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Abstract. In this paper, we study the problem of finding a solution of a pseudomonotone variational
inequality problem with the constraints of fixed points of a finite family of demicontractive multival-
ued mappings. We introduce a new generalized viscosity inertial Tseng’s extragradient method which
uses self-adaptive step sizes. Unlike some existing results in this direction, we prove our strong conver-
gence theorems without the sequentially weakly continuity condition of the pseudomonotone operator
and without the knowledge of Lipschitz constants. Moreover, our strong convergence results do not fol-
low the conventional “two cases” approach, which was often employed in proving strong convergence.
Finally, we apply our result to convex minimization problems and present several numerical experiments
to illustrate the performance of the proposed algorithms in comparison with other existing methods in
the literature.
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1. INTRODUCTION

Let H be a real Hilbert space with inner product (.,.) and induced norm ||.||. In this paper, we
consider the variational inequality problem (VIP) of finding a point p € C such that
(Ap.x—p) >0, VYxeC, (1.1)

where C is a convex and closed set in H, and A : H — H is a nonlinear operator. We denote by
VI(C,A) the solution set of the VIP (1.1).

Variational inequality theory is a vital tool that are often used in physics, economics, engi-
neering, optimization theory, operator theory, and many others. Solution method of variational
inequalities is an active area of research both in theory and applications. The two common
approaches to solve VIP are regularized methods and projection methods. In this work, the
projection method is adopted and the class of pseudomonotone operators is considered.

For any elements x,y € H, we recall that a mapping A : H — H is said to be:
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(1) n-strongly monotone if there exists a constant 7 > 0 such that
(Ax—Ay,x—y) > nlx—y|*
(2) n-inversely strongly monotone if there exists a constant 7 > 0 such that
(Ax—Ay,x—y) > n||Ax - Ay||*;

(3) monotone if (Ax — Ay,x —y) > 0;
(4) n-strongly pseudomonotone if there exists a constant 7 > 0 such that

(Ay,x—y) > 0= (Ax,x—y) > n|lx—y|,

(5) pseudomonotone if (Ay,x —y) > 0= (Ax,x—y) > 0;

(6) Lipschitz-continuous if there exists a constant L > 0 such that ||Ax —Ay|| < L|jx—y
said to be a contraction mapping if L € [0,1);

(7) sequentially weakly continuous if, for each sequence {x,}, x, — x = Ax, — Ax.

It is clear from the definitions above that (1) = (3) = (5) and (1) = (4) = (5). However,
the converse is not generally true.

The simplest celebrated projection method for solving VIP is the gradient method (GM),
which involves a single projection onto feasible set C per iteration. Sibony [1] proposed the
classical gradient projection algorithm as follows:

A 1S

Xn+1 = Po(x, — AAxy). (1.2)

Algorithm (1.2) is also called the projected-gradient method (PGM), where Pc represents the
metric projection onto C, A is L-Lipschitz continuous and 7- strongly monotone, and step size
A € (0, %}) If VI(C, A) is nonempty, then the iterative sequence {x,} generated by (1.2) con-
verges to a solution of the (VIP). The sequence generated by algorithm (1.2) only converges
weakly when the operator is either strongly monotone or inverse-strongly monotone but fails to
converge when the operator is only monotone.

Recently, Malitsky [2] proposed a projected reflected gradient method (PRGM), which is an

improvement over the PGM. The (PRGM) is defined as follows:
Xnt1 = Po(xn — YA(2xn —Xp—1)),  Vn > 1.

Malitsky proved that the sequence generated by (1) converges to an element in VI(C,A) when
mapping A is monotone.

Korpelevich [3] and Antipin [4] relaxed the conditions in Algorithm (1.2) and proposed the
extragradient method (EGM) for solving the VIP (1.1). Initially, the algorithm proposed by
Korpelevich was used to solve saddle point problems but later it was extended to solve VIPs
in both Euclidean and infinite dimensional Hilbert spaces. The (EGM) method is proposed as
follows:

xo €C,
Yn = PC(xn - }/Axn%
Xn+1 = PC(xn - 21Ayn)7
where A € (0, %), A 1s monotone and L-Lipschitz continuous, and Fc is the metric projection

from H onto C. The algorithm only converges weakly to an element in VI(C,A) if set VI(C,A) 1s
nonempty.
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Over the years, (EGM) has been extensively used and extended by several researchers to
approximate the solution of (VIP) in infinite dimensional spaces. Recently, this iterative scheme
was extended by Vuong [5] to solve pseudomonotone variational inequalities in Hilbert spaces.
However, due to the extensive amount of time required in executing the EGM method, as a
result of calculating two projections onto closed and convex set C in each iteration, Censor et
al. [6] proposed the subgradient extragradient method (SEGM) in which the second projection
onto C was replaced by a projection onto a half space, which is given as follows:

Yn = PC(xn - A«Axn)y
T,={w€H: (xy— AAxy — yp,w—yu) < 0}, (1.3)
Xp+1 = PT,(x, — AAy,) Vn>0,

where A € (0, %) The weak convergence result of algorithm (1.3) motivated the authors in [6]
to introduce a hybrid subgradient extragradient method in [7], which generates a strong conver-
gence sequence. In the same vein, Tseng [8] improved the (EGM) method, by introducing the
Tseng’s extragradient method (TEGM) which only requires one projection per iteration. The
scheme is as follows:

Yn = PC(xn - A/Axn)7

(1.4)
Xp+1 = Yn+ A(Ax, — Ay,),Vn >0,

where A is monotone, L-Lipschitz continuous, and A € (0, %) TEGM (1.4) converges to a
solution of the VIP with the assumption that VI(C, A) is nonempty.

In this work, we consider the inertial technique which is a two-step iteration process for ac-
celerating the speed of convergence of iterative schemes. This technique was derived by Polyak
[9] from a dynamic system called the heavy ball with friction. Over the years, several authors
have incorporated this technique in their methods for solving various optimization problems;
see, e.g., [10-15] and the references therein.

