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Abstract. The main aim of this note is to study the local property of the weighted pluricomplex energy
class &, (€2) and the complex Monge - Ampere measure class .7, ;,.(2) on this function class. At the
same time, we also study the complete pluripolar sets in class & (Q). As an application, we describe the
relations between the class & (Q) with the classes %o(Q) and %o(Q).

Keywords. Complex Monge - Ampere operator; Complex Monge - Ampere measure; Pluripotential
theory.

2020 Mathematics Subject Classification. 32U05.

1. INTRODUCTION

In this note, by Q we always mean a hyperconvex domain in C". The set of plurisubharmonic
functions (resp. negative) on Q is denoted PSH(Q) (resp. PSH™ (Q)). The local property is also
mentioned when studying some important subclasses of plurisubharmonic functions. Here, a
class 7 (Q) C PSH(Q) is said to be a local class if ¢ € £ (Q) if and only if ¢|p € £ (D) for
all D € Q.

In [7], Cegrell introduced the pluricomplex energy class &' () of plurisubharmonic functions
on which the complex Monge - Ampeére operator (dd€.)" is well defined and is continuous under
decreasing sequences of plurisubharmonic functions. Blocki (by [5, Theorem 1.1]) shown that
& (Q) is the local class. In [4], the authors introduced the weighted pluricomplex energy class
&y (Q) as follows: Assume that y : R~ — R™ is a decreasing function. Then, as in [4], we
define

& (Q) = {qv € PSH™ (Q):36(Q) > ¢, | <p,sup/ X(9;)(dd ;)" < +oo} :
j>17Q

where &3(Q) is the cone of all bounded plurisubharmonic functions ¢ defined on Q with finite
total Monge - Ampere mass and lim,_,¢ ¢(z) = 0 for all & € dQ. Then, from the proof of
[1, Theorem 1.4 and Corollary 1.5], it follows that if ¢ € & (Q), then lim, & ®(z) = 0 for all
& € 0Q. Hence if ¢ € &,(Q), then ¢ & & (D) with D is a relatively compact hyperconvex
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subdomain in Q. Thus the class & () is not the local one. In [12], the authors introduced the
new weighted pluricomplex energy class as follows

Exloc() ={@ € PSH(Q) : I yp € &,(Q) such that ¢ = ypon D, VD € Q}.

Then, under some extra assumptions on ¥, ngoc(Q) is the local one ([12, Theorem 3.4]).

In this note, we first give the definitions of the local class. Next, we use these concepts to
study the local property of the weighted pluricomplex energy class & (€2) and the complex
Monge - Ampere measure class ///X,IOC(Q) on this function class. Then, we prove that if £ C Q
is a complete pluripolar set, then there exists ¢ € & () such that E = {¢ = —oo}. As an
application, we study the relations between the class & (Q) with the classes %o(Q) and B (Q).

2. PRELIMINARIES

2.1. Definition of local properties. Let X be a topological space. % is said to be a class of
functions on open sets in X if % (D) is a class of functions on D for all open set D in X. We
introduce some notions of the local classes as follows.

Definition 2.1. Let % be a class of functions on open sets in a topological space X.
i) £ is said to be a local class of type 1 if

HU)lv ={flv:fex(U)}cAV),

for all open sets V C U C X.

il) % is said to be a local class of type 2 if a function f on U such that, for all x € U, there
exists a neighbourhood V of x with f|y € Z(V), then f € £ (U).

iii) ¢ is said to be a local class if %" is a local class of type 1 and 2.

Definition 2.2. Let # be a class of functions on open sets in a topological space X.

i) We denote .7 Olc by a class of functions on open sets in a topological space X as follows:
K, ; . (X) is the class of functions on X such that, for all x € X, there exists a neighbourhood U
of x with f‘U € %(X)’U.

ii) We denote Ji/lgc by a class of functions on open sets in a topological space X as follows:
2,2 (X) is the class of functions on X such that, for all x € X, there exists a neighbourhood U

loc

of x with f|y € ' (U).

It is known that classes of all continuous functions, upper semi-continuous functions, smooth
functions, holmorphic functions, convex functions, subharmonic functions, and plurisuhar-
monic functions are the local classes.

We next state some basic results.

