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A SELF-ADAPTIVE ITERATIVE METHOD FOR A SPLIT EQUALITY PROBLEM
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Equipe MAISI, Ibn Zohr University, ENSA, BP 1136, Agadir, Morocco

Abstract. The purpose of this paper is to introduce an iterative algorithm for the split equality problem
with an equilibrium problem, a variational inequality problem, and a fixed point problem of nonexpansive
semigroups. We establish a strong convergence theorem of common solutions by the uniformly continu-
ity rather than the Lipchitz continuity of the mappings in real Hilbert spaces. The proposed algorithm
only requires one projection each per iteration onto the feasible sets. We also propose a self-adaptive
technique that generates non-monotonic sequence of step sizes. Finally, we present a numerical example
to illustrate the significance and efficient performance of our algorithm. Our results develop and unify
several optimization results in the literature.
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1. INTRODUCTION

Let C be a nonempty, convex, and closed subset of a real Hilbert space H. Let ®:CxC — R
be a bifunction. Recall that the equilibrium problem is to find a point x € C such that

®(x,y) >0, VyeC. (1.1)

The solution set of (1.1) is denoted by EP(®). Equilibrium problems is quite general. Indeed, it
can act as a mathematical modelling for a wide class of problems arising in finance, economics,
network analysis, transportation, and elasticity. The equilibrium problem has witnessed an
explosive growth in theoretical advances and applications across recently; see, e.g., [2, 4, 5, 6,
7,8, 19, 22, 26, 25].

If ®(u,v) = (v—u,F(u)), where F : C — H is a nonlinear operator, then problem (1.1)
reduces to the classical variational inequality, which is to find a point u* € C such that

(v—u*,F(u)) >0, YveC. (1.2)

Recently, Panyanak et al. [21] proposed a forward-backward explicit iterative algorithms
with inertial factors to solve (1.2). Their algorithm reads as follows: for a given ug,u; € C, x €
(0,1),0 €(0,1), asequence {7,} satisfying }' >, 7, < o, and {8, } C (0, 1) satisfies the follow-
ing conditions: lim, . ¥, =0and Y| 9, = co. Compute wy, = (1 — O,) (up, + 0, (ttn — un—1)),
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where 6, is chosen such that

) [l :
N A min{ 2, —=2L 1 4f _
0 S en S Qn and On = { 0 {27 ”u”_unle} Un ?é Un—1,

5 otherwise.

where g, satisfies the condition lim,,_e. %’; = 0. Compute v, = Pe[wy, — A F (wy)], 1 = uy —
JulF (v2) ~ F (), and

o= | P A ) ) )
nt+ Ty otherwise.

Recall that a family T, := {7 (s) : s > 0} of mappings from C into itself is called a nonexpan-

sive semigroup on C if it satisfies the following conditions:
(i) T(0)u =uforall u € C;
(i) T(s1+s2) =T (s1)T(s1) forall 51,51 > 0;

(iil) ||T(s)u—T(s)v| < |ju—v| forall u,v € Cand s >0;

(iv) forallu € C and s > 0, s — T (s)u is continuous.

We denote the set of fixed points of a family I'; by Fix(I'), i.e., Fix(I'y) :={u € C: T(s)u =
u,s > 0}. A nonexpansive semigroup I';, on C is said to be uniformly asymptotically regular
(u.a.r) on C if, for all 4 > 0 and any bounded subset E of C, limy_,e sup,cg ||7 (h)(T (t)u) —
T(t)u|| =0.

Let Hi,H, and H3 be three real Hilbert spaces. Let C,Q be nonempty, convex, and closed
subsets of H; and H;, respectively. Let A| : Hi — H3z and A; : H, — H3 two bounded linear
operators. Moudafi [16] introduced the following split equality point problem (SEP): find u €
C and v € Q such that Aju = A,v, which can be seen a generalization of the split feasibility
problem introduced by Censor and Elfving [10]. It has been extensively studied recently by
many authors; see, e.g., [13, 28, 29] and the references therein.