Recently, Tan and Qin in [16] proposed an inertial Tseng’s extragradient method (ITEM)
for approximating the solution of VIP (1.1) in Hilbert spaces. Their proposed algorithm is as
follows:

Sp = Xp + 6n(xn _xn—l)a

Yn = PC‘(Sn - YnAsn)a

Zn = Yn — Yu(Ayn — Asn),
Xnt1 = O f(zn) + (I — @n)zn,

. 8 .
s _{mm{mﬁ}, if x, # X1,
 —

0, otherwise

where

and
: 'n—Yn :
Yol = mm{M,Wn}, if Ary — Ay, # 0,
] =
Yn, otherwise.
where f is a contraction and A is a pseudomonotone Lipschitz continuous and sequentially
weakly continuous mapping.

Another problem of interest in this study is the fixed point problem. Let S: H — H be a
nonlinear map. The fixed point problem (FPP) is defined as finding a point p € H (called the
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fixed point of S) such that Sp = p. We denote by F(S), the set of all fixed points of S, i.e.,
F(S)={p€H:Sp=p}.IfSis amultivalued mapping, i.e., S : H — 2 then p € H is called
a fixed point of S if p € Sp. Our interest in this study is to approximate a common solution of
VIP (1.1) and FPP p € Sp.. That is, to find a point x* € H such that x* € VI(C,A) N F(S), where
S is a multivalued mapping.

Recently, the common solution problem has received great research attention and several
iterative methods have been proposed for finding its solution; see, e.g., [11, 17-22] and the
references therein. The motivation for studying such a problem lies in its potential application
to mathematical models whose constraints can be expressed as VIP and FPP. This arises in
areas like image recovery, signal processing, and network resource allocation. A particular
example of this is in network bandwidth allocation problem for two services in a heterogeneous
wireless access networks in which the bandwidth of the services are related mathematically;
see, e.g., [23, 24].

Very recently, Cai et al. [25] introduced the following inertial Tseng’s extragradient method
for finding the common solution of pseudomonotone variational inequality problem and fixed
point problem for nonexpansive mappings in real Hilbert spaces:

(xo,xl e H,
Wy = Xp+ Gn(xn _xn—1>7
yn = Pe(wy, — yAwy,), (1.5)

Zn = Yn — Y(Ayn — Awy),
i1 = O f (i) + (1= ) [BuT 20 + (1= Bu)zal,

where f is a contraction, T is a nonexpansive mapping, A is pseudomonotone, L-Lipschitz and
sequentially weakly continuous, and y € (0, %) They established strong convergence result for
the proposed method under certain conditions. One of the major drawbacks of the above algo-
rithms for solving pseudomonotone variational inequality problems and several other existing
methods in the literature is that the pseudomonotone operator is required to be sequentially
weakly continuous, which is a stringent condition. Moreover, several of the existing methods,
such as Algorithm (1.5), require knowledge of the Lipschitz constant of the pseudomonotone
operator for their implementation. However, the Lipschitz constant is unknown or difficult to
calculate or even estimate, which makes the implementation of these algorithms infeasible.

Motivated by the above results and the ongoing research activities in this direction, in this
paper, we propose a new generalized viscosity method, which combines the inertial Tseng’s
extragradient method with self-adaptive step size for approximating a common solution of
pseudomonotone variational inequality problem and common fixed point of finite family of
demicontractive multivalued mappings in Hilbert spaces. We prove strong convergence theo-
rems without the sequentially weakly continuity condition of the pseudomonotone operator and
without the knowledge of Lipschitz constants. More precisely, our proposed method has the
following features:

(1) Our algorithm converges to the common solution of pseudomonotone variational in-
equality problem and common fixed points of a finite family of multivalued demicon-
tractive mappings.

(i1) The proposed method only requires one projection per iteration onto the feasible set,
which improves the efficiency of the algorithm and minimizes computational cost.
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(i11) The viscosity method and the inertial technique, which are two of the efficient tech-
niques for accelerating rate of convergence of iterative methods are employed in our
proposed algorithm.

(iv) In addition, the proposed method does not require the sequentially weakly continuity
condition of the pseudomonotone operator neither does it require knowledge of the Lip-
schitz constant of the operator for its implementation.

(v) We establish strong convergence results without following the conventional “two-cases”
approach, which was often employed; see, eg., [25-27].

Moreover, we apply our result to convex minimization problems and present several nu-
merical experiments to demonstrate the efficiency of our proposed method in comparison with
existing methods in the literature. Our result in this paper complements several of the recently
announced results in this direction. The organization of our paper is built as follows. In Section
2, we give relevant definitions and lemmas needed in the subsequent sections. In Section 3,
we present the proposed algorithm while in Section 4, we analyze its convergence. We give
applications of our proposed algorithm in Section 5. In Section 6 we present some numerical
experiments. Finally, in Section 7, we give a concluding remark.

2. PRELIMINARIES

Let C be a convex, closed, and nonempty set in a real Hilbert space H. The weak convergence
and strong convergence of {x,} to x are represented by x, — x and x,, — x respectively.

We recall that a mapping FPc : H — C is called the metric projection from H onto C if, for all
x € H, there is a unique nearest point in C represented by Pc(x) such that Po(x) := argmin{||x —
y|l,y € C}. The following statements are true and useful

(i) (x—Pcx,y—FPcx) <0, VyeC;
(i) ||Pox — Pey||* < (Pex— Py, x—y), Vy€H;

(iii) [Jx — Pex||* < [lx = yl|* = [ly — Pex|]?, Wy €C.