Proposition 2.1. Let # be a class of functions on open sets in a topological space X. Then:
i) A C )

loc*

ii) If # is the local class of type 1, then ;)\ C ;>

loc loc*

iii) A is the local class of type 2 if and only lf%ﬁc cC .
iv) X is the local class if and only iff/”i/l;c =2 =X.

loc —

Proof. Let D be an open subset of X.
i) We prove that .# (D) C .#,! (D). Indeed, Let f be in .# (D) and x € D. Then we can

loc

choose U = D as a neighbourhood of x and we have f|y = f|p = f € # (D). Thus f € %! (D).
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ii) Let f be in 2! (D) and x € D. Then there exist a neighbourhood U of x and a function
g € (D) such that f|y = g|y. By the local property of type 1 of JZ, we infer g|y € 2 (U).
Thus f|y € 2 (U) and this means that f € %,2.(D).

iii) Suppose that 7" is the local class of type 2. Let f be in Ji/lgc (D). Then, for all x € D,
there exists a neighbourhood U of x such that f|y € 2 (U). By the local property of type 2 of
', we have f € (D).

On the other hand, suppose that JL’/[OZC C . Let f be a function on D such that, for all x € D,
there exists a neighbourhood U of x with f|y € K(U). Then f € #,2.(D) and then f € % (D).

iv) It follows from 1), i) and iii) immediately. 0]

2.2. Some (weighted) pluricomplex energy classes. We recall some pluricomplex energy
classes that was introduced in [6] and [7]:

E(Q)={peL”(Q): lime(z) =0, VE € dQ and / (dd°@)" < 4oo},
7—¢& Q

F(Q) = {Qv €PSH(Q): 360(Q) 3 ¢ @,sup | (dd“g;)" < +°°} :

izl

and
&(Q) = {@ € PSH™(Q) :Vz9 € Q,3 a neighbourhood ® > zo,

()2 @\, ponw,sup [ (dd°@;)" < —1—00} :
=170

We recall some weighted pluricomplex energy classes in [4, 12]:

&y (Q) = {‘P €PSH (Q):36(Q) > ¢ 1 ¢.sup | X(@))(dd ;)" < +°°}
Jj=

and
Ey1oc(R) ={@ € PSH (Q) : J yp € &,(Q) such that ¢ = yp on D, VD € Q}.

Remark 2.1. i) By the Remark from [7, Definition 4.6 ] we have, for every u € &(Q) and every
o € Q, there exists a ugp € % (Q) sucth that u = ug on o.

ii) It is known from [3] and [4] that if ¥ is bounded and Y (0) > 0, then & (Q) = .F (Q). iii)
By [11, Theorem 3.1 1, if x # 0, then & () C &(Q).

iv) By [11, Remark 3.4], if ) (—oo) = +oo, then &, (Q) C &*(Q), where

EYQ):={pec&(Q):(dd°p)"(E) =0, VE C Q is the pluripolar set}.

v) By [11, Theorem 3.1], if x(z) > 0 for all # < 0, then & (Q) C 4 (), where the class
A (Q) has introduced in [8].

vi) If the function x such that x(2¢) < ay(t) for some a > 1, then &, (Q) is a cone.

We set

dy={x R~ — RT: yis decreasing and satisfies x(2t) < ax(t)}.

We have the following characterizations for the weighted pluricomplex energy class when
the weighted functions are the linear combination, max, min of the functions in .o7,.
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Proposition 2.2. Let x,n € <7,. Then

i) Euyn (Q) = E(Q)NER(Q), Va,b > 0.

ii) gmax(x,n) (Q‘) = éox ('Q') A é&n (Q‘)

iii) The function Q € &yin(y n)(Q) if and only if there exists u € & (Q) and v € &, (Q) such that
u>Qv>eand @ > u+v.

