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Abstract. In this paper, inspired by the previous work in [Ngai, Tron, Vu, Théra, Set-Val. Var. Anal.
28 (2020), 61-87], we continue to study a general regularity model called directional metric pseudo-
regularity of set-valued mappings defined on Banach spaces, which is stronger than the one given in the
reference above. The characterizations of this model through slopes and coderivative are established.
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1. INTRODUCTION

In recent years, directional regularity models of set-valued mappings showed their impor-
tant role in various mathematical problems, such as in establishing optimality conditions for
mathematical programs, in calculating the tangent cones of zero sets, and so on when regularity
models do not meet these demands. For instance, when the constraint qualification condition
of an optimal problem was violated, a natural question is that “How do we can still obtain op-
timality conditions for these problems?”. To this question, Gfrerer [9] used the metric pseudo
sub/regularity concepts to obtain optimality conditions for mathematical programs which were
degenerated; Ngai, Tron, and Tinh [15] demonstrated that the directional Holderian metric sub-
regularity can be applied to the tangent cones to the solution set of generalized equations in
the degenerate case. As arising from those important roles, in [16], the authors introduced a
general concept of metric pseudo-subregularity which unifies some models studied recently by
Gfrerer [9] and Ngai, Tron, and Théra [20]. For recent results on directional regular/subregular
versions, we refer to [8, 16, 5] and the references therein.

Toward this research line, we here continue to study a generally directional metric pseudo-
regular concept, which is stronger than the one mentioned in the work [16]. Moreover, it
covers regular models studied recently in [14, 7, 1]. These phenomena have important roles
in many areas of mathematics, such as convergence analysis of algorithms, higher/first-order
optimality conditions of optimization problems and optimal control problems, calculating of
normal/tangent cones, subdifferentials, or coderivative as well as in establishing calculus rules
for them, and so on.
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The main goal of this paper is of two-folds. First, we introduce our extended model of metric
pseudo-regularity which traces back the notion defined and used in [9], and then, we sketch out
a simple comparison with the several existing ones in the literature. Second, we study some
kinds of sufficient characterizations for the validity of the new notion. Those can be served as a
criterion test whether the concrete situation fulfills the model above.

The present paper is organized as follows. In Section 2, we revise some necessary prelimi-
naries of variational analysis and generalized differentiation, which are needed in the following
sections. Section 3 is devoted to our model and some characterizations of the directional metric
pseudo-regularity in terms of strong slopes of associating functions. Finally, we study some
infinitesimal criteria determined through the coderivative concept in Section 4.

2. PRELIMINARIES

Background for the scope of this paper are basic tools from variational analysis and gen-
eralized differentiation that can be found in the monograph by Borwein [4], Schirotzek [19],
Mordukhovich [12], Ioffe [11], Rockafellar& Wets [18], and Penot [17]. For the convenience
of reading, let us recall some essential notations and facts.

We almost work with the objects in a (real) Banach space. If X is such a space, we denote
by ||-|| the associated norm and by d(x,Q) (or dg(x) for shortness) the distance from x € X
to the subset Q of X, that is, d(x,Q) := inf{|[x —y|| : y € Q}. Given X, we denote by X*
its topological dual (continuous dual), and by || - ||* the dual norm of ||-||. As usual, we write
Bx = {x € X : ||x|| < 1} for the closed unit ball and B(x, ) = x+ rB the closed ball with center
x and radius r, respectively.

Given an extended real-valued function f : X — RU {+ec}, Dom f refers to the domain of f,
that is, the set of those points x € X such that f(x) is finite. The lower semicontinuous envelope
of f, written as clf, is the function defined by clf(x) = liggf f(u). One next recalls some

differential objects which are used in what follows as slopes, subdifferential, and coderivative.
The convex subdifferential of f at x € Dom f is the set

Af(x):= {x"eX*: (x",y—x) < f(y)— f(x) forally € X},

with the convention that d f(x) = @ when f(x) = +-co.
The slope (or strong slope) |V f|(x) of a lower semicontinuous (Isc) function f at x € Dom f
is a quantity introduced by De Giovani, Marino & Tosques [6] defined as follows

0 if x is a local minimum of f,
VA1) = lim sup M otherwise.
VX, YEX ||x—y||

where the notation a stands for max{0,a}. When x ¢ Dom f, we simply set |V f](x) = +oo.
If f is a convex function defined on a Banach space and x is not a minimum point, then,
according to Ioffe [10, Poposition 3.8] (see also Azé & Corvelec [2, Proposition 3.2]),

F108) — sup L S0

“IO) and v 11() = d(0.0£(x).
VF#X ||x y”
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Note that the quantity sup,_., ! (\T;)c:ﬁy ) is sometimes known as non-local/ global slope (see, e.g.,

[20] and the references therein) to f at x. In the sequel, we use the notion of abstract subdiffer-
ential operator d from X into the subsets of X* satisfying the following conditions:

(C1) If f: X — Ris a convex function which is continuous around x € X and B : R — Ris a
continuously differentiable function at t = f(x), then

I(Bof)x) CH{B'(f(x)x" €X™: (¥, y—x) < f(y) = flx) VyeX}
(C2) df(x) = dg(x)if f(v) = g(y) for all y in a neighborhood of x;
(C3) Let f1 : X - RU{+e} be Isc and f5,..., f, : X — R be Lipschitz functions. If fj +

f>+ -+ fy attains a local minimum at xq, then for any € > 0, there exist x; € xg + €By,
xF € dfi(x;) (i=1,2,...,n) such that

[fitxi) = filxo)| <& i +x5+- x5 <e.

We note that the indicator function dc¢ of a closed set C in X is the function defined by ¢(x) =0
when x € C and d¢(x) = oo, otherwise.