Recall that a bounded linear operator G on H is said to be strongly positive if there exists a
constant § > 0 such that (Gx,x) > f]|x||?> for all x € H. Let £ be a positive real number and let
0 < p <||G||~". From [28], one has ||I — pG|| < 1 — p&. Recall that a subset K of H is called
proximal if, for each x € H, there exists y € K such that ||x —y|| = d(x,K) = inf{|[x—z|| : z € K}.
In this study, we denote the families of all nonempty closed bounded subsets, nonempty closed
convex subsets, nonempty compact subsets, and nonempty proximal bounded subsets of C by
CB(C), CC(C), KC(C), and P(C), respectively. The Pompeiu-Hausdorff metric on CB(C) is
defined by:

H(A,B) := max { supd(x,B), sup(y,A)}.
xXEA yEB
forall A, B € CB(C), where d(x, B) = inf,cp ||x—b||. Let S : C — 2€ be a multivalued mapping. S
is said to satisfy the end point condition if Sp = {p} for all p € F(S). For multivalued mappings,
S;: C —2€ (i € N) with N2, F(S;) # 0, then S; is said to satisfy the common endpoint condition
if Si(p) ={p} foralli e N, p € N2, Fix(S;).
Recall that a multivalued mapping S : C — CB(C) is said to be:
(i) nonexpansive if H(Sa,Sb) < |la—b|| for all a,b € C;
(ii) quasi-nonexpansive if F(S) # 0 and H(Sa,Sp) < |la— p|| foralla € C and p € F(S);



198 O.T. MEWOMO, O.J. OGUNSOLA, T.O. ALAKOYA

(iii) nonspreading if 2H(Sa,Sb)* < d(b,Sa)?* + d(a,Sh)? for all a,b € C;
(iv) k-hybrid if there exists k € R, such that

(1+k)H(Sa,Sh)* < (1 —k)|la—b||>+kd(b,Sa)* +kd(a,Sb)?*, ¥ a,beC;
(v) A-demicontractive for 0 <A < 1if F(S) # 0 and
H(Sa,Sp)? < |la— p||*+Ad(a,Sa)*>, YaecC,pecF(S).

Remark 2.1. It can easily be observed from the above definitions that the class of A-demicontractive
maps is more general than all other classes of maps listed above.

Let C be a convex ad closed subset of a real Hilbert space H and let S : C — CB(C) be a
multivalued mapping. The mapping I — S is said to be demiclosed at zero if, for any sequence
{x,} in C, the conditions x,, — p and lim,_,c.d (X, Sx,) = 0, imply p € F(S).

The following Lemmas are needed to establish our results.

Lemma 2.1. [29] For each x,y € H, and é € R, we have the following results:
@ [+ < (]2 +2{y,x +3);
Gi) [l 31 = (el 24w, +
(iid) ||8x+ (1= 8)yl[> = 8||x[|> + (1 = &)|[y[]> = (1 = 8)|]x — y[|*.

Lemma 2.2. [29] For each xy,...,xm € Hand &y, ..., 0, € [0, 1] with Y.7" | o; = 1, the equality
holds

m

llonxy + ...+ O[> = Y aillil = Y, awr||x — x|

i=1 1<i<j<m
Lemma 2.3. [30] Let {a,} be a non-negative real sequence and let {b, } be a real sequence. Let
{0} be a real sequence in (0,1) with Y, &, = co. Assume that a,1+1 < (1 — )an + 0uby, for
alln > 1. Iflimsupy_,., by, <0 for every subsequence {ay, } of {a,} satisfying liminfy_,c.(ay,,, —
ap,) > 0, then lim,_;c.a, = 0.

Lemma 2.4. [31] Consider the VIP (1.1) with C being a closed and convex subset of a real
Hilbert space H and A : C — H being pseudomonotone and continuous. Then p is a solution to
VIP (1.1) if and only if (Ax,x—p) >0 forall x € C.

3. THE ALGORITHM

In this section, we present our algorithm and highlight some of its important features. Let
Si: H — CB(H) be a finite family of multivalued demicontractive mappings with constant k;
such that each I — S; is demiclosed at zero, S;(p) = {p} for all p € N, F(S;), and k = max{k;}.
Let G: H — H be a strongly positive and bounded linear operator with coefficient ¥ > 0 and
let f: H— H be a contraction mapping with coefficient p € (0,1) such that 0 < y < }—;/. We
establish the strong convergence result of our algorithm under the following assumptions:

(A1) solution set Q = (", F(S;) NVI(C,A) is non-empty;

(A2) mapping A : H — H is pseudomonotone and L-Lipschitz continuous (however, the

knowledge of the Lipschitz constant is not required);

(A3) A: H — H satisfies the following property. Whenever {x,} C C, x,, — z, one has ||Az|| <

liminf, e ||Axy]|.
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(A4) {a,} C (0,1) such that lim
satisfies lim, ., g+ = 0;

(AS) Buo C (0,1),X7Bni =1, liminf (B, 0—k)Bn; > 0 foreach 1 <i<m;

(A6) Let {¢, } be a nonnegative sequence such that Y>> | ¢, < +oo.

Now, the algorithm is presented as follows:

n—oo

o, =0 and Z:":] 0y, = oo and the positive sequence &,

Algorithm 1

Initialization: Give 6 >0, 7 >0, and ¢ € (0,1). Let x9,x; € H be two initial points.
Iterative Steps: Calculate the next iteration point x| as follows:

(Wi = X+ 80 (X — Xn1),
Yn = Po(Wn — YaAwp),
Zn = Yn = Ya(Ayn — Awy), (3.1)
Un = Bnozn + X701 Brivais Vi € Sizn,

(An+1 = o Yf (wa) + (I — 0 G)up,

where 0, and 7, are updated by (3.2) and (3.3), respectively

5 — {min{m_g—;n”, 3}, ifxn#.xn,l, (3.2)
0, otherwise
and
_— {min{%, yn+¢n}, if Awy, — Ay, # 0 o
Y+ O, otherwise.
Remark 3.1.

e If A is sequentially weakly continuous, then A satisfies condition (A3), but the converse
is false. Thus, condition (A3) is strictly weaker than the sequentially weakly continuity
condition commonly employed in the literature (see, e.g., [32]).

e Inertial technique is employed to accelerate the convergence speed of our proposed
algorithm. Observe that (3.2) updates the inertial factor is easily implemented since the
value of ||x, —x,—1]| is known prior to choosing &,,.