Proof. i) ¢ € &,y1pn (L) if and only if there exists the decreasing sequence {@;} C &y(Q) such
that @; ~\, ¢ on Q and

sup [ [ax(9)+0m(9)))(dd*g))" < +=5
J
e asup | 7(9))(dd"g,)" +bsup | n(g))(ddg))" < +o
J J
& sup /Q X (9;)(dd°@;)" < +oo0and sup /Q N(9;)(dd @;)" < +ee.
J J

Thus @ € & () NéR(Q).
ii) Since max(x,n) > x, M, we have & (y,n) (R) C 6y (), &7 (Q). This imply that & (n) () C
£4(Q) N6 ()

On the other hand, we take @ € &,(Q) N &, (). Then there exists () > u; \, ¢ and
6p() 3 vj \ @ such that

sup [ x(uj)(ddu;)" < +eoand sup [ N(v;)(ddv;)" < +oe.
jz1/Q =170

Setting ¢; = max(u;,v;), we have & > @; ~\, ¢. It follows that

max [ (9;), n(@;)] = max[x (max(u;,v;)),n(max(u;,v;))]
= max[min(x (u;), x (v;)), min(n (u;),n(v;))]
<min(x(u;),x(v;)) +min(n(u;),n(v;))
< x(uj)+n(v)).
Thus
/Q max[x (¢;),n(9;)](dd ;)" < /Q X (uj)(dd @;)" + /Q n(v;)(dd e;)"

< [ xtwp)dduy)y+ [ nevadv,y

This infers that sup ;- Jomax[x(@;),n(@;)](dd°@;)" < +oo. Hence, ¢ € é"max(x,n)(ﬁ).
iii) Set 6 = min{y,n}. We prove the necessity of the condition. Take ¢ € &p(Q). We next
prove that there exist u € & (Q) and v € &,(Q) such that u > @,v > ¢ and ¢ > u+v. Indeed,

let @; € &)(LQ) such that ¢; \, ¢ and sup [ 0(@;)(dd“®;)" < +eo. By [10, Theorem 2.2] (see
JZ1Q
also [14, Theorem 5.9]), there exists the functions u; € () and v; € &p(€2) such that

(ddu;)" = 1(y(¢)<n(v}(dd @;)"
and
(ddvj)" = 1iy(g)=n (v} (dd ;)"
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However, it is plain that
(dd° ;)" = (ddu;)" + (ddv;)" < (dd(uj+v;))".
By the Comparison principle ([9, Corollary 2.19]), it follows that
uji+v;i < Q; < uj anduj+vj§(pj§vj on Q. (2.1)
By the decreasing of weighted functions, we obtain the chain of inequalities
[rwp@auy = [ gl ddey
£ {x(9j)<n(v))}
< [ euey
{x(ep)<n(v))}
- | eeuey
{x(@))<n(v;)}
< [o(p) )"

Hence, by the hypothesis ¢ € &g (), we have the following estimate

sup [ 1(u)(ddu;)" < sup [ 6(¢))(dd 9" < +os 2.2)
Jj=>1 a Jj=1 a

Following the argument analogous to the previous one, we have the following inequalities
[ntp@dvy = [ nepEae)”
Q {x(9))=n(v))}

g / n(¢;)(dd @;)"

2(9))>n(v;)}
- / 0(¢,)(dd"p))"
{x(@))>n(v))}
< [oo)aaq)"
and then
up [ oty < sp /1 0(¢))(dd°g)" < +oo. 2.3)
e

Combining (2.2) and (2.3), we obtain u = (limu;)* € &/(Q) and v = (limv,)* € &, (Q).

Now, from the inequalities in (2.1), it is clear that u > ¢, v > ¢ and ¢ > u+v. We now turn to
the proof of the sufficiency. Assume ¢ € PSH™(Q) such that there exists u € & (Q),v € £,(Q)
with u > @,v > @ and @ > u+v. We are going to prove that ¢ € &y (). Indeed, we can check
that & () C &p(Q) and &, (Q) C &H(Q). Since £p(Q) is a cone, we infer that

(gax (.Q.) —f—(g)n (.Q) C &y (Q.) + &9 (.Q.) C &y (Q.)
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Thus u+v € &(Q). Since &»(Q) is a cone, we derive @ € &»(Q). O

3. LOCAL PROPERTIES RELATE TO THE CLASS & (Q)
Proposition 3.1. &y(Q) is only the local class of type 2.

Proof. By the maximum principle of plurisubharmonic functions, we have @@& 1oc(£) ={0}. By
Proposition 2.1 (iii), we see that &y(Q) is the local class of type 2.