Given an abstract subdifferential d, the set N(C,x) := d8¢(x) is called the normal cone to C
at x associated with d.

(C4) N(C,x) is assumed to be a cone for any closed subset C of X.

We further assume that o satisfies the separable property in the following sense:

(C5) If f is a separable function defined on X X Y, that is, f(x,y) := fi(x) + f2(y), (x,y) €
X xY, where f] : X — RU{+o0}, f2: Y — RU{+eo}, then there holds

df(x,y) =df1(x) x dfa(y), forall (x,y) € X x7Y.

It is well known that the proximal subdifferential in Hilbert spaces, the Fréchet subdifferential
in Asplund spaces, the viscosity subdifferential in smooth spaces as well as the loffe and the
Clarke-Rockafellar subdifferentials in the setting of general Banach spaces are the ones verify-
ing conditions (C1)-(C5).

3. DIRECTIONAL METRIC PSEUDO-REGULARITY AND STRONG SLOPE
CHARACTERIZATION

Let us start by recalling the notion of directional metric pseudo-regularity introduced in [9].

Definition 3.1 (directional metric pseudo-regularity). Let 7; : X — Y; (i = 1,...,m) be given
mappings and 7,...,%, = 1 be given real numbers. Consider the new mapping 7 : X =Y =
Y| X -+ x Y, defined by T'(x) = (T (x), ..., Tn(x)). One says that T is metrically pseudo-regular
of order Y= (¥1,...,%n) in the direction (u,v) € X X Y near (x,y) € gphT if there are positive
real numbers o, 8, and k such that

}717
o) < G

holds for all (x,y) € (X,¥) + Ve p(u,v) with x # % and d(y;, T;(x)) < Bllx—x|%, i=1,....m
Here and in what follows, for each Banach space Z and each z € Z, the notation V; 5(z) stands
for the set Vg 5(z) := {2 € aBz | ||||zllZ — IIZ]Iz|| < Bllzll|IZ }-
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To unify and extend regular models existing in the literature, we consider the following gen-
eral regular model.

Definition 3.2 (directional (y,h,u)-MPR). Let T : X =Y and 7,...,%, > | be as in Defini-
tion 3.1. Let hy,..., hy,u : X XY — R be given real-valued functions, where p is at least
continuous while 4 satisfies h;(x,y) = 0 = (x,y;) € gph7;. The mapping T is said to be met-
rically pseudo-regular of order ¥ = (y1,...,%n) W.r.t h and u (or (y,h,u)-metrically pseudo
regular, or (7, A, 1t)-MPR in short) in the direction (u#,v) € X x Y near (¥,y) € gphT if there are
positive real numbers o, 8, and x such that

i d(yi, Ti(x)) 3.1)

d xaT_l y < K T /. Nvi—1°
TN <L ey
holds for all (x,y) € (X,7) + Ve, g (u,v) with d (y;, Ti(x)) < B[u(x,y)]%, i=1,...,m. In (3.1), we

made use of the conventions that 1/0 = +oo, r+ (4-00) = 400 and 0 X (+o0) = 0.

When (u,v) = (0,0), we briefly say T to be metrically pseudo-regular of order y= (¥1,. .., ¥n)
w.r.t h and u near (X,y) € gph 7. Definition 3.2 covers almost regular phenomenon existing sep-
arately in the literature. Below we demonstrate that it is really a generalization of many regular
properties in variational analysis and optimization.

(1) By letting h;(x,y) := ||x—x|| and p(x,y) := ||x — X||, we recover the notion of directional
metric pseudo-regularity in Definition 3.1.

(2) Taking h;(x,y) := ||x —x|| and wu(x,y) := ||(x,y) — (%,y)||, Definition 3.2 subsumes the
notion of directional metric Holder regularity mentioned in the work [20]. This prop-
erty is an extention of the Holder metric regularity property studied by Frankowska and
Quicampoix in [7], which is well-known in the community of optimization and varia-
tional analysis.

Remark 3.1. Fixing an element (%,7) € X x ¥ and setting up 7(-) := T(- + %) — J, we find
(%,7) € gphT <= (0,0) € gphT. For simplicity, throughout the paper, we focus on the case
% =0and y = 0 only. (If the present situation does not satisfy, we simply consider T instead of
T itself.) Further, by an abuse of terminology, let us skip the reference point (0,0) thereafter
when dealing with the property of directional (7, 4, u)-MPR.

To establish some useful characterizations for the property defined in Definition 3.2, we intro-
duce the extended real-valued function y7 : X x Y — R U {+o0} given through the following
formula

d i\ Ay i .
M, if YL hi(x,y) >0
yr(x,y) = hi(x.y)>0 hi(x, )"
V) 0, if Y hi(x,y) =0and y € T (x)
+o0, o

We begin with the following proposition.
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Proposition 3.1. Letr ¥, h and 1 be as in Definition 3.2 for which W is Lipschitz near (X,y) =
(0,0) and h is at least continuous such that

(0,0) € i71(0) = ... = h,,'(0), (3.2a)
msupd  sup PO i m (3.2b)
al0,B10 | (x,y)€Ve g (u,V) hi(x7y)

Suppose that there exist some positive real sequences T, | 0, oy | 0, By | 0 together with some
sequences (xi,yx) & gph T fulfilling the following conditions

(X, 3x) € Vg, (), (3.3a)

d (yik, Ti(x)) < Brlut (o, i) ¥si =1, m, (3.3b)
d (yki» Ti(xx))

z:)>0 i (xge, i )] %1

lim sup & < o0, (3.3d)

k—oo Tk

< ud (0, T~ () (3.3¢)
hi(xk7Yk

Then, it is possible to find out (x,y;) € X xY \ gphT, (1,04, B}) € (0,4+00) x (0,400) x (0, +o0)
such that
(i) lim 7, = lim o = lim B} = 0;
k—>o0 k—>o0 k—>o0
(ii) [Tyr (Yl () < 5
(iii) (Vi) € Vo pr (u,);
/ /
(iv) limsup V1) <),Ck ’):k)
k—soo /.L(xk,yk)
Here, In (ii), the notation T'r(-,y;)(x,) stands for the non-local/global slope to the function
vr (-, ;) taken at the reference point x;.