Remark 3.2. From (3.2) and condition (A5), it follows that lim,_s. 2—:||xn —xp—1|| =0. Tt is
clearly seen that &,|x, —x,_1|| < &, for all n € N, which together with lim,_ _ £ =0 gives

n—yeo O
lim, ., 2 |lx, —x,- || < lim, , & =0.

4. CONVERGENCE ANALYSIS

First, we present some lemmas, that are needed to prove our strong convergence theorem for
the proposed algorithm.

Lemma 4.1. Suppose that {Y,} is the sequence generated by (3.3). Then lim y, = Yy, where
n—yoeo
ve mn{l, v}, %+ and @ =Y, 9.

Proof. The method of proof is similar to the result in [33]. Hence, the proof is omitted here. [J
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Lemma 4.2. Let {w,} and {y,} be two sequences generated by Algorithm I such that condi-
tions (Al)-(A3) hold. If there exists a subsequence {wy, } which is weakly convergent to u € H
and limy_seo || Wy, — Y, || =0, then u € VI(C,A).

Proof. From (3.1) and the characterization of the projection, we have (wy, — Y, AWp, — Y, , X —
yn,) < 0 for all x € C, which implies that },L(wnk — Vs X — V) < (Awy,,x —yp,) forall x € C.
"k

Thus

1
}/_<W"" — Vs X — V) F (AW, Vi, — Way) < (AW, x—wy, ), YxeC. 4.1)
ni

Since the subsequence {w,, } is weakly convergent to u € H, then {w,, } is a bounded subse-
quence. By the Lipschitz continuity of A and ||wy, — yn || — 0, we assert that {Aw,,, } and {y,, }

are bounded as well. Observe that y,, > min{7, %} Bby applying (4.1), we have
lirginf(Awnk,x —wp,) >0,Vx eC. 4.2)
n—oo
We also have

(Ayngs X = yn) = (A — AWy, X = W) + (AWn, X = W) + (AVng, Wiy, — Yy (4.3)
Observe ||wp, — yn, || = 0 as k — co. By the Lipschitz continuity of A, we have limy_,. ||Aw,, —
Ayp, || = 0, which together with (4.2) and (4.3) gives 1in;inf<Aynk,x — Yn,) > 0. Now, let {P;}

n—>oo

be a decreasing sequence of positive numbers such that ®; — 0 as k — oo. Let N represent the
smallest positive integer for any k such that

(AynJ;X—Ynj>+q)k207 v]sz (44)

Clearly, the sequence {Nj} is increasing since {®;} is decreasing. From {yy, } C C, for any &,

suppose Ayy, # 0 (otherwise yy, is a solution) and let uy, = H:yy%. Thus (Ayn,,un,) = 1 for
k

each k. From (4.4), we obtain (Ayy, ,x + ®run, —yn,) > 0 for all k. By the pseudomonotonicity
of A, we have (A(x+ Prun, ), x + Prun, —yn,) > 0, which gives

(Ax,x —yn,) > (Ax — A(x + Prun, ), x + Prun, — yn,) — Pr(Ax,up,). 4.5)

We now prove that lim_,_ ®uyn, = 0. Since w,, — u and lim___ ||w,, — yn || = 0, we have
yN, — u, so u € C. Since A satisfies condition (A3), we have 0 < |[|Au|| < lilgninf||Ay,,k||. Using
—>00

{yn.} C {yn,} and @4 — 0 as k — oo, we have

limsup Py
0 < limsup||Druy, || = limsup( i ) < ko= =0,
k—>oo koo || AVl h,{gglfHA)’nk I

which implies that limsup ®zuy, = 0. From the facts that A is Lipschitz continuous, {yn, }
)
and {uy, } are bounded, and klim Pruy, =0, it follows from (4.5) that lilzninf<Ax,x —yn,) > 0.
—oo —oo

Hence, we obtain (Ax,x —u) =lim,__(Ax,x—yn,) = lilzninf(Ax,x —yn,) > 0 forall x € C. By
—so0
invoking Lemma 2.4, it follows that u € VI(C,A) as required. O
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Lemma 4.3. Suppose that {y,} and {z,} are two sequences generated by Algorithm I such that
conditions (Al)- (A3) hold. Then, we have the following inequalities

2
lon =PI < wn—pl? = (1= 022wy —yal 2, ¥peQ (4.6)
n+1
and
T
12n — Vall < 0= ([ — yal. @.7)
Yn+1
Proof. By the definition of 7,1, we have
HAwn—Ayany‘” Iwn—yall, VneN. 4.8)
n+

Observe that (4.8) holds both when Aw,, = Ay,, and Aw,, # Ay,,. Using the definition of z, and
applying Lemma 2.1, we obtain

20— PlI* = lyn — PII* + 12| Avn — Awal > — 2% (30 — P, Avn — Awy)
= [[wn = pII> + [yn = Wall* + 20— Wa, wa — p)
+ Yo |Ayn — Awn|* = 2% (Y — p, Ayn — Awy)
= [lwn— P> = [[yn — wall* +2(0n — W, 30 — P) + 2 | Ayn — Awa||*
= 2% {yn — P, Ayn — Awn). (4.9)

The characterization of the projection yields that (y, — wy, + 1,Awp, y, — p) < 0, which is equiv-
alent to (y, — wp,yn — p) < —V(Awy,y, — p). From (4.8) and (4.9), we obtain

2
Y
ln = pIP < o = pI> = (1= 921 lhw =yl — 2003 — . Ava).
n+1

Since p € VI(C,A) and y, € C, we have (Ap,y, — p) > 0. By the pseudomonotonicity of A, it
follows that (Ay,,y, — p) > 0. Thus

2
¥
lon = pI < 1w = pIP = (1= 622w — 2.