Now we prove that

E010c(Q) = PSH NL™(Q).
Indeed, for f € PSH™ NL*(Q) and x € Q, we can choose r > 0 small enough such that B =
B(x,r) € Q. We set
hf;Q =sup{y € PSH (Q) : v < f on B}.

By [15], we deduce that hgg € &(Q). Obviously, we also have hf;g = f on B. Thus f €
g()l,loc(gn’

Conversely, if f € @‘301 1oc(€), then we obtain by the local property of the class of PSH™(Q)
that f € PSH—(Q). Using the definition of & ,,.(Q), we have f € L*(Q). Since f € PSH™ N

L*(Q), the desired conclusion follows. This, by Proposition 2.1 (ii), implies that &5(Q) is not
the local class of type 1. U

Remark 3.1. We set fo = sup{r € R~ : x(¢) > 0}. Then ¢ € & (Q) for all ¢ € PSH™ (Q) with
¢ > —ty. Take @ € &,(Q). By the proof [11, Theorem 3.1], we have
lim ¢(z) > —t9, Yw € Q.

—=w

Now we state some local properties of the class &y (Q).

Theorem 3.1. Let y : R~ — R be a decreasing function and ty = sup{t € R~ : x(t) > 0}.
Then
) (E)be(Q) = 610c(Q) and (6,)3,(Q) = {9 € PSH™ (@) : 9 > o).

ii) & (Q) is only the local class of type 2.

Proof. i) From the main result in [12], the class &% jo(€2) is the local one, s0 & /oc(Q) =
(&)} (Q). Take @ € (&)7 .(Q) and let w € Q. For every D € Q such that w € dD, we have

loc loc

¢|p € & (D). It follows that

@(w) > lim@(z) > Tim ¢(z) > lim ¢(z) > —o.
—w z€Dz—w 7w

Conversely, let ¢ € PSH™(Q) be such that ¢ > —1y. Let D € Q. Then ¢ € PSH~ (D). It follows
from [7, Theorem 2.1] that @ € & (D). Thus ¢ € ()7, .(Q).

loc
i1) It follows from i) and Remark 3.1 immediately. [

Corollary 3.1. .7 (Q) is only local class of type 2.
Proof. Assume that y is bounded and x(0) > 0. Then &% (Q) = .#(Q) and
to=sup{t eR™ : x(r) >0} =0.

Using Theorem 3.1(i), we have .72, _(Q) = (&7 .(Q) = {0}. Hence .7 (Q) is the local class
of type 2.
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On the other hand, we have .7, (Q) = &(Q). By Proposition 2.1(ii), .7 (Q) is not the local

class of type 1. ]

Remark 3.2. i) We define &7 by a class of functions on open sets in X as follows: Z(X) = {0}
and 2(U) = {0,—1} for all open U of X with U # X. We can check that 2} = &, % =
{0,—1} # &, and 2 is only the local class of type 1.

ii) We define & by a class of functions on open sets in X as follows: &(X) = {0} and #(U) =
{1} for all open U of X with U # X. We can check that 2 = &, 22 ={—1},and 2 is
not the local class of type 1 and 2.

Now, we are going to investigate the local property on complex Monge - Ampere measure
classes. Let .Z (Q) be the set of all nonnegative Radon measure on Q. We set

AM(Q)={p € #(Q): u(E) =0 for all the Borel pluripolar set in Q},
My(Q) ={p € #(Q):3¢p € &(Q) such that p = (dd“¢p)"},
My 10c(Q) ={u € A (Q):VK € Q,30 € & 1,.(Q) such that u|x = (dd“¢)"}.
Remark 3.3. i) We have a characterization for the class %X7IOC(Q) as follows:
My 10c(Q) = {1 € M (Q) : u|g € My (Q) for all K € Q}.
Indeed, we take K € D € Q. There exists ¢ € &y 1,.(Q) such that u|x = (dd“p)". Setting
hgg =sup{y € PSH (Q) : y < ¢ on D},

we see that 1) , € £(Q) and (ddchg’g)” > 1p(dd°@)" > |k. By the main theorem in[2], we
can find u € &(Q) such that u > hj ,, and p|x = (ddu)".

ii) We can check that ./, (Q) C ://l“(,c(Q).

iii) By the main theorem in [2], we have

My(Q) ={p € .#(Q):3p € &(Q) such that u < (dd°@)"}
'//x,loc(g) ={ue#(Q):VK €Q,3¢px € gx,loc('Q‘)
such that u|gx < (dd@g)"}.