Let S: Hy — H, and T : H, — H, two bounded linear operators such that Fix(S) # 0 and
Fix(T) # 0. In 2014, Moudafi [17] introduced and studied the following split equality fixed
point problem (SEFP):

find u € Fix(S), and v € Fix(T) suchthat Aju=Ajv. (1.3)

If Hy = Hz and A; = I, then split equality fixed point problem (1.3) reduces to the split common
fixed point problem (SCFP), originally introduced by Censor and Segal [11]: find u € Fix(S)
such that Aju € Fix(T). Moudafi and Al-Shemas [18] proposed the following method for solv-
ing (1.3)
{ Upt1 = S(”n - /YnAT (Alun _AZVH));
Vil = T (vn + 1hA5 (Aup — Agvy))

where S and T are firmly quasi-nonexpansive mappings and ¥, € (€, ﬁ —€) with A4,
1 2

and A4, being the spectral radius of AJA; and A3A,, respectively. The main advantage of this
method is that the step-size ¥, depends on the operator norms ||A1|| and ||A3||, which are difficult
to compute in some situations. To avoid the knowledge of the operator norms in algorithms,
various methods were suggested; see, e.g., [1, 12, 15, 24] and the references therein.

Let 'y :={T(¢t):t >0} and Y} := {S(¢) : t > 0} be two u.a.r nonexpansive semigroups on
Hp and H;, respectively. Recently, Latif and Eslamian [30] introduced the following iterative
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scheme for their split equality problem with equilibrium problems, variational inequality prob-
lems, and fixed point problems:

( Zn = Xn— YnAT (Alxn _AZ)’n))>
Up = PC[chilZn - AnF(chrIlen)]:
v, = PC[Tki]zn — Mo F (up)],
Xnt1 = 0O + Buvn+ 6, T (ry)vn
Wp =Yn+ ’)/nA;(Alxn _AZyn))a
Sn = PQ[kazwn - PnG(TkE;Wn)],
N
L X1 = 0,6+ Bty + 6,5 (1)1, V0 > 0,

where F : Hy — Hj is a monotone and L-Lipschitz continuous operator on C and G : Hy — H;
is a monotone and K-Lipschitz continuous operator on Q, ®:CxC - Rand ¥: QO x Q —
R are functions satisfying Assumption 2.1, {0, },{B.}, {6} are sequences in (0, 1) such that
0, + Bn + 0, = 1, and the step-size ¥, is chosen such that, for small enough € > 0,

2”Alxn _AZynH2
A Aren = AP+ At (Arin — Ay

They proved that {(x,,y,) } converges strongly to (x*,y*) € Q = {x € Fix(I'; ) \VI(C,F) NEP(®P),
y € Fix(Y1)N\VI(Q,G)NEP(¥)}. We notice that the convergence of this method was estab-
lished under the assumption that F'(x) and G(y) are Lipschitz continuous. However, in many
applications, F(x) and G(y) may not be Lipschitz continuous (or it could be difficult to verify
their Lipschitz continuity condition). Motivated by the results of Latif and Eslamian [30], Pa-
nyanak et al. [21], and the ongoing research in this direction, in this paper, we introduce an
iterative algorithm for the split equality problem with an equilibrium problem, a variational in-
equality problem, and a fixed point problem of nonexpansive semigroups. We establish a strong
convergence theorem of solutions by the uniformly continuity rather than the Lipchitz continu-
ity of these mappings. The proposed method is self-adaptive, which does not require any line
search technique used in the literature. We also present a numerical example to illustrate the
significance and efficient performance of our method.

2. PRELIMINARIES

In this section, we give some useful preliminary results which are used in establishing the
convergence of our method in the sequel.

Assumption 2.1. [3] Let @ : C x C — R be a bifunction satisfying the following assumptions:
(i) @1(u,u) =0forallu € C;
(i) @y (u,v)+ Py (v,u) <0 forall u,v € C, that is, ®; is monotone;
(iii) limsup,_,oP;(tw+ (1 —1)u,v) < ®y(u,v) for each u,v,w € C;
(iv) v — @1 (u,v) is lower semicontinuous and convex for each u in C.

Lemma 2.1. [9] Let ®; : C x C — R satisfy Assumption 2.1. Define a mapping Trq)1 :H — C,
1

for some r> 0 and for allu € H, by T;,"'u= {w € C: ®;(w,v) +—(v—w,w—u) >0, Yv e C}.
r

Then the following hold:
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(i) T2 s single-valued;
(ii) HTrq)‘u — belsz < <T,<D1u — T;D‘v,u —v) for all u,v € H, that is, T,q)1 is firmly nonex-
pansive;
(iii) Fix(T*") = EP(®, ) is convex and closed.