Also, from the definition of z, and (4.8), we see that ||z, — y,|| < ¢ YZL

pletes the proof. U

|\Wn — yn||, which com-

Lemma 4.4. Let {x,} be a sequence generated by Algorithm 1. Then {x,} is bounded.
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Proof. First, we recall from Algorithm 1 that u, = B, 0z, + Z;n:l Bn.ivn,i- By applying Lemma
2.2, we have

m m
lun = pII* < Buollze — plI* + Y Buillvai— plI* — ﬁn,oZBn,ian,i — 2|
i=1 i

< ﬁn,OHZn _pHZ +Zﬁn,iH iZn,S

_ZnH

<ﬁn0HZn p“2+2ﬁnz“zn sz‘l'kd(Zna lZn ﬁnOZﬁanVnz Zn”

i=1

< ﬁn,OHZVl _PHZ +Zﬁn,i(HZn _PH2 +killzn —

i=1

; _ZnH2

= |lza —pl? — Y Bui(Buo —ki)llzn — il ? (4.10)
i=1
<z —p*-

Using (3.1) yields ||w, — p|| < ||x, — pl| + OCng—ZHXn — Xp—1]]. Thanks to Remark 3.2, we have

lim, %Hxn —xp—1|| = 0. It follows that there exists a constant M; > 0 such that %Hxn -
Xn—1|| < M for all n > 1. It thus follows that

”Wn_PH < Hxn_PH"i_aan- (411)

Observe that from Lemma 4.1, we have

72
lim | 1—¢*—2" | =1-¢*>0,

n—o0
n+1

which implies that there exists ng € N such that 1 — (])2%/—’% > 0 for all n > ng. Thus, from (4.6),
we obtain ||z, — p|| < ||w, — p|| for all n > ny. Combin}iq;lig (4.10) and (4.11), we have that, for
all n > ny,
%011 = Il = |0 ¥f (Wn) — Gp + (I — 0 G) (un — p)|
< an([lvf (wa) =¥/ (P + 117/ (p) = Gpll) + (1 — 0w §)||un — Pl
< o yp|[wn — p|| +06n\|7f(p) —Gpll+ (1= ?)([lxn — pll + M)
< @ YP([lxn — pll 4 0aM1) + ol vf () — Gpl| + (1 — 06 7)([|xn — pl| + 0t M)

A ) -G

< (1= 0(7—vp)llxn —pll +0‘n(7’_7’p>{ HYf;p—) P = ?—Yp}
1/ (p) = Gpll

< ma n— ) PN

< X{”x pll —Yp Y Yp}

-G M
< maX{Hxno =l “W;p—) 7 o 7- IYP}’
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which presents the boundedness of {||x, — p||}. Consequently, {x,} is bounded. Moreover,
{wn}, {on},{zu}, and {u, } are all bounded. 0

Lemma 4.5. The following inequality holds for all p € Q and n € N :

200(7—7p) 20,(F=P) { O’

2 2

Xpi] — < l—— Xn — + % M
|[xns1 = pll ( a anyp))” I (1—anyp){2(y—yp) ’
3My(1 — i 9)* + oyp S

1
o =5l s V() = G = p) |

2(7-1p) Oty (7—
_ SN2
el (107 y"l)nwn I+ X BuilBro k)l vl P
n n+

Proof. Using Lemma 2.1, we have

Wi = plI* = bin = P11+ 87w — 201 1% + 28 (0 — P %0 — Xn—1)
<l = PP+ 8allxn — X1 [1(8allxn — xu—1 | +2(1xn — plI)

)
< Hxn_PH2+3M2angonn_xn—1H7 4.12)
n

where M, := sup{||x, — p||, Oul[xn —x4—1]|} > 0.
Next, by applying Lemma 2.1, we obtain from (4.6), (4.10), and (4.12) that

—k

< (1= 0 9)?[lun — pII* + 200 (Yf (Wn) = Gp,Xut1 — D)

< (1= o) (lzn— P~ iﬁmi(ﬁn,o — k)12 — vll?)
2007 () — (D)1 — P) + 200 (3F(P) — Gprns1 — p)

< (1= o) (lzn— P~ iﬁmi(ﬁn,o — k)2 — vll?)
+ oY ([wn — pII* + 501 — pII®) + 200 (¥f (P) — GP,Xnt1 — P)

< (1= 0w — pIP — (19 ”Quwn ll? = Zﬁnzﬁno k)llzn = vaill?)
+ 0P (|wn — plI* + %041 — pII? )+206n<7f(p)—Gp,xn+1—p>

N o,
< (1= 0 (I = I + 38200 2" — 1|

(1= Zyy" w3l - Zﬁnzﬁno ) llen = vl

n+1

a7 (10— I+ 38206 2y —xu 11+ s — pI) + 20437 (p) — G ss — p)-
n
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This consequently leads to

Pn1 — plI?
1 =20, 7+ (a,9)* + o, 3My((1— o, 9)2 + o, 5,
<! 7 _( N ronyp), ey 3Vl 0 7 ) 60 O s — x|
(1—oyp) (1—onyp) ot
20, (1—o9)? > W 2
+— G s Xpl1 — S e—— 1— Wn = Yn
oy ) =GP = p) (l_wm{( 9 %%H)n il
£ BuilBro k) o — v}
i=1
(1— 20,7+ ayp) 2, (o) )
T—app) PG anvp)” 7
3Ma((1— 0 §)2 + 0u¥p)  8n 20y
Oy — X0 — Xpn—1|| + Gp,xpi1—
0 ap) nH 1l (1—anyp)<Yf() PsXnt1— D)
(1—06,1)7)2 72 2 2
S S LL A B I Wy —Yn||” + ﬁnlﬁn - Zn = Vn,i
(I—Oln'}/p){< Yn+1>|| H Z " )H ” }

20,(7—vp) » 20,(F—vp) [ anf?
< (1= 2T iR+ oy
< (1 OWP))H 7] (1—06n?’P){2(?’—7’P) :

3M, (1 — 0, %)% + o yp S, 1
n — Xn— + -G »Xn -
o sl S () = Gp =) |

B ((11:2‘:)’}:/[))2){< ZYYZI)HW,, ynHZ_FZﬁnl ﬁnO )Hzn—anHZ},

where Mj := sup{||x, — p||* : n € N}. Thus the required inequality is obtained. O

Theorem 4.1. Suppose that assumptions (A1) — (A6) hold. Then, the sequence {x,} generated
by Algorithm I converges to £ € Q in norm, where £ = Po(I — G+ vf)(X) is a solution to the
variational inequality ((G — yf)%,£—¢q) < 0 for all g € Q.