Proposition 3.2. i) If u,v € .4, (Q), then ap +bv € #,(Q) for all a,b > 0. ii) If u,v €
My 1oc(R), then afl +bv € My 1,.(Q) for all a,b > 0. iii) If p € #(Q), u <Vvand Vv e
My(Q), then u € My(Q). iv)Ifu € A (Q), W<VandV € My 1oc(Q), then L € My 1oc(Q).

Proof. i) Since u,v € .4, (), then there exists @,y € &,(Q) such that u = (dd“¢)" and
v = (dd‘v)". For a,b > 0, we have

apt+bv = a(dd‘ @)" +b(dd“ )" = (dd*(Yap))" + (da*(Vbw) )"
< (dd(fag+Vby)) "
From the main theorem in [2], one sees there exists ¢ € & () such that
ap +bv = (dd¢)" and ¢ > Vag+ Vby.
Since ¢ > /ap + /by, then ¢ € & (Q).

i1) By using arguments similar to 1), we have ii) directly.
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iii) Since v € .#,(Q), then there exists Y € &, (Q) such that v = (dd“y)". Thus p <
(dd“y)". By the main theorem in [2], there exists ¢ € &(Q) such that u = (dd“®)" and @ > y.
Since ¢ > y, then ¢ € &, (Q).

iv) By using arguments similar to iii), we obtain iv) immediately. U

Theorem 3.2. .#, 1,.(Q) have local property.

Proof. e Take |1 € My 1,-(Q). We next prove that [i|p € 4y j,.(D) for all D € Q. Indeed, let
D' € D. Since i1 € My 1,.(R), then there exists ¢ € & (Q) such that u|p = (dd“@)". Set

¢p =sup{w € PSH (D) : w < @ onD'}.
Then @ € & (D), ¢y = @ on D', and |y = (dd @py)".

e Let Q;, j €1 be the sets such that Q; € Q and Q = Uj;Q;. Take u € .#(Q) such that
Wla; € Ay 10c(2)) and let D; € Q; be the sets pi|p; = (dd“@;)" for some @; € &5 (Q;) and
UjerDj = Q. For all K € Q, we can find {ji,..., jx} C I such that K C Dj U...UDj,. Since
&y (€ ;) has subextension on €, then

yi:=sup{y e PSH (Q): y < @;on Q;} € &(Q), Vjel
Thus

k k k n
Bl < Yo, < L (dd ;)" < (ddc (Z "”’)>
i=1 = i=1

By the main theorem in [2], one see that there exists Y € &(Q) such that
g =(ddy)" and Y>>y +..+Vyj.
Since ¥ > v + ...+ v, then y € & (Q). O

Theorem 3.3. Let u € .# () be a measure such that [ —hd L < oo for some h € PSH™ (Q).
Assume that, for all z € Q, there exists a neighbourhood U of z such that [L|y € My 1oc(U).
Then there exists ¢ € &y joc(Q) such that p = (dd°¢)".

Proof. By Proposition 3.2, we have u € .4} ;,.(2). Let
Qe e..eQ, and Ujf;l Q;=Q.

Then there exists @; € 6(Q;),j = 1,2,--- such that pfo, = (dd°¢;)", j=1,2,---. Since
Ex(Q) C A(Q) and o, < t]g,,,, then @1 > ¢ > ... on Q. This infer that ¢; , @, with
@ € PSH™(Q) or ¢ = —oo. For D € Q, we set

hgj o=sup{y €PSH (Q): y < ¢; on Q;}.
?j
Then we have hg) , € F(Q)NEY(Q) and
he) o \h o =sup{y € PSH™(Q): y < ¢ on D}.
For all h € PSH™ (Q), we have

c1. Pj c
/Q—h(dd hg Q)" / —h(dd°@;)" / —hdptg, _/ —hdu.