Lemma 2.2. [20] Each Hilbert space H satisfies the Opial conditions, i.e., for any sequence
{un } with u, — u the inequality iminf,_,c ||u, — u|| < liminf, e ||u, — v|| holds for everyv € H
with v # u.

Lemma 2.3. [27] A function F| defined on a convex domain is uniformly continuous, i.e., for
every € > 0, there exists a 8) > 0 such that ||Fy(u) — Fy(v)|| < € whenever ||u—v|| < €1, if and
only if, for every € > 0O, there exists a K| < oo such that ||Fy(u) — F1(v)|| < Ki||ju—v|| + €.

Lemma 2.4. [14] If F : Hy — H\ is a monotone and L-Lipschitz continuous operator on C and
G : H, — H is a monotone and M-Lipschitz continuous operator on Q, then the sequences
{An} and {p,} defined by (3.1) and (3.2), respectively are convergent to A and p, receptively
with min 7%,20} <A <A+ P, where P=Y,"_, T, and min %,po} < pn < po+ M, where
M =30 Hn-

Lemma 2.5. [23] Let {a,} be a real positive sequence and let {K,} be a real sequence in

(0,1) such that 'Y, K, = oo with a,11 < (1 — K,)a, + K,Q,, where @, is a real sequence with
n=1
limsupy_,., @, < 0 for all subsequences {ay,, } of {a,} satisfying liminfy_,c.(ap,+1 —an,) > 0.

Then, lim,,_..a, = 0.

Finally, we also need the following trivial inequalities and equalities, which hold in Hilbert
spaces
Q) flu+v|* < |lu)®>+2(v,u-+v) forall u,v € H.
(i) 2(u,v) = [Juel® + V]| =l = v[|> = e+ ][> = [Jul|> — |[v]]* for all u,v € H.
(i) [|mrur+ -+ Nt ||* = Xy Millwill* — X1 <icjm Mimjllui — ]|, where s, -, u € H
and M1, Ny € [0,1] with Y7" ;= 1.

3. THE PROPOSED METHOD

In this section, we propose and investigate our method in Hilbert spaces. Let A| : Hy — H3
and A, : Hy — H3 two bounded and linear operators. Let I':= {T(¢z) : t > 0} and Y := {T5(¢) :
t > 0} be two u.a.r nonexpansive semigroups on H; and H,, respectively. Let F : H] — H| is
a monotone and uniformly continuous operator on C and G : H, — Hj, be a monotone and uni-
formly continuous operatoron Q. Let ®: C x C — R and ¥ : Q x Q — R be functions satisfying
Assumption 2.1. Let Q = {x € Fix(T)VI(C,F)NEP(®), y € Fix(Y)NVI(Q,G) NEP(¥) :
Aix = Asy} be nonempty. Let {o,.}, {Bu}, {0n}, {rn}, {ta}, {rn1}s {rn2}, {7}, and {u,} be
nonnegative sequences satisfying the following conditions:

(@) o+ By + 8, = 1 and liminf,_,..3,,6, > 0;

(b) limy, o 1, = o0 and limy,_y00 1;; = o0

(©) &y € (0,%),limyeo 04 = 0, and Y57 0t = oo}
(d) liminf, ,er,1 > 0 and liminf, ;er,2 > 0;

(©) Yoot <eoand }° oty < oo
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Algorithm 3.1.
Step 0. The initial step: Give ¥ > 0, (xo,y0) € Hy X Hy,(%,8) € Hy x Hy,x1 € (0,1), ) €
(0,1),4 >0, and pg > 0. Setn =0.
Step 1. Compute
In = Xp — ’YnAT (Alxn _AZ)’n)a
ty = Pclby — 2nF (bn)], where by, =T, (z4),
Vi =ty — Ay (F (un) — F(by)),
Xpt1 = 00 + ﬁnvn + 6,11 (rn)Vna
and
Moy e { min{ Al bl 3 47} if F(un) # F (bn), G
An+ T otherwise.
Step 2. Compute
Wp = Yn+ YnAz(Alxn _A2yn)7
sn = Pplcn — pnG(cy)], where ¢, = Tr"fz (Wn),
In=Sp— pn(G(Sn> - G(cn))a
Yn+1 = anC + Bntn + 5nT2(ln)tn
and
Pnit = { min{%?l)n +un} if G(Sn? # G(Cn)7 (3.2)
Pn+ Un otherwise,
where 7, is chosen such that, for small enough € > 0,
2||A 1, — Azya)? _g)
NIA3(Arxn — Aoyn) |17 + [|AT (A1 — Agyn) 2
if Ayx, # Apyy,; otherwise,y, = 7.
Setn:=n+1 and go to Step 1.