=0.

Proof. Ignoring a few first indexes k if necessary, we can assume that y is Lipschitz with modu-
lus L, > 0 on the ball o4 By «y for all k. Observe that dpn7; (x,yi) < d (i, T;(x)). Invoking (3.3b)
and (3.3c), one has

dapn 7. (ks Vi) < Bre[1 (o i) )% W (i, i) < T (3, T~ (k) ) - (3.4)

Since equality Y | h;(x,y) = 0 holds true only on the case (x,y) € gphT, one sees that (3.4)
implies Y7 | hi(x,yx) > 0. By setting

i J ,T_l e 1/12 [/-L(ka)’k)]%} 0, 35
e min{ e T (1)) 141/ P MR ew ey S

we have yr (xg, i) < €. Applying the Ekeland variational principle to the Isc function yr (-, k),
it is possible to find out some element X; € X such that

o || —xill < A = &/ /T
© Yr (e, yi) — (/)1 Rk — xel| 2 wr (£, yie);
e i minimizes Y7 (-,yx) + (&/A)||- — £x|| over the whole space X.
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The extremal property of £ permits us to write

IDyrr (0| () < % (3.6)

Ak
If y; € T(£), then £ belongs to the preimage 7! (yy), which yields d (xx, T~ (yx)) < [Jxx —
£ |l < A. As a result, we obtain & < Td (x¢, T~ ' (v)) < %Ak = /T&, which is equivalent
to the inequality 7, > 1. This implicitly shows that the inclusion y; € T (%) is only valid for
finitely many k because of 7 | 0. Thus, after relabeling the indexes, we can say y & T (%) for
all k. Let us choose x; = £ and y; = y; and define

T = Z—Z (3.7a)

o = || (% vl (3.7b)

ﬁlg: HH(),C\/C?yk)Hil(xAk?yk)_H(uuv>||7l(u7v) s 1f||(l/l,V)|| #07 (3.7¢)
|| (% i) 1] otherwise.

Under such selection, we have (x},y;) & gph 7, which yields h;(x},y;) >0 foranyi=1,...,m.

We are now going to verify (i), (ii), (iii), and (iv). The fact (ii) is obviously followed from the
definition of 7, and (3.6), while (3.7) implies (iii) directly. The rest of our proof needs the next
useful estimation

. Ak\/fk }
limsup{ ———— » < Hoo. 3.8
k—mp { Bt (X, yk) G:8)

Indeed, invoking (3.5), we have that

1 1\ Brpt (e, yi) <N(xk,yk))%_l
M =—& < |1+ —) —_— X — . 39
VT ( k? VT h,»(xk%bo hi(x, yx) G2

Hence, (3.8) is derived by (3.2b) and (3.9). Let us proceed the proof of (i). We first immedi-
ately infer limy_, o 7:,2 = 0 from the choice of A;. On the other hand, assumption (3.2b) permits
us to write 1(0,0) = 0. By exploiting the Lipschitz continuity of u, the sequence of ratios
1 (X, i) /|| (xk, vi) || is thereby bounded from above. Combining with (3.8), we deduce

MA/T,
limsup — Y% __ < p, (3.10)
koo Bl (e, yi)

for some positive real M. From assumption (3.3d), it holds that

/7 /N , A M
lim sup Cx ) = (.3 < limsup k < lim supﬂ
k—reo [ Gek i) [ koo || (ks ) | k—oo Tk
= limsup <M\/ﬁk &) =0.
k—so0 Tk
Thus
VAN

k—>o0 ||(xk,)’k)H
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!\
As a consequence, we obtain Hg’;i ’SH — 1, which implies o, = ||(x},y;)|| = 0. To reach an

upper bound for f3/, let us introduce some new elements as follows

g = || () || 7!

o V= ”(Xkayk)H_P’k;
e = | (e YOI 2 vie = 1 G YOI~ 3
In view of expression (3.7b), a few simple manipulations give us

ety ) 1B = [[11 G, )1 Cat, ve) = ()|

< He JeJN [[Coes i)l H||(u,v)||(uk,vk) - (u,v)”

7SIl (3.12)
||(xk’yk)_(xk7yk>|| ‘l‘“(’/t,v)H 1— ||(xi<7yi<)|’ )
[ Geie v (e Yl
Taking into account (x, i) € Vg, g, (1, v), we reach the following
11 G )11 (ot vie) = o) || < 11 G2t v) 1B (3.13)

Hence, combining the definition of /3,2 along with (3.12) and (3.13), we obtain

[ Coes yi)

o6 < 1 MGl 1) — e
I )IIB < )] i+ ol

e/l 1 Gees yi)

w1 =

As a result, the limit limy_,, B,: = 0 is derived by (3.7b), (3.11), and (3.14).
Finally, we prove (iv). But this evidently comes from (3.8), (3.3d), and the following facts
o yr(x, ) < Wr (s yk) < A/
/ / / / .
o L(xpy) = Ko i) — Lyl (e vi) — (e i) [
o || (o vi) — G vl < Ak
Summarily, the proof of Proposition 3.1 is thereby completed. U

Remark 3.2. It is possible to see that assumptions (3.2a)—(3.2b) are the key point for the argu-
ments in the proof of Proposition 3.1. It measures how fast the gauge function p varies (as (x,y)
tends to the reference point (0,0) along the ray determined by direction (u,v)) in comparison
with each controlling one /;. Such a condition does hold trivially if we are in the situation of
the metric pseudo-regularity in terms of [9], since all ratios u /h; are constant.