Proof. Let £ = Po(I — G+ yf)(X). Then, from Lemma 4.5, we obtain
200,(F — 200 (7 — o2
||xn+1—ﬁ||2§<1—M)||xn—ae\|2+ n (7 ?’P){ : a7

3

(1—anyp) (1—oawyp) L2(7—1vp)
3My (1 — 0, 9)% + o yp S, . R .
n—Xn—1|| + = X)—GX,xp11—X) ¢.
g el S () - G — 9
(4.13)

Next, we claim that the sequence {||x, — £||>} converges to zero. To establish this claim,
in view of Lemma 2.3, Remark 3.2, and the fact that lim,_,. &, = 0, it suffices to prove that
limsup;_,.,(Yf(£) — Gp,xn,+1 — %) < 0O for every subsequence {||x,, — %[} of {|lx, — %[} sat-
isfying liminfy_,eo (||, +1 — £|| — ||xs, — £||) > 0. Suppose that {||x, — %[} is a subsequence of
{||x» — %||} such that

timinf (11—~ s, —5]) > 0. @14
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Again, from Lemma 4.5 we have

LD (1 02 Y 3P+ 5 B ) ol )

(1— o, vP) Voot
200, (7—vp) 12 a2 20, (7=vp) ;o PP
< (1= 2 IR e 1P (g — R[PSS Ciny
( (l—ocnkyp)>|| ¢ == o =] (1—06nk7P){2(Y—7P) ’
3Ma(1 — 0, 7)% + G, YP B, 1 . R
Xp, — Xp + GX, Xy, 11— X) ¢.
T el S ) = G =0}

Applying (4.14) and the fact that limy_,., ¢t;, = 0, we have

(1_ankf5\/)2 2 ’ynk 2 L >
_(P Wny = Yn + ﬁn i ﬁn, —ki)||zn, —vn i —>0, k — oo,
(1—ankyp){( n+1>H ol ; iBreo =z =l

By the conditions on the control parameters, we have

klgr:oHWnk—)’nkH :I}EroloHan_vnk,i =0. (4.15)

From (4.7) and (4.15), it follows that limy_,c ||2s, — Y, || = 0. From the definition of u, and by
applying (4.15), we have

m
Hunk _anH < ﬁnky()”an _anH + Zﬁnk,iank,i _anH —0, k— oo (4.16)
i=1

Applying Remark 3.2 and the definition of w,,, we obtain
X, = Wi || = Snl|Xn, — Xne—1]] = 0, k — o0, 4.17)
From (4.15)-(4.17), we obtain
]}E;Iolonnk_unkH Zklgg\\xnk—znkﬂ =0. (4.18)
Now, applying (4.18) and the fact that limy_,., &, = 0, we see that

||xnk+1 _xnkH = “a’lk’}/f(wnk) - a”kank + (I_ aﬂkG) (unk _xnk)H
< O, || Vf (Why) — Gxn, || + (1 — 0, P) ||t — X || = 0, k —> oo (4.19)

To complete the proof, we need to establish wg,(x,) C Q. Since {x,} is bounded, then wg,(x,)
is nonempty. Let x* € wg(x,,) be an arbitrary element. Then there exists a subsequence {x, } of
{xx} such that Xp, — X* as k — co. From (4.17), we have w,, — x* as k — oo. Consequently, by
Lemma 4.2 and (4.15), we obtain x* € VI(C,A). Since x* € wy(x,) is arbitrary, it follows that
we(x,) CVI(C,A). By applying (4.15), we obtain

d(zn,Sizn,) < llzn — Vil =0, k— oo Vi=1,2,...,m. (4.20)

From (4.18), we have z,, — x* as k — oo. Since I — S; is demiclosed at zero for each i =
1,2,...,m, then it follows from (4.20) that x* € F(S;) for each i = 1,2,...,m, which implies
that x* € L, F(S;). That is, we (x,) C 7L, F(S;). Hence, wy(x,) C Q.

Now, we see from (4.18) that we,{x,} = we{z,}. By the boundedness of {x,, }, we further
sees that there exists a subsequence {Xnkj} of {xy, } such that Xy, = x" and

}Ln3°<yf()2) - G)?,xnkj — %) = limsup(yf (%) — G%,x,, —X) = limsup(yf(£) — GX,z,, —X).

k—yo0 k—yo0
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Since £ = Po(I — G+ yf)(%), it follows that

limsup(yf (%) — G, x,, —%) = im (yf(£) — G%,x,, —X)
Koo Jreo ! 4.21)
= (yf(®) —G&,xT—%) <0

Hence, from (4.19) and (4.21), we have

limsup(yf (%) — GX, X, 41 — X)

k—yoo
= limsup(yf(£) — G&, Xy 41 — Xn,) + limsup(yf(£) — G£,x,, — %)
k—ro0 k—yo0

= (yf(®) —G&,xT —%) <0

Applying Lemma 2.3 to (4.13) and using the fact that lim,, . 3_2 |[xn —Xn—1|| = 0 and lim,,—,c0 04, =
0, we deduce that lim,,_,, ||x, — £[| = 0 as desired. O

5. APPLICATIONS

5.1. Convex minimization problem with fixed point constraints. Let C be a nonempty,
closed, and convex subset of a real Hilbert space H, the constrained convex minimization prob-
lem is formulated as follows: Find a point x* € C such that

(") = miny(x), (5.1)

xeC

where V is a real-valued convex function. The set of solutions of the constrained convex mini-
mization problem is denoted by arg min,cc W(x).