Yo € (€

Remark 3.1. It follows from Lemma 2.4 that

12 2
lim (1-2220) 11— 2 >0, (3.3)
neree An—H
2a,2
Hence, there exists n; > 0 such that, for alln > n;, 1 — i@i > 0. Similarly, we have
n+1
2.2
lim (1-22%2) — 1250 3.4)
neree pn—H

242
Thus there exists n, > 0 such that, for all n > ny, 1 — ’l))"zi > 0.
n+1

In what follows, we set ngp = max(ny,ny), E; := Fix(I') \VI(C,F)EP(®) , and E; :=
Fix(Y)NVI(Q,G)NEP(¥). To prove the global convergence for the proposed method, we first
prove the following important lemmas.

Lemma 3.1. Let {(x,,yn)} be a sequence generated by the Algorithm 3.1. Then,
@) flzn = x>+ [wa = y*II1* < Jloen = %[>+ [lyn = y*[1;



222 A. BNOUHACHEM

A2y2
8 ) lun bl
n
2,2
i) =2 < o =517 = =l = (1= 222 ) s, —
n

where (x*,y*) € Q.

mwm—ﬁWswfﬁWLw@—mW—Q—

’

Proof. Observe

||Zn_X*||2 = ||xn_X*Hz"")’r%HAT(Alxn_A2)’n)||2_27n<xn_X*JAT(Alxn_AB’n»
= b =212+ 7 AT (A1 — A2ya) > = Tall A1 — Arx||* = | A1 xn — Aoyal?
+%llAzyn — Arx*||%. (3.5)
Similarly, we have
wa =Y 112 = ya =y 1>+ %145 (A1x0 — Aya) | = WallA2yn — A2y* > = %l A1 — Ayl
Yl A1x, — Agy*||%. (3.6)

Adding (3.5) and (3.6), we arrive at
2 =1+ [[wn — 7|2
= [l =1 4y =12 + 2 [1AT (A1 — Aoy 12+ A3 (Arin —Aaya) 7] = Wl | A 1xn — Arx"|?
+ A2y — A2y |1?] = 20|10 — A2y |® + WalllA2yn — Arx®|* + [|A 1, — A2y ].
In view of
(% + &) (143 (A1 —Aaya) |* + AT (A1xa — A2yn) ) < 2[|A1xn — Aoyl
we find that
1 (A3 (A1 — Aoyn)[|1> + AT (A1, — Aoyn) |1P)
< 2014130 — A2yall® — (A5 (A1xn — Azyn) 1> + A7 (A1xa — Agya) [P)].
Since Ajx* = Apy*, we have
2 =1+ llwn = *|I?
< ot =2 [y = Y1 = e[| AT (Arxn — Aoy 12 + |43 (A1 — Aoy ) ||°] (3.7
< ot =2+ [y =y

Thus assertion (i) is proved.
Next, we prove assertions (ii) and (iii). Since Trfl is firmly nonexpansive, it follows from
Lemma 2.1 that

Ibn = x> < (T37 (za) — Tr‘fl(x*),zn—x*>
1
= §(| 2 (@n) = T NP + Nl =P = 11,2, (20) = 2all?)
1
= §(||b —x*P + 2w — 2P = |bn — zal?),

that is,
160 — x> < llzw —x*|1> = |20 — bul*- (3.8)
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Similarly, ||c, —y*||*> < ||T,‘£2(wn) —y*1? < [|wn —y*||? = ||wn — ca||?. From (3.1), we have

. 21 ||un — ]| } 21 ||un — ||
A 1=m1n{ A+ 7T, 0 <
i |F (tn) — F (bn) || |F (tn) — F (bn) ||

which implies that

X1

HF(”n)_F(bn)H < 2 H”n_bn”- (3.9)
n-+1
Similarly, we have
1G(s) — Glew)|| < p"2 180 — cal. (3.10)

n+

Observe that
v = x>
= [Jtn = x* | + A7 | F (1) = F (ba) | = 220 (F () — F (b1 — x*)
= an_X*HZ+ H”n_an2_2Hun_an2+2<”n_bna”n_X*>+7Lr%HF(”n)_F(bn)Hz
= 22 (F (un) — F (by), ttn — x")
= an_X*HZ_ H”n_bn|‘2+2<un_bna”n_X*>+7LnZHF(”n)_F(bn)Hz