Based on Proposition 3.1, we are now going to present the first result related to the directional

(7,h,1u)-MPR concept described in Definition 3.2. For some Banach space Z, we write 7 — 0
to emphasize that z converges to the origin along the direction Z. Precisely, it means

I2]] = 0 and [|[2]|z = [|z[|2l] = o([lz«[[[I2]])-

Theorem 3.1 (Strong slope characterization for directional (7y,h, )-MPR). Let y,h and 1 be
as in Definition 3.2. Suppose that all the hypotheses (3.2a), (3.2b) in Proposition 3.1 are valid
as well. Then the mapping T is (Y,h,)-MPR in the direction (u,v) if the following condition
liminf  |Tyr(-,y)|(x) >0
(1) ~5(00),

yr (x,y)/,u(x,y)—>0,
(x.y)¢gph T

does hold.
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Proof. Suppose on the contrary that T fails to be (7,4, )-MPR in direction (u,v). Then, for
each k = 1,2,..., there exit positive parameters o < k]_Z’ Br < k]_2’ and a pair of elements

(Xk;Yk) € Ve, g, (u,v) such that
d (yirs Tr(xx) ) < Br (e i) ],

d(ya, Ti(x)) 1 y
= < =d (X, T (Vk))-
hi(x.y)>0 [hi(xe, )]0k (e ()

Applying now Proposition 3.1, we can find new sequences of positive parameters 7, | 0, o | 0,
B, | 0 together with the sequence of elements (x;,y,) € Vo, ﬁi(u’ v) \ gphT obeying the condi-
tions below

o Yr (X, )/, Y;) — 05
o [Cyr(-ypl(xg) < 7.
Those reach contradiction, since
timint — { [Ty (,3)](x) b <timinf { [Ty (-] () } < liminf {7}
—3>00 —>

() ~25(0,0),

YT (x7y)/.u(x7y)_>07
(x,y)¢gphT

Hence, we reach the desired conclusion. O

Theorem 3.1 can be handled as a technical test for further consideration of the directional
metric pseudo-regularity. As commented in Remark 3.2, this test is according to the quantitative
condition (3.2b). Yet it is sometimes not easy to verify such a condition in practice. The rest
of this section will deal with the particular case m = 1 where one may avoid the occurrence
of (3.2b). To this end, we need a preparatory result.

Proposition 3.2. Let p1,h: X XY — R be the real-valued functions vanishing at the origin
of X XY such that

e U is Lipschitz continuous around the origin;
e his Isc and at least continuous w.r.t the first argument x with h~'(0) C gphT.
Further, let y > 1 be a given number, and let (0y.), (Bx), and (T) be the positive real sequences
converging to zero with limsup,_,., { Bx/ ’L'k} < +oo. Suppose that there exists some sequence
(xk,yk) € X X Y satisfying all conditions (3.3a)-(3.3c) withm =1, yy =, hy = h, and (u,v) €
X x Y. Then, there exist sequences (04, B, 7;) € (0,+00) x (0,400) x (0,+00) and (x},y;) €
X XY fulfilling the followings statements:
(1) (.34) € Veg gy (101);
(ii) lim 7, = lim o4 = lim ] = 0;
k—boo k—roo , /k—>oo
(i) Timsup Z7 CEID) _ o
koo (Y)Y
() [Vyr (Yl () < depn (5 YOIV IR 301 7106) + T )] 7

Proof. By virtue of the assumption of Proposition 3.2, the distance function dgphr Obeys the
estimation

dgph 7 (Xx, Y1) < min {Tk[h(xk,yk)]y_ld(xk, T (). (1 + %) ﬁk[ll(xk,yk)]y}- (3.16)
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Pick & to be the quantity in the right-hand side of (3.16). Applying the Ekeland variational
principle (see, e.g., [3, 4]), we obtain a point X; € X which satisfies the following conditions:

° ||)Zk—ka <Ak=8k/\/f_;
® dopnt (%, Yk) < dgpht (X, Vi) — &/ Aacl| Xk — x5
o the function dgph7 (-, yk) + &/ Ak||- — Xi|| attains its global minimum at .

The same arguments as in the preceding proposition give us (%, yx) & gph7. In particular,
|| (%, yx)|| > 0. Let us proceed the proof by setting x; = X%, y} = . and

g
TIQZA_I;Z’
oy = || (e, vl
P LA A R (S e RO (AR R
| (X;C;)’Z) IB otherwise.

Next, we check all the conclusions of Proposition 3.2. The first assertion (i) is clear by the
definition of x; and y,. To verify item (ii), it remains to focus on the two limits limsup;_,., &
and limsup,_,., B; only, because of 7, = /7 — 0. To this end, we observe that the following

inequality X
. kv Tk
limsups —————— » < +o (3.17)
k%p{ﬁk[ka,ykny}

does hold by the definition of A;. Thus, by mimicking the strategy as in the proof of Proposi-
tion 3.1, we obtain

A }
Iimsupd ———— » =0. (3.18)
pr{ 1Coe)l?
Since
Gy = Gy ]| < 1) — G )| = 1% = xl] < A

relation (3.18) yields limy_e (||(x}, ¥})II/||(xk,%)||) = 1. Consequently, repeating the argu-
ments as in the proof of Proposition 3.1, the two limits limsup,_,,, o, = limsup;_,., B{ =0
follow. We are now in a position to check (iii). When & is large both (x;,y;) and (x,yx) are in a
same neighborhood of the origin, the Lipschitz continuity of u could be applied. Precisely, one
has

| O i) = B0 i) | < L[| (0 v) = ooyl = Lyl = x| < Ly, (3.19)
where L, stands for a Lipschitz modulus to . Combining (3.19) with (3.17), we arrive at
(X 0%)

lim =1
k—roo ‘LL()Ck,yk>

since PBy/+/Tk — 0. Thus, (iii) is a consequence of the choice of (x},y}).
The remainder of our proof is to deal with (iv). We need the following relation

