

L L L ] L L L .
0 01 02 03 04 05 06 07 08 09 1

t

(B) P (1)

045

0.4

0.35

0.3

0.25

§ 02

0.15

-0.05

oir /
0051 /

g"

©

— Exact solution
— — -FBDF2 method
FBDF3 method

0 01 02 03 04 05 06 07 08 09 1
t

(C) Pn(t)

FIGURE 1. The numerical solutions Pji(¢), P>;(t) and P (t) of FSE (7.1) for

o =0.7,=0.3and h = 0.001.

a comparison of the absolute errors at some selected points with 27 = 0.001 are shown.
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TABLE 1. Absolute errors at some selected points with 2 = 0.001.

t FBDF2 method =~ FBDF3 method

0.2 9.41381e —05 9.35997¢ — 05
0.4 8.06323¢ — 05 7.99089¢ — 05
0.6 7.97658e — 05 7.87751e — 05
0.8 8.48741e — 05 8.35704¢ — 05
1.0 9.46905¢ — 05 9.30039¢ — 05

Example 7.2. Consider the two-term FLE:
PO(1)+ PP (1) = A()P(t) + P()AT (1) + Q(1), e €]0,1], B €]1,2],
P(0) = P1(0) = By,

. 0 —t 00
w1thA(t)—(t 0 ),P0—<0 0),and

2 o 2 -
| g et —tt =1
o) = A 6 p3-a__6 3B |

R ACE L sc= )

P@:(i_&).

Figure 2 shows the solutions Py (¢) and P> () by using methods of FBDF2, FBDF3 and exact
solution in functions for ¢ € [0,1], whenever @ = 0.7 and B = 1.5. In Table 2, we show a

(7.2)

The exact solution of Eq. (7.2) is

1 / [ —

/ ~ — Exact solution
09 / I — — FBDF2 method
— Exact solution y / 02 AN FBDF3 method
08F |~ — FBDR2method N\
FBDF3 method

07

06

P ®

05

04

03

02

01

ol —= I I I I I I I , 12 I I I I I I I I I ,
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
t t

(A) Pii(1) (B) Px(t)

FIGURE 2. 2D plots of solution Py (¢) and Py (t) vs t with ¢ = 0.7 and B = 1.5
and 4 = 0.001.

comparison of the absolute errors at some selected points for 2 = 0.001.
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TABLE 2. Absolute errors at some selected points for 4 = 0.001.

L. SADEK

t FBDF2 method =~ FBDF3 method
0.1 3.79945¢ — 06 4.70783e — 06
0.2 5.28709¢ — 06 6.12612¢ — 06
0.3 6.20277¢ — 06 6.97825¢ — 06
0.4 6.83201e — 06 7.54641e — 06
0.5 7.28863e — 06 7.94300e — 06
0.6 7.63194e — 06 8.22669¢ — 06
0.8 8.10886e — 06 8.58514¢ — 06
1.0 8.43033e — 06 8.79147¢ — 06

Example 7.3. Consider the following time-fractional telegraph equation:

Pv(x,y,t) 9P Tv(x, 1)
atﬁ atﬁ_l +V(X,y,t)
241~ P 24t1 B

+2x(1 —x)t* 4+-2y(1 —y)t +xy(1 —x)(1—y)*
with 8 €]1,2], the board conditions v(0,y,z) = v(1,y,7) = v(x,0,t) = v(x, 1,7)

conditions

where (x,y) € Q :=[0,1] x

xy(1 —x)(l —y)t*. Let us discretize as follows: (x;,y;) =
hg = - +1 Let P;(t) = v(x;,y/,t). Using the central difference discretization defined by:

—2P;;(t) + Piy1);(t)

Pi_1);(t)

dv(x,y,0)
ot

=v(x,y,0) =0,

[0,1] and # € [0,1]. The exact solution of Eq. (7.3) is v(x,y,7) =
(ihg, jhg) for 1 <i,j < n with

=0, and the initial

P(ﬁ)( )—}-P(B 1)0) _ 3
Q
—2P;(t) + Pi(j11) (1)
h2
Q

+Pi(j—1)(f)

—PBj(t) +Qij(t), (7.4)

where

24¢1-B
1—*(6_B)> t4Xiyj<1 —Xj)(l _y])

—xi)(1=y)r*,

-B
0;j(1) = (r?;”_ﬁ) +

+2x(1 —xi)t4 +2y;(1 —yj)t4 +xiyj(1
we obtain from system (7.4) that
P(ﬁ)(;) +p(ﬁ—1)(;)

=AP(t)+P(1)C+Q(), Be€]l,2],

P(0) = P1(0) = B,
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with
1 -2 1 1 -2 1
A= trldlag <—2, 5 —2> < Rnxn, C = trldlag (—2, P 1, —2> € Rnxn,
hg hg g hg hg hg,
and Py = 0. In Figure 3, the solutions v for Equation (7.3) using the FBDF2 method, FBDF3

method and exact solution at 7 = 1 and in Figure 4, the solution Py;(z) with B = 1.7,h = 0.01
and n = 200, we can observe that the solutions are identical. We compare the results obtained

FBDF2 method FBDF3 method Exact solution

(A) FBDF2 method (B) FBDF3 method (c¢) Exact solution

FIGURE 3. 3D plots of numerical and exact solutions at t = 1 with f = 1.7,
h =0.01 and n = 200.