— 20, (F (uy) — F(by),up — x*).
(3.11)
In view of u, = Pc[b, — A,F(b,)] and x* € C, we obtain (u,, — b, + A,F (b,),x* — u,) > 0,
which implies that — A, (F (b,),u, —x*) > (u, — by, u, —x*). Since u, € C and x* € Ej, we have
(F (uy),u, —x*) > 0, which together with (3.8), (3.9), and (3.11) yields

v =1 < =t — bl = 2 (F ()t — ) + A2 F () — F ()
—2An(F (uy) — F(by),up — x™)

lzxz
< ||bn_X*||2_ ||“n_bn||2+ lng ! ||”n_bn||2
n+1
2‘2%2
< Nan =211 = llzn = bal* = (1 = 2 L) Jutn = bl
n+1
2,2
Similarly, we have ||t, —x*|* < [[wn — y*||* = [[wn — ca* — (1 — ’:)"Zi) sz — x>, which com-
n+1

pletes the proof. (]

Lemma 3.2. Let {(x,,yn)} be a sequence generated by the Algorithm 3.1. Then {(xn,y,)} is
bounded.
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Proof. Fix (x*,y*) € Q. It follows from Lemma 3.1 that

[ _X*Hz < 0| _X*HZ""ﬁnHVn _X*||2+5n||Tl(rn)Vn _X*H2 = Bl T (rn) v _Vn||2
< oy _X*Hz (1 - an)||vn_X*||2_Bn5n||Tl(rn)Vn_Vn||2

< 0| — |2+ (1= 0|z — x> = (1= 08)[|20 — b
—(1—an< ”’“)\ —bp|> = BuSu|| T3 (1) v — v |?
n+1
< 0|9 =t + (1= o) [J2n — x|
(3.12)
Similarly, we have
yns1 =317 < 06l S =y |12 4+ (1 = o)l wn — Y [I* = (1 = 0) [[wn — ca?
2,,2
~(1-a) <1— ”"2"2> Isn—calP ~ Babal Ta()tn 1> (3.13)
pn—H

< 0| =y [P+ (1= o) [[wa =",

which together with (3.7) and (3.12) implies

Pt =217 4 e = 3117 < max v — 2|2 flyn =12, 19 =22+ 1€ = "]}

By induction on n, we obtain that {(x,,y,)} is bounded. Consequently, we deduce that {z,},
{bn}, {un}, {va}, {wn}, {cn}, {sn}, and {z,} are bounded. O

4. CONVERGENCE ANALYSIS

In this section, we prove the strong convergence of the proposed method. Note that the proof
of strong convergence result does not need the two cases approach used in [30].

Theorem 4.1. Let {(x,,y,)} be a sequence generated by Algorithm 3.1. Then, the sequence
{(xn,yn)} converges strongly to (%,¥) € Q, where X = Pg, [¥] with E, :=Fix(I') \VI(C,F) N EP(®P)
and y = Pg,[§] with E; :=Fix(Y)\VI(Q,G)NEP(¥).
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Proof. Let (%,5) € Q, where ¥ = Pg,[0¥] and § = Pg,[{]. From (3.12), (3.13), and (3.7), we have

Hxn—H _in + Hyn—i-l _)7H2
< (1= o) (llzn = I1* + [wa = 511%) + 0w (|0 = 21 + | £ = 511
- (1 - an)(”Zn _anZ + ||Wn - Cn||2)

12

n+1

2212
—(1—ay) (1 - XI> ||“n_bn||2_ﬁn5n||Tl(rn)Vn_Vn||2

2n2
Pn X
—(1—an) (1_ ) 2) ||Sn_Cn||2_ﬁn&’t”TZ(ln)tn_thz

R 2 @)
< (1= an)([[xn = Z" + llyn = FI7) + (| = X(* + |E = 3]]7)
— (1= 00) V[ [| A7 (A1xn — Agyn) 1> + [|A3 (A1 x, — Agyn) |17]

— (1 =) ||z = bal|* + wn = cal?)