V(3] () < [h(XZ,yZ)]I_Y% +dgpn7 (4, YOIV R3] 71 () (3.20)

Indeed, letting ¥ = y— 1 > 0 and utilizing the optimality of x/, one has

N 5 &
W (33 V)R (0 )T < wr (x, ) (e, i) + A—k\lx—XZH-
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Rearranging this inequality, we obtain

N gk
h(xe, i) W (K i) — wr (6, 9] < QL_k”x_x’/‘H

+ (0, V) h (3 ) Th(e, ) T ) 7 = h(eyl) 7. B.2D)
Dividing both sides of (3.21) to ||x — x;|| # 0 and passing to the limit as x — x, one has
~ 8]( A
h(x;wy;c)”VWT('ay;c) | (x;() < Tk + dgphT(x;wy;c) |V[h(7y;<)] )/| (x;(), (3.22)
which is obviously equivalent to (3.20). Returning to the main process, we reach (iv) by invok-
ing (3.20). 0

With the help of the previous results, we present a variant of the strong slope characterization
given in Theorem 3.1 which might sometimes be more advantageous for applications. The next
theorem is in this sense.

Theorem 3.2 (A refinement test when m = 1). Let ¥, h, and 1 be as in the hypotheses of Proposi-
tion 3.2. Suppose that the quantity |V[h(-,y)]'~7|(x) is finite whenever (x,y) ¢ gphT sufficiently
close to (0,0). Then T is (y,h,)-MPR in the direction (u,v) if the following limit

timinf  { [10c) 7 [[VYr (0| (0) = dagnr () IVIRC ] W]} G23)
()5 (0.0,

dophT )
MEDILAAS
(x,y)¢eph T

is strict positive.

Proof. The proof is in a similar strategy as the one in Theorem 3.1, that can be traced back
to Proposition 3.2. Assume that T is not (y,h,)-MPR in the direction (u#,v). Due to the
definition, we can find out for each k a pair of positive constants oy, B < 1/k and some (xg,yy) €
Ve B (,v) such that

d (i, T(xx)) < Belp (e y)]”
and

A0, T () < (x0T () ek )7

Following Proposition 3.2, we see that there exists some sequences T,Q 40, oc,i 40, [3]2 10, and
(X)) € V%ﬁ]i(u,v) \ gph T such that

dgpnt (4},3}) —0:
[ ()1 ’
o [Vyr (30| (5%) < dgpn (5 YOIV IR G, Y] 71 () + 2 [, y))
Recall from the proof of Proposition 3.2 that ||(x;,y;)|| < oy and (x,y;) & gphT. Thus, it
follows for large k that the quantity |V[A(-,y})]'~7|(x) is finite. Consequently, we obtain

[y [IVWr (v | () — depn (2, YO IV G0 7 ()] < 27 (3.24)
Passing to the limit in (3.24), the quantity

timinf { (2 3017 [V (90| 0) = dgnr (5 3OIV G 30] 1) |

is evidently non-positive. This contradicts the positivity of the limit in (3.23). U

e limsup,_,.,
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Remark 3.3. It is obvious that the finiteness of quantity |V[h(-,y)]'~7?|(x) for (x,y) is outside
gph T but nearby (0,0) plays a crucial role for the validity of the test given in Theorem 3.2.
Such a condition is of course trivial if 4(x,y) = ||x — X|| as in Definition 3.1. More general, it
should be valid when #4 is locally Lipschitz around the reference point w.r.t the first variable x
uniformly in the others.

4. INFINITESIMAL CHARACTERIZATION FOR DIRECTIONAL METRIC
PSEUDO-REGULARITY

The present section is devoted to some infinitesimal criteria for the directional (7, i, 1t)-MPR
in Definition 3.2. We assume hereinafter that, all Banach spaces under consideration, partic-
ularly, X and Y;, are smooth whenever being necessary. This supposition is aimed to use the
smooth variational principle and its consequent facts; see [3]. As mentioned in [3], the preced-
ing assumption may be widely available such as in the class of reflexive Banach spaces. Let
us recall that [12] the £-normal cone N¥(€; (x,y)) to a closed subset Q of X x Y at some point
(x,y) € Q is formed by the collection of all elements (u*,v*) € X* x Y* such that

lim sup {<(u i )’(u’v)>} <Ee. 4.1)
@)I110, (V)
(xvy)+(u7V)€Q

Replacing € with O in (4.1), one obtains the corresponding Fréchet normal cone N (Q; (x,y)).
The Mordukhovich limiting normal cone N(Q;(x,y)) to Q at (x,y) € Q is defined as follows.
For a pair (u*,v*) € X* x Y*, (u*,v*) belongs to N(Q; (x,y)) if there are a sequence (xx,yx) —
(x,y) with (xg,yx) € Q and a scalar one g |, 0 satisfying the statement

for each k it has (i, v}) € N%(Q; (xg,yi)) such that (i, v}) LN (u*,v").

Here and in what follows, the notation wy s W means that the sequence wy converges to w in
the weak-star topology of the corresponding space. Finally, the coderivative to T : X — Y at
reference point (x,y) € gphT is the mapping D*T (x,y) : Y* = X* given by

X' € DT (x,y)(y") <= (x", —y") € N(gphT; (x,y)).