Lemma 5.1. [34] Let H be a real Hilbert space, and let C be a nonempty, closed, and convex
subset of H. Let  be a convex function of H into R. If y is differentiable. Then 7 is a solution
to problem (5.1) if and only if 7 € VI(C,V ).

Applying Theorem 4.1 and Lemma 5.1, we obtain the following result immediately.

Theorem 5.1. Let H be a real Hilbert space, and let v : H — R be a differentiable convex
function such that Vv is oo—ism. Let {x,} be a sequence generated as follows:
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Algorithm 2

Initialization: Give 8 >0, 7y >0, ¢ € (0,1). Let xo,x; € H be two initial points.
Iterative Steps: Calculate the next iterate x,1 as follows:

Wi = Xp + 6p(Xn — Xn—1),

Yn = Pc(Wn — YV ywy),

Zn = Yn = Ya(VWYn — VYwy),

Un = Bpozn+ X1 Brivais  Vni € Sizn,
(Xn+1 = O Yf(Wn) + (I — 0 G)un,
where 0, and v, are updated by (5.2) and (5.3), respectively,

. £, .
6n — {mln{ H)Cn_xnle’ 5}7 l\fxﬂ # xnil? (5.2)

0, otherwise

and

ind _@lwazyall . _
Yn+1:{mln{||Ww —Vyyn \|’7’"+¢n}a if Vyw, —Vyy, #0 53)

Y+ O, otherwise.

If all other conditions of Theorem 4.1 hold, then sequence {xn} converges to

xGF—argmml// ﬂﬁ

in norm, where X = Pr(I — G+ vf)(R) is a solution to the variational inequality
(G=7vf)%,%2—q) <0, VgeTl.

Proof. Since y is convex, then Vy is monotone [34] and thus pseudomonotone. Now, setting
A =VyinTheorem 4.1 and applying Lemma 5.1, we immediately obtain the desired result. [

6. NUMERICAL EXAMPLES

In this section, we give some numerical examples to illustrate the performance of our Algo-
rithm 1 in comparison with Algorithm 1.5 proposed by Gang et al. (Gang et al. Alg.), Appendix
7.1 proposed by Chen et al. (Chen et al. Alg.), Appendix 7.2 by Ceng et al. (Ceng et al. Alg.
(1)) and Appendix 7.3 by Ceng et al. (Ceng et al. Alg. (2)). The parameters are selected as
follows:

Take f(x) = %x, thatis, p = % is the Lipschitz constant for f. Let G(x) = 5 with constant

y = % Then we take ¥ = 1, which satisfies 0 < y < 77 . Let Six = {— (’+2 =x} fori =

1,2,...,5.Choose § =0.9,7, = 0.65,¢ = 0.8, ¢, = n+2)2,ocn s, & = (n+5)3,ﬁn,0 =
y in our Algorlthm 1.

_ 1
ntl’ A= 5+l
e Take Tx = 3,y =0.2, and 6, = —5 in Algorithm (1.5).

(+2)
o [etUx= —%x Gx=x—x1,Yh = n+2,a) 0.09, and p,, = 2”111 in Appendix7 I.
oTakeTnx:—nmodsxl—m U= 376”_n~1r2’ —3,}/n— andun— , in Ap-

pendix 7.2 and Appendix 7.3.



208 O.T. MEWOMO, O.J. OGUNSOLA, T.O. ALAKOYA

The graph of errors is plotted against the number of iterations in each case and ||x,+1 —x,|| <
102 is used as the stopping criterion. All numerical computations were carried out by using
Matlab 2022(b) and the numerical results are reported in Tables 1 - 2 and Figures 1 - 8.

Example 6.1. Let A : R” — R™ be a linear operator in the form A(x) = Sx+ ¢, where g € R™
and S = NNT +0Q + D,N is a m X m matrix, Q is a m X m skew-symmetric matrix, and D is a
m x m diagonal matrix with its diagonal entries being nonnegative (thus S is positive symmetric
definite). We take feasible set C as C = {x e R": -2 < x; < 5,i = 1,...,m}. Clearly, A is
monotone and Lipschitz continuous with constant L = ||S||. In this experiment, all entries of
N, Q are randomly generated in [—2,2] while D is randomly generated in [0,2] and ¢ = 0. The
choices of the initial values xg and x; are generated randomly in R for m = 10, 20,25, 50.

TABLE 1. Numerical Results for Example 6.1

m=10 m =20 m =25 m =50
Iter. CPU Time Iter. CPU Time Iter. CPU Time Iter. CPU Time
Gang et al. Alg. 26 3.0827 31 3.6278 31 4.0547 39 2.6929
Chen et al. Alg. 9 0.8600 10 0.9154 10 1.0204 10 0.5639
Cengetal Alg. (1) 11 0.8903 12 1.2412 12 1.2354 12 0.6088
Cengetal. Alg. (2) 22 1.7677 23 1.9747 24 2.0761 25 1.2937
Proposed Alg. 1 8 0.7119 10 0.7540 10 0.7718 10 0.5087




GENERALIZED VISCOSITY INERTIAL TSENG’S METHOD 209

10 —k— Gang et al. Alg. o —k—— Gang et al. Alg.
—E— Chen et al. Alg. 10 —&— Chen et al. Alg.
Ceng et al. Alg. (1) Ceng et al. Alg. (1)

Ceng et al. Alg. (2) »
—A— Proposed Alg.

Ceng et al. Alg. (2)
—A— Proposed Alg.

Errors
=
o
iR

10°

\ 102
.