2x2
_(I_O‘n) 1— 22 ””n_bn||2_ﬁn6n”Tl(”n)Vn_VnH2

2,2
Pu X
—(I—ay) (1_ 3 2) ||Sn_Cn”2_ﬁnSnHTZ(ln)tn_th2

n+1
Suppose that {||x,,, — %||> + ||y, — F||*} is a subsequence of {||x, — %||> + ||y, — 7||*} satisfying
k._m‘ M1 X nyr y - ng X ng y = Y :
tim inf((|ong., =17+ [lyn, = 1%) = (o, =1+ [y, = 51%)) = 0 (4.2)
From (4.1), we obtain

(1= 0t ) Yo €[1|AT (A1, — A2y ) |1 + 143 (A1260, — A2y, )]

2 2 A X7 2
n
+ (1= o) (llzn, = b [|I” A+ W = e [17) 4+ (1 = 0t (1 3 ) ety = b

T a2
A‘}H—l
P, X3
+Bnk6"kHTl(rnk)vnk _vnkH2 + (1 - (xnk) (1 - ;5 ) Hsﬂk _anH2+ﬁnk5nkHT2<l"k)tnk _tnk”z
n+1

< (1= 0) (one = 1+ lyme = 1) = (e, = & 4 vy = 1) + 0, (1 =+ (1§ = 51%)
From (4.2) and lim,,_,. &, = 0, we have that

]}E&[Ynkg[HAT(Alxﬂk —Azynk)Hz + ||A§(A1xnk _A2yﬂk)||2] + ||an - b”k H2 + ”Wﬂk - C”k||2

12 xz p2 XZ
+G‘%¢|mfmw+%%wwmm—mW+l—%zH%—%W
n+1 n+1

+B”k5nk||T2(lnk)tnk _tnkHz] <0.
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Recalling (3.3), (3.4) and condition (a), we have
klgg Han - bnkH = Oaklgl;lo Hwnk - anH = Oaklgl;lo ||I/tnk - bl’lk H = 07
klgg HTI (rnk)v”k - Vﬂk” - 0716121010 Hsnk - an” =0, (4.3)
]<h_r>rolo HT2<lnk)tnk _tnkH =0,
and
Tim A7 (410, — A2y ) |2+ |43 (A sy, — Az, P = 0.

Thus we obtain that limy_,.. HAT(Alxnk —Azynk)H = limy_ye0 HA;(Alxnk —Azynk)H = 0, which
implies that limy_,e ||A1x,, — A2yy, || = 0. Since ||z, — Xxn, || = Y, [|AT (A1, — A2y ) || || Way —
Y|l = W lAS (A1x, — A2yn, ) ||, and %, is bounded, we have

1im [, =i | = Jim [, =y, | =0. (4.4)
Since
I = ] = A ) = F 01 < 52— s
and
tm = S| = o |G 1ts) — Glen) | < p’j@’f s — gl

It follows from (4.3) that limg_,e ||V, — Up, || = liMg_se0 ||2n, — S, || = O, Which together with (4.3)
and (4.4) yields ||V’lk — Xy ” < ||V’lk — Upy, H + Hunk _b”k H + Hb”k Ly H + Han — Xy H —0ask — co.
Similarly, we have [y, — yn[| < [ltn, = Sull + llsne — |l + llene — Wi | + [wne — yu |l = 0 as
k — o=. Further, we see that
ank —T (h)vnkH < ank —T (rnk>vnk|| + (|73 (rnk)vnk —Ti(T (rnk)vnkH
+| T3 (R)Th (r”k)vnk -1 (h)vnk I
< 2||Vnk - Tl(rnk>vnk|| + [T (rnk)v”k —Ti(h)Th (rnk)vnkH'

Using (4.3) and the fact that 77 (k) is u.a.r. nonexpansive semigroup, we have limy_,o ||v,, —

Ti(h)vy, || = 0. Similarly, we have lim_, ||ty, — T2(h)ty, || = O. It follows from (4.3) and (4.4)
that

]}L)IEO Hx”k _bnk” = ]}l_rgolo Hynk - cnkH =0. (4.5)
From the definition of x;,_,, we have
Hxnk+1 _xnkH < ankHﬁ _’xnkH +ﬁnkank _xnkH + 5nk”Tl (rnk)vnk _xnkH‘

It follows that limy_c, ||x,, | — X, || = 0. Similarly, we have limg e ||y, , — Yn, || = 0.
Now, we prove that (@, (x,), @, (y,)) C Q, where

Oy (x,) = {x € H; : x,;, — x for some subsequences {x,, } of {x,}}.