Note that the limiting normal cone is corresponding to the (basic/limiting) subdifferential, which
satisfies our preceding conditions (C1)—-(C5). We refer to the monographs [12, 13] for further
discussions about the generalized differentiation w.r.t. set-valued maps and their applications.
In this paper, we make use of coderivative to study the infinitesimal characterization of the
property stated before in Definition 3.2.

Proposition 4.1. Let v, U, h, and T be as in Theorem 3.1 and suppose further that h is locally
Lipschitz w.r.t. x uniformly in y near (%,y) = (0,0). If T is failed to satisfy Definition 3.2, then
there exist some sequences t | 0, (ux,vy) € X XY, and (u},vi) € X* X Y* such that
(1) N[, vi) | = 1, Tim [[[} G, v) [ g, vi) = (u, v) [ = 0
(2) (uz, —hy (txug, tkvk)*i" Vilsos—hm (tkuk,tkvk)*?"w’,;m) is an element ofﬁ(gph T, (tyug, txvi));
(3) limy e[ || = O
(4) limy_oo max;—1 . m

vl = 1.



104 V.V.NGUYEN, H.T. NGUYEN

Proof. Suppose that the product spaces Y =Y X --- XY, and X X Y is endowed with the maxi-
mum norm

e 3) | = maoc{ e 1y} = max ], max. i}

forxeX,y= (y1,...,ym) € Y. By the assumption, we find out some positive real sequences
0y 1 0, Br 1 0, 7 | O together with the elements (x;,y;) € X x Y such that

d (yii, T (xk) ) < Bl (i, ye) 1™

d yk'7T(xk) — (42)

g0
hi(xe,yi)>0 (i, i)

where §;:= % —1 >0 fori=1,...,m. Note from (4.2) that none of elements (x;,yx) is zero to

W or h;. Let
ki = <1+ﬁ>ﬁk[“(xka)’k)] ;M= min N

i=1,....m

we select Ji; € T;(xx) such that ||y — $xil| < M and

Vi — ki -
L H < % (i, T (1))
hi(xk-,yk)>0[ i(xkayk)] g

We next define a Isc function by the formulae

filry) = Z% Sy ()

where the convention 0/0 = 0 is used. It is straightforward to see that, for

8k::min{rkd(xk,T_l(yk)),<1+k—12>,3k Z M},

hi(xg,y) >0 [hi(xkv)’k)]?i

there holds f;(xy, $x) < &. To proceed, we invoke Ekeland’s variational principle (see, e.g., [4])
for the Isc fi and obtain some (x},y,) € X x Y such that
o [[(x%, %) — (e P < Ak = /T
o filxeyi) < G Sie) — &/ M|l (g, v) — Cowes ) |15
o the function (x,y) — fi(x,y) + &/ Al (x,¥) — (x},¥;) || admits (x;,y,) as a global min-
imum.

The minimal property to (x;,y;) yields (x;,y;) € gphT. Note from the definition of & that

1 1 1 1
d(xe T k) > —& = —=M = —|| (5}, ¥) — (oo I | = —= 1%} — x|
( (%)) W= \/T—kll( 1o Vi) — (s ) | \/r—kH % — |

Therefore, the Lipschitz continuity of the distance d (-, T-! (yk)) yields

1
AT (30)) > d (0 T~ () — s — el > (ﬁ - 1) W—xl.  @3)

In particular, (4.3) implies y; ¢ T'(x;). Thus y; # y;. We define some positive quantities

”k3:min{€kaaki_r]nin hi(xk»}’k)%aﬁki_l}lin | 9ki — il O ,Hgn_“y;a—)’kiﬂ},

=1,....m =1,....m ykl Vki

Pk = Tk,
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and make use of the local fuzzy sum rule [3]. As a consequence, it is possible to find out

(x,ii,y,ii), (x,%,y,%), (xi,yz) in the ball Bxy((x},y;),r) together with the elements (x,i’*,y,i’*),

(x2%,32%), (x3*,y¥) to X* x Y* fulfilling the following conditions
(x]il*7y]1<l*) S akai(xllcivylii) for fki(xay) = ||yl _yki‘|[hi(x7yk)]7?i;
(2",3%") € O Sgpnr (4%, 37):
3x .3 3 .3y,
(5 3i") € I (110 ) — (o Y1) (s i)
dlam{ xk 7yk ) (xllcmayllgm) (X]%7y%) (xl?é7y[:i }X

semax { L S NG ) L 16 a3l G 331} < i

€
[ttty o )+ )+ ) <
In view of (xk ,yk *) e 8F5gphT(x,%,y,%) we can write (x,%*,y,%*) € ]/\\/(gph T, (x,%,y%)). O
Next, we need a few auxiliary facts.
Lemma 4.1. The following limit
i i
lim STVl 1 (4.5)
koo || (xie, yi) |
does hold for every i = 1,... ,m. The similar limits
(G S R [ 7S] wo
kvoo [ (0, ) | koo [ (o) |
are also valid as well. Further,
h: li7
i ) i1, @.7)

k—yoo hi(xk»)’k)

Proof of Lemma 4.1. To the goal of proving (4.5) and (4.6), let us first find an upper bound for
| (6, ¥5) — (i, yie) || that

H(X;o)’;c)_(Xk’)’k)H < \|(x;<,yk) (xk7yk)|‘+|b7k_)7k“ )Lk_}_nk (4.8)

(Recall that the norm on Y is supposed to be the maximum of the norms on its components Y;.)
Repeating the analogous arguments as in proof of Proposition 3.1, we have (see (3.10))

M/
o’ Bell ey
The latter implies Ay = o(]| (xx,yk)||) as k — o by means of limsup_,.,(Br/T) < +oo. Accord-
ing to the Lipschitz continuity of u, it holds, fori =1,... ,m,

lim sup S [ —
f—yoo ﬁk||(xk,Yk)||”’

which particularly gives us 1 = o(|| (xx,yx)||) as k — oo. The latter implies that