-5
25 x10

Exact solution
FBDF2 method
FBDF3 method

P..®

05

FIGURE 4. 2D plot of numerical Py (¢) and exact solutions for B = 1.7, h=0.01
and n = 200.

from the FBDF2 method and FBDF3 method. In Table 3, we give the obtained runtimes in
seconds and the absolute error norms (Abs.error) at t = 1, which is the difference between the
exact solution and the approximated solution.



152 L. SADEK

TABLE 3. The absolute error norms at ¢ = 1 and runtimes in seconds with 4 =0.01 and 8 = 1.7.

FBDF2 method FBDF3 method

n CPU time Abs.error CPU time Abs.error

200 2.376019 6.1096e — 04 1.736881 1.3292¢ — 06
300 6.442860 9.1491e —04 4.575444 1.9905e — 06
400 | 13.370125 0.0012 12.358612 2.6519¢ — 06

Example 7.4. Consider the following time-fractional telegraph equation [17]:

9Pv(x,y,1) N 9P ~1v(x,,1)
dth dth—1

24— B
=Av(x, 0, t)+ (===
24¢1-B

Freog) 00 2R, a)

where (x,y) € [0,1] x [0,1], ¢ € [0,1], B €]1,2], the board conditions
v(0,y,¢) =v(L,y,t) = v(x,0,¢) = v(x,1,2) =0,

and the initial conditions

d 0

DL (a0 =0
The exact solution of Eq. (7.5) is v(x,y,7) = xy(1 — x)(1 —y)t*. Let us discretize as follows:
(xi,j) = (ihy, jhy) for 1 < i, j < n with hy = hy = 4. Let P;(t) = v(x;,y;,t). Using the

central difference discretization defined by
Pii1);(t) = 2P;j(t) + P 1),(1)

RORY ENOE

+Qij(1), (7.6)

with

-B 1-B
040 = (5 =7+ 5= i1 )1 =)

+2x(1—x)t* + 2y;(1 =yt + 2y (1= x) (1= ),
we obtain from the system (7.6) that
PP)(1)+ PP (t) = AP(t) + P(t)A+ Q(t), B €]1,2],
{P@zﬂW®=m
where A = }:—%tridiag(l,—% 1) € R"" and Py = 0. In Figure 5, the solutions v(x,y,t) for

Eq. (7.5) using new approaches and exact solution at # = 1 and in Figure 6, the solution Pj;(t)
with B = 1.7, h = 0.01 and n = 200, we can observe that the solutions are identical. =~ We
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FBDF2 method FBDF3 method Exact solution

(A) FBDF2 method (B) FBDF3 method (c) Exact solution

FIGURE 5. 2D plots of numerical and exact solutions at t = 1 with f = 1.7,
h =0.01 and n = 200.

-5
25 x10

Exact solution
FBDF2 method
FBDF3 method

15

P.®

FIGURE 6. 2D plots of numerical and exact solution of Py;(¢) with B = 1.7,
h =0.01 and n = 200.

compare the results obtained from the FBDF2 method and FBDF3 method. In Table 4, we give
the obtained runtimes in seconds and the absolute error norms (Abs.error) at ¢ = 1, which is the
difference between the exact solution and the approximated solution. If the matrices A, C, and
Q are constants and large-scale, then Krylov subspaces methods are more efficient and fast; see,
e.g., [21, 25, 28, 29, 30].

CONCLUSION

In this paper, we presented the FBDF method of order 2 and 3 for solving the two-term FSEs
in the Caputo derivative sense of fractional order. We introduced some theoretical results about
convergence, and absolute error norms. We demonstrated the efficiency and accuracy of the
proposed method by applying it to four typical examples. It is found that the approximate
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TABLE 4. Numerical results of absolute error norms at ¢ = 1 and runtimes in seconds for # = 0.01.

FBDF2 method FBDF3 method

n CPU time Abs.error CPU time Abs.error

200 2.350459 6.4614e — 04 1.787854 1.2440e — 06
300 7.439960 9.6760e —04  6.478860 1.8629¢ — 06
400 | 12.736567 0.0013 9.232403 2.4819e — 06

solutions produced by our methods are in complete agreement with the corresponding exact
solutions. Moreover, these approaches are applicable to other types of two-term fractional
differential matrix equations.
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