Since {x,} and {y,} are bounded, we have that w,,(x,) and ®,,(x,) are nonempty. Let ¥ €
o, (x,) and § € @, (yn). Thus there exists a subsequence {x,, } of {x,} such that x, — ¥ as
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k — co. Using (4.5), we have b, — ¥ as k — oco. From u,, = Pc[by, — An F (b, )], we have
(Un, —X,bp, — Ay, F (b, ) — ) > 0 for all x € C. Since F is monotone, we have

<;LnkF(x)7bnk —Xx)
< (A, F (),

)b —X)
MnkF(bnk),bnk Un,) + (A F (b)) — by + thny s ttn, — X) + (b, — Uy, Un, — X)
S <AnkF(bnk)abnk Mnk> + <b - Mnk7 unk _x>
< Ayl )1t |+ g — i, — 5]

Thus (F (x), b =) < | F (b )16, =t ||+ 7= 1, =t | it =] Since F (b,,) is bounded,

limy_se0 [[ttn, — by || = 0, limy_yo Ay, = A > 0, and b, — X, we obtain

(F(x),f—x) = lim (F (x),b,, —x) <0, VxeC,

which implies that ¥ € VI(C, F). Similarly, we can obtain that y € VI(Q, G).
Next, we show that % € Fix(I") and § € Fix(Y). Since limy_;co ||Vn, — %5, || = 0, we have v, — X
as k — oco. Observe that

||Vﬂk - Tl(”)iH < ||Vnk -1 (r>vnk|| + HTI (r)v’lk - Tl(r))ZH < ank - Tl(r)vnk“ + ||V’1k _)EH

It follows that liminfy_,.. ||v,, — 71 (r)%|| < liminf_,e ||v,, —%||. By the Opial property ((Lemma
2.2)), we obtain that 77(r)x = X for all » > 0, which implies that ¥ € Fix(I"). Similarly, we
obtain that § € Fix(Y'). From (4.3), we have limy o, ||2n, — bn, || = ||2n, — Tr‘fl Zn, || = 0. It follows
from the demiclosed property of nonexpansive mappings that & € EP(®). Similarly, we have
that y € EP(\W). Since A1X — Ayy € m,,(A1x, —Azyy), it follows from the weakly lower semi-
continuity of the norm that ||A;%¥ — A2¥|| < liminf, e ||[A1x, —A2y,|| = 0. Hence, (X,¥) € Q.
Since X € m,,(x,) and ¥ € @,,(y,), it follows that (@,,(x,), ®,(v,)) C Q.
Next, we show that

lim sup ((19 — X, Xy —X)+ <C—}77ynk+1 _37>) <0.

k—ro0
Let a subsequence {xnkj} of {x,, } such that lim_,..(% =%, X, — %) = limsup;_, (O — %, x,, —

%). Since {xnkj} converges weakly to £ € Ej and ¥ = Pg, [}, it follows that

limsup(® — &, x,,,, —X) = limsup(d¥ — X, x,, — %) = (¥ —%,x— %) <O0. (4.6)

k—so0 k—yo0

By similar argument, we can prove that {ynkj} converges weakly to j € E; and j = Pg,[{]. It
follows that

llmsup<C—)7,ynk+l _.)7> = hmsup<€ _yaynk _)7> = <C_)~)7j)\_.)~}> S 0. (47)

k—yoo k—ro0
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Adding (4.6) and (4.7), we obtain limsup_,., ({8 —%,x,,., — %) + (£ — 5, Y., —5)) < 0. On
the other hand, we have

X, =% < N BagVig + O T (rg )V, — (1 — Qi )E||* + 20, (O — %, %, — %)

= P Vi, — X i Fu )V, — )| 2
— (1= Pl B =)+ 2o =3
+204, (O — X, %, —X)