< oo

< oo

o 160 = (530

=0.
nee | Gos i) |
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Hence, we deduce

(AT

n=vee [| (v, i) |
Observe that ry = o(||(xx, yx)||) by the definition of r. Consequently, (4.5) and (4.6) are derived
in the same way as (4.9), since the ball By v ((x},}),7x) consists of (x{,yi"), (x2,y7), (x3,3).
Finally, it is sufficient to check (4.7) for i = 1 only. Invoking the supposition concerning
Lipschitz continuity to 4 w.r.t. the first variable x we can prove that

hi ]i’ _ hi , hi ]l" _ I’l ,
lim sup i (x Ykl)l (%%, Y| — limsup | (XIfi i) — hi(xi, yi) |
oo =l oo 10 = (i)l

By the choice of (x}’,y}"), we have

1. (4.9)

< oo, (4.10)

" =l <l = il < Gl i) = (ot i) < e <ol )
On the other hand, since ||(x},y}) — (xx, Jk)|| < Ak, we obtain

6 = el <11 Gegeo v) = G )|

L)p p M
hi (X, %) >0 7 (o, yii) | ¥

1\ B (N(xk»yk) )%
< 1"‘_ — U (X, Y .
< k2> VT (v k)h,-(xk%)>0 hi(xk, Yii)

Taking into account assumption (3.2b) and (3.3d), the limit limy_. Exéx:;’; ‘)l = 0 hold. Thus, the

aforementioned estimate ||x;" —x|| < o4 [hi(xk, yx)]" shows that

e = x|
Jim W @.11)
k—oo Mj(Xg, Vi)

Summarily, the limit in (4.7) is derived from (4.10) and (4.11).

Lemma 4.2. Let t = ||(x7,y7)|| > 0 and define w, = (1/t)x3, viz = (1/t)y3; fori=1,...,m.
Then ||(ug,vi)|| = 1 and
tim )| o v) — (1.9)| = @.12)

Proof of Lemma 4.2. The fact that #;, > 0 is due to (4.6), since (x,yx) € gphT. The equality
|(ug,vi)|| = 1 is trivial by the definition of u; and v;. To establish (4.12), we shall evalu-
ate the magnitude of the norm || (u;,v,)|| for (u},v;) = ||(u,v)||(ux,vi) — (u,v). Indeed, letting
(it W) == [| (e, v)[[ (e, vie) — || (e, vie) || (u, v), we have

1t Vi) = 11 v) 1, 5%) = 11 G, ) I (e, v)
= (@, 70) + | (V)| [ 0%) — Coteo i) ]+ [ = HGR Y0 | + [1 Co ) ] (2, v).-

In view of (xi, yi) € Ve g, (u,v), we have || (dix, 7) || < Brll o, yio 1] (w1, v) [
On the other hand, the estimation ||(x},y,) — (xk,yx)|| < Ax + 1 follows from (4.8). Thus we
deduce

(4.13)

16 3%) = (o) || < A A1+ 1= 0[] (et i) ) - (4.14)
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Combining (4.13) with (4.14), we reach the estimate

tcll (e VIO < [Bell Getes yie) | + 2 (A 1 =+ 72) ] 1 (e, ) |-

This provides the desired conclusion, since # = ||(x7,y7) || ~ || (xk,Yx)||-

Lemma 4.3. Define uj := x%*, Vi = —h; (tkuk,tkvk)%ykl, and Vj; 1= hi(teug, teve) ”vkl, i =
1,...,m. Then
(s =1+~ Vi) € N(@Ph T, (tkttg, tevi)): (4.152)
lim | = 0,i = 1,...m: (4.15b)
hm _max ||sz|| =1l,i=1,...,m. (4.15¢)
k—>o0 .m

Proof of Lemma 4.3. Inclusion (4.15a) is clear We continue to establish (4.15b). Recall from

lix

the choice of (x}*,y}*), (x2*,y¥*) and (x3*,y7*) that

m
g
X" ™) 08 0E) + 5 ()| < e (4.16)
i=1
Observe that (x3,33) € 95 () = (%3 ) (. 3). (3*,33*) satisies
3 3 3
e < L0 (3 02) — (e di)) = 110 vi) — (e - (4.17)
The remainder is to deal with (x}{’*, yi*) € OF fui(x}',y}). Applying the product rule to the
function fis — [ — yul (-] %, we obtain (2151, (7, 51) € Bxcy ((xF, 1), ), which
together with (0,9}) € dp (|- —yk,||)()€}(’,)3,1’) and (£1%,0) € I (hi(-,yx)~#) (&}, 511) yields
O™ 3k™) = B’ ye) 770, 54) = llvkd = wuall (8™, 0)| < (4.18)
In particular, we have
o™ Il <l = vl 1% + e (4.19)

Taking the fact (£/™,0) € dr (hi(-,yx)~%) (%}, 711 into account, the chain rule can be used here
to derive

~11* vlz*

— P () "I = g (R ) TR, (4.20)

for some X}' € By (x}’,r;) and X, € Jp(h i(~,yk))(vll) C X*. Note from the Lipschitz conti-
nuity of h; that (¥}™) is bounded. Observe that ||¥}' — x;'|| < ry. Repeating the arguments in
Lemma 4.1 and then invoking (4.7), we can write
h: \/li7
fim PO (4.21)
k—yoo hi(xkuyk)

We know from the choice of (x;’,y;") that (x}',y}") € Bxxy((x},¥,),7«), and hence

y

vt — vl < v’ = il + 155 — il
<Gy = oY L+ [ — vl
< re+ v — Vil
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for every i. On account of fi(xp,y;) < fi(xk, Jx), we deduce