10° 10 10° 10
Iteration number (n) Iteration number (n)

FIGURE 1. Example 6.1 (m = 10) FIGURE 2. Example 6.1 (m = 20)

10t
—%— Gang et al. Alg. —¥— Gang et al. Alg.
U\"‘ —&— Chen et al. Alg. —&— Chen et al. Alg.
10 Ceng et al. Alg. (1) Ceng et al. Alg. (1)
Ceng et al. Alg. (2) 4 Ceng et al. Alg. (2)
3 —A— Proposed Alg. —A— Proposed Alg.
\

Elo'1 R\ %
\‘\
102
10° 151 10° 10t
Iteration number (n) Iteration number (n)
FIGURE 3. Example 6.1 (m = 25) FIGURE 4. Example 6.1 (m = 50)

Example 6.2. Let H = ((2(R), [| - ||2), where 2(R) := {x = (x1,x2, ..., Xp,...),x; ER: LT x| <
Fook, [|x]|2 = (X7, |xj|2)%, and (x,y) = Y7, x;y; for all x € £>(R). Let &, € R be such

that B > o > % >0and C={x € H: |jx|| < a}. We define the operator A : H — H by
A(x) = (B —||x||)x, Vx € H. It can be verified that A is pseudomonotone. For this experiment,
we choose B =3 and a = 2.
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We choose different initial values as follows:

Case I: xo = (— ;,; —%, -)and x| = ( 1,%,_57.. );
CaseII.‘xo—(% % % -)nad x; = (1, JT )

Case Ill: xy = (— %% %---)andxlz(l’%’%’...),

Case Vi = (~ ) and e = (1)

TABLE 2. Numerical Results for Example 6.2

Case I Case 11 Case 111 Case IV

Iter. CPU Time Iter. CPU Time Iter. CPU Time Iter. CPU Time

Gang et al. Alg. 9 0.0022 9 0.0234 10 0.0231 9 0.0253

Chen et al. Alg. 6 0.0173 6 0.0179 6 0.0204 6 0.0171

Cengetal Alg. (1) 6 0.0159 6 0.0132 8 0.0184 10 0.0171

Cengetal Alg. (2) 4 0.0089 4 0.0080 4 0.0077 4 0.0096

Proposed Alg. 1 4 0.0113 4 0.0112 4 0.0108 4 0.0092

10° 10°
—k— Gang et al. Alg. —¥— Gang et al. Alg.
Chen et al. Alg. Chen et al. Alg.
Ceng et al. Alg. (1) Ceng et al. Alg. (1)
Ceng et al. Alg. (2) Ceng et al. Alg. (2)
—A— Proposed Alg. —A— Proposed Alg.
&2 &2
e e
o o
. . . . . . | . . . . . . |
1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
Iteration number (n) Iteration number (n)

FIGURE 5. Example 6.2 Case | FIGURE 6. Example 6.2 Case II
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—k— Gang et al. Alg.
Chen et al. Alg.
Ceng et al. Alg. (1)
Ceng et al. Alg. (2)

—&A— Pproposed Alg.

—¥— Gang et al. Alg.
Chen et al. Alg.
Ceng et al. Alg. (1)
Ceng et al. Alg. (2)

—&A— Proposed Alg.

Errors
Errors

. . . i . . . ) . . . . . . . )
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
Iteration number (n) Iteration number (n)

FIGURE 7. Example 6.2 Case 111 FIGURE 8. Example 6.2 Case IV

7. CONCLUSION

In this paper, we studied the problem of finding the solution of the pseudomonotone varia-
tional inequality problem with constraints of fixed points of a finite family of demicontractive
multivalued mappings. We proposed a new generalized viscosity inertial Tseng’s extragradient
method, which uses self-adaptive step sizes. We proved strong convergence results and pre-
sented several numerical experiments to demonstrate the efficiency of the proposed method in
comparison with other existing methods in the literature.
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Appendix 7.1. (Algorithm 3.3 in [35])

Take x; € H, y; >0, o € (0, %], and ¢ € (0,1). Choose the sequences {0} and {y,}
satisfying the assumptions made on the control parameters

Step 1. Compute

Yn = Po(xn — YA (xn)).
Step 2. Compute
in = PHn (xn - WnA(yn))v
where
H,:={x€H: (X, — Y,A(xn) —Yn,x —yn) <0},
and
Wil = {min{%, Wt i A() —A(yn) # 0,
Wy, otherwise.
Step 3. Compute
tn := (1= Pn)Xn + Pnn-
Step 4. Compute
v =ty — VG ().
Step 5. Compute
Xur1 = [(1 = @)+ 0U]v,.
Let n =n+1 and return to Step 1.

Appendix 7.2. (Algorithm 1 in [36])

Initial step: Give xo,x; € H arbitrarily and let A > 0, m € (0,1),u € (0,1)

Iteration steps: Compute x,,+1 below:

Step 1. Put v, = x,, — 0,,(x,—1 — x,,) and calculate u,, = Pc(v, — [,Av,), where [, is picked to be
the largest [ € {l,lm,lmz, ..}t

U|Avy — At | < p]|ve — ]

Step 2. Calculate

zn = (1= ) Pc,(vn — 1nA(un)) + 04 f (xn),

where
Co:={veH: (v,—Il,Avy — uy,u, —v) > 0}.

Step 3. Compute

Xn+1 = YnPCn (Vn - lnA”n) + “nTnZn + TnXp.
Update n = n+ 1 and return to Step 1.

Appendix 7.3. (Algorithm 2 in [36])

Initial step: Give xg,x; € H arbitrarily, and let A >0, m € (0,1),u € (0,1)

Iteration steps: Compute x,,1; below:

Step 1. Put v, = x, — 6, (x,—1 — x,) and calculate u,, = P.(v, — [,Av,), where [, is picked to be
the largest [ € {l,lm,lmz, ..}st

U|Avn — Aup || < pl[va — unl|
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Step 2. Calculate
= (1- afl)PCn (Vi — LA (un)) + 0 f (x),
where
Ch:={veH: (v,— LAV, —uy,u, —v) > 0}.
Step 3. Compute
Xnt1 = YaPo, (Vn — lAup) + W Thzn + Tyvn
Update n = n+ 1 and return to Step 1.
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