< (1 - ank)ﬁnkank —)ZH2—|—5nk(] - ank)HT<rnk)Vnk _)EHZ
204, (O — X, X, — X)
< (1= 0y ?[|vm — X+ 200, (O — %, X, — ). (4.8)
Similarly, we obtain that
e = 311> < (1= @) lltm, = 57 + 2060, (C = 5,31 —3)- (4.9)
By adding (4.8) and (4.9), we conclude from Lemma 3.1 that
[P, =% 4 [y, =31
2 =112 <112 = ~ - -
< (1= 0 (v, =512+t = 51%) + 200, ({9 = %y =B+ (E =3y =)
S (1 - aﬂk)z (Hxﬂk _sz + ||yﬂk _)7”2) —|—206nk(<19 _ivxﬂk.H —)Z) + <C _yaYnHl _)7>)

B . o, M
S(I—Z(Xnk) (Hxnk_x‘|2+‘|ynk_y”2)+2ank( n; +

<19' _j7xnk+1 _i> + <C _yvyn/@rl _)7>)

- . Kn M - g o .
:(1_Knk) (||'xnk_xH2+Hynk_yH2)+Knk( nZ +<ﬁ_x’xnk+1 —x>+(C—y7ynk+1 _y>)
where &, = 2a,, and M = sup{||x,, — ||* + ||yn, — F||* : nx > 0}. Let

Ky, M - - . .
Ony = % + <19 — X Xy —X> + <C — Vs Vi _y>'
Note that 22:1 Ky, = o and limsup, .., @, < 0. Thus from (4.2) all the conditions of Lemma
2.5 are satisfied. Hence lim,, o (||, — %||* + ||y — 7]|?) = 0. Consequently, lim,, o, ||x, — || =

limy, s ||y, — J|| = 0. Therefore, (x,,y,) converges strongly to (X, 7). This completes the proof.
0]

5. NUMERICAL EXAMPLE
In this section, we provide a numerical example to illustrate the efficiency of our algorithm.

Example 5.1. Let H; = H, = H; be the set of all real numbers. For r,; > 0,i = 1,2, consider
C =[—10,10] and Q = [0,20]. Deﬁne the bifunction @ : C xC — R and ¥: O x O — R by

D(x,y) = 5+ ~ and P(x,y) = 25+ ~ 1t can easily deduced that ® and W satisfy all conditions
of Assurnptlon 2.1. By some s1mple calculations, it is easy to check that
T, (x) =

VxeC and T} (y)= Yy € Q.

3”111"‘1 2ry, +1

Let Ajx = 2x and Apx = 5x. Next, we define F : H] — H; as F(x) =2xand G: H, — H; as
G(x) = 3x. We define the mappings 71(r) : R — R and T5(s) : R — R as follows; 77 (r)x = 10""x
and T (s)y = 10~%y. Clearly, we observe that T1(r) and T>(s) are nonexpansive semigroups.
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In all test we take, we choose Ag = 1.3,p0 = 1.6, %1 =0.75, %, =0.8, 1, = U, = #,m,l =

23,rp=32s=u=1,0= m,ﬁn =8, =15% 9 =x,¢ = yp, and y = 0.001. The algo-
rithm stops if ||x,; 1 —x,|| < 10~*. We consider the following cases for this numerical experi-
ment.

Case 1: Take xo = —12.9 and yp = —60.8.

Case 2: Take xo = 11.5 and yp = 79.2.

Case 3: Take xo = 4.8 and yy = 24.3.

Case 4: Take xo = 9.7 and yg = —12.5.

The result of this experiment is reported in the Table 1 and Figures 1-4 with a comparison of
the proposed method to the method in [30].
Table 1: Numerical Results for Example 5.1
Case 1 Case 2 \ Case 3 Case 4
No. It. | CPU(Sec.) | No. It. | CPU(Sec.) | No. It. | CPU(Sec.) | No. It. | CPU(Sec.)
Method [30] 91| 0.1198| 90 0.1016 80| 0.0817| 88 0.0885
Our method 19| 0.0034| 18 0.0031 17| 0.0032| 18 0.0026

—&A— Method in [30] (x )
Method in [30] (y )

—+— Proposed Method (xn)

—©6— Proposed Method (y )| |

—&— Method in [30] (x )

Method in [30] (y,) | 4 10"
—— Proposed Method (xn)
—6— Proposed Method (y )| |

Errors

. "
10° 10! 102 100 10! 102
Iteration number (n) Iteration number (n)

Figure 1:Case 1 Figure 2: Case 2.
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