Ve — Vil
Vi — Yaill = hi(x,y )”’—
ki — ki k h(kayk)
< hi(x, yi) T fie (s Vi) < i, yi) ek (4.22)
,u(-xk,yk) ?l
< (14 ) Bt ) L (522 )
ok ) hi(x;,y;)%

Involving the inclusion (xg,yx) € Vg, g, (4, v), assumption

limsup { sup M} < o0
()

l0,810 &V () 1 (%,Y)
gives us

. H)’Z' — Vil

limsup —%———

e’ B, )

Combining (4.22), (4.23) and the fact that ry = o(h;(x,yk)"), we conclude that

=0, fori=1,...,m. (4.23)

. Hy,l’f — Vill .
limsup —*+——— =0, fori=1,...,m.
e’ il yi) ¥
In view of Lemma 4.1 and (4.21), we find limsup,_.,, ”y(’;k yyk k)’ly[ 0, which follows from (4.19)

and (4.20) that ||x}*|| — 0 as k — co. Finally, the limit (4.15b) is inferred from (4.16) and
(4.17), since py — 0 and & /Ay = /T — 0. The proof of (4.15¢) is almost similar. Recall first
the relation below (see (4.18))

H 11* ll* (x]iiayk) %(O yll*) ||Ykl ykl”('xk ’ )H S Pr

that
[t yie) Ty — 97| < ha(x’ ve) T L)) (4.24)
By the selection of $;*, it follows that ;™ € dp(||- — yw|) (F}}). As a result, we deduce
19411 < 1 9™ i — i) = 19— wwillsi =1, m. (4.25)

We shall justify that there is at least one i for which ﬁ,lcf — yii 7 0. Indeed, taking an index i that
Vi 7 Yiki- (Such an index exists because of y; # yi.) By the choice of y}ci we have

T, i Al
9% = Vil < INGE 9 — (vl
<NESIE) = Gl )+ G sve) = (i)
gzrk?
and hence
i i / 2ry
194 =l > 154 =l = =l > (1= = ok =l
ki

Taking into account ry < ||y}; — Y|/, the latter immediately implies Hyk — Yki|| > 0. This is
our desired conclusion. According to 1/ ' 7 Yki» we deduce from (4.25) that y Al’* € Y* is actually
a unit vector. Combining (4.17) with (4 24) and passing to the limit in (4. 16) we reach (4.15¢).
The proof is done.
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Back to our main process, we obtain the full demonstration for Proposition 4.1 after involving
Lemma 4.1, Lemma 4.2, and Lemma 4.3 above. Proposition 4.1 could be viewed as a based-
point necessary condition for the failure of (7, 4, t)-MPR. Inspiring from such condition, let us
now introduce a useful notion, which is crucial for the criterion later.

Definition 4.1 (Based point (7, &, ut)-critical set). For a triplet (7, s, i), and the mapping 7', we

define the (7, h, u)-critical set SCry, , T (X,3)(u,v) C X* xY* w.rt T and a pair (%,y) € gphT

relative to the direction (u,v) € X x Y as follows. We have (x*,y*) belonging to SCry, , T (X,5)

if it is possible to find out some sequences #; | 0, (xx,yx) € gphT and (x7,y;) € X* x Y* fulfilling

the following conditions:

(1) for uy := i(xk —X) and v := i(yk — ), one simultaneously has || (u, vg)|| = 1 as well
|

as i | a,) i) — (1, )]] = 0
@) (=1 ()" Mg~ (50)'3,,) € N(gph T, (e, )
3) y; X y* and Xy X
Making use of the preceding notion, we reach the first result characterizing the MPR property

by involving Proposition 4.1.

Theorem 4.1 ((, i, 1 )-MPR via (7, h, u)-critical set). Let (y,h, 1) be in the statement of Propo-
sition 4.1. Then T is (y,h,)-MPR at (x,y) = (0,0) € gphT in the direction (u,v) if

SCrypuT (%,5)(u,v) N ({0} xY*) = {(0,0)}. (4.26)

Proof. We mimic the strategy of Proposition 4.1. Assume on the contrary that 7T fails to be
(7,h,u)-MPR at (0,0) € gphT in the direction (u,v). Following Proposition 4.1, we obtain
some sequences #; | 0 and (uy,vi) € X XY as well as (uf,v;) € X* x Y* such that

(D) g vi) || = 1, T [[[} G, v) [ Gt vi) =, v) [ = 0
(2) the element (uj;, —hy (tuy, feve) Vigs s —hm(teug, tkvk)_f’mvzm) belongs to the normal

cone ﬁ(gph T, (teug, tkvie))s
(3) lim [lug]| = 0;
k—yo0

(4) lim max ||v]| = 1.
k—o0i=1,...,
Denote oy := ||[vi||. In view of (4), we have o} > 0 unless several indexes. Let us now define

1

. e . 1
Xg 1= Ui Yii -= e Vii» xZ = gkuz, and yzl. =

EkVZi’ i =1,...,m. Since y; has unit norm, then
sequence (y;) converges in the weak-star topology of Y* to some unit vector y*. Then it is
evident to check according to Definition 4.1 that

(0,y*) € SCrypuT(0,0)(u,v), (4.27)
which is a contradiction. This completes our proof. 0

Remark 4.1. As a particular case, let us suppose now £;(x,y) = ||x — || and p(x,y) = ||x — ]|
Then it is straightforward to see that for % > 1 the triplet (7,h,u) satisfies the conditions of
Theorem 4.1. Thus, the infinitesimal test (4.26) subsumes the one studied in the aforementioned
work [9]. Especially, when X is finitely dimensional, if we take % = 1 and (u,v) = (0,0), (4.26)
recovers the well-known Mordukhovich criterion for metric regularity in [12].
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