This infers that

sup | —h(ddh® )" < / —hdy < oo,
o Jo [Adhg,0)" < |, ~hak
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SO
0 —hdu
sup [ (dan®) oy < Ja—hdE
j>I:1) Q( QJQ) ~ —supph
Hence hg’ a N hD o € Z(Q). This derives ¢ € &(Q). Now, by Lemma 3.3 and the proof of
[12, Theorem 3.4 (ii)], we have A}, , € &, (Q). This derives @ € & 1oc(Q). O

Remark 3.4. The condition
/ —hdu < +e,  forsome h € PSH™ (Q)
Q

in the Theorem 3.3 is sharp.
Proof. Let Q; €y € ... € Qand Q = U7 Q;. Set
ha, o =sup{y € PSH (Q): y < —1 on Q;}.

Then supp(ddhq; o) C dQ;. Setting 1 = Y7 (ddhg; o)", one has suppp C UT_;9Q;. Tak-
ing K € Q, one sees that there exists kK > 1 such that K € Q; for all j > k. Thus

k k "

k=Y (ddhq; )" (dd° < Z ))
j=1

which implies that 4 € .#) 1,c(Q).

Now, we are in a position to prove that there does not exist ¢ € &(Q) such that (dd“¢)" =
p. Indeed, we assume that there exists ¢ € &(Q) such that u = (dd“¢@)". Since (dd“¢@)" >
(ddCth7Q)n forall j > 1, we have ¢ < hg, o on Q for all j > 1. This infers that ¢ < —1 on Q.
Thus u+1 € PSH™ (Q) and u = (dd°(¢ + 1))" . Repeating above arguments, we obtain ¢ < —k
for all kK > 1. This derives ¢ = —oo on Q. UJ

4. PLURIPOLAR SETS IN THE CLASS & (Q)

In [7], the author proved that for every pluripolar set E in Q we can find u € .7 (Q) such that
E = {u = —oo}. In [13], the author used the ideas given in [6] to state the pluripolar sets in the
class .%.. Here, we establish the pluripolar sets in the class & ().

Theorem 4.1. Let ¥ : R~ — R™ be a decreasing function (y # 0). Let E be a complete
pluripolar set in Q. Then, there exists a function @ € &y (Q) such that E = {¢ = —oo}.

Proof. We can choose a convex, strictly decreasing, and smooth function 6 : R~ — R such
that 6(¢) > x(¢) + |¢t| for all t € R™. By [13, Theorem 3.1], we can find a function u € .%.(Q)
such that E = {u = —co}. We set ¢ = max((—80) ' o[u—6(0)],u). Then ¢ € .Z..(Q) and
E = {¢@ = —c}. Now, we only need to prove that ¢ € &, (Q). Indeed, by [7, Theorem 2.1], we
can find u; € &(Q) such that u; \ u. Set ¢; =max((—0) 1 o[u;—6(0)],u;). Then ¢; € &(Q)
and @; ~\,v. Using [2, Lemma 3.3], we have

[topaacey” < [[-u;+0(0)|dae)" < [[-u;+6(0)](ddw;)"
Q Q Q
Thus we deduce that

sup [ 2(97)(dd )" < sup [ [-u; +0(0)) (e )" < oo
JZ o) JZ Q
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Using Theorem 4.1, we can describe more clear the range of the class & (Q) as follows.

Theorem 4.2. Let y : R™ — R be a decreasing function such that x(t) > 0 for all t € R™.
Then &y (Q) C Bo(Q) and &(Q) ¢ HBo(Q2), where

%(Q) = {9 € PSH™(Q): lim 9(z) = 0 Vw € 9}

and
PBo(Q)={p c PSH (Q): ZliEV(p(z) =0Vw € dQ}.

Proof. Let {D;} ;> be a sequence of subsets in Q such that D; € Dj;| and Q = U;>(D;. Take
¢ € 6y (Q). Using [11, Theorem 3.1], we have hgj o /' 0as j— oo a.ein dVa,, which implies

that @ @(z) = 0 for all w € Q. Hence ¢ € %((Q).
—w

To show that & (Q) ¢ HBo(2), we Set E = QN Q". Since E is a pluripolar set, we find from
Theorem 4.1 a function @ € & (Q) and E C {z € Q: ¢(z) = —oo}. Thus

lime(z) < lim  @(z) = —oo.
Z—w zeQNQ* z—w

for all w € Q. O
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