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Abstract. In this paper, we are concerned with vector equilibrium problems when both objective func-
tions and constraints are subjected to perturbations. By using the scalarization method, we obtain suffi-
cient conditions for the Holder continuity of solution maps to parametric vector equilibrium problems.
Our results are new or improve the ones documented in the literature.
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1. INTRODUCTION

The equilibrium problem provides a general framework that includes numerous optimization-
related problems, such as variational inequality problems, complementarity problems, Nash
equilibrium problems, minimax problems, fixed-point and coincidence-point problems, and
traffic network problems [1], as special cases. This indicates that the results in the theory of
equilibrium problems can be applied to a multitude of important areas, such as economics,
physics (particularly mechanics), engineering, transportation, sociology, chemistry, biology,
and more; see, e.g., [2, 3].

The topic of existence conditions for solutions of the equilibrium problem and its generaliza-
tions has received considerable attention and is the first and most extensively explored area of
research recently. Numerous studies in the literature focused on this particular subject; see, e.g.,
[4,5,6,7,8,9, 10] and the references therein. Another important topic of research is the sta-
bility property of solutions. Numerous works were done for investigating the upper and lower
semicontinuity of solution maps; see, e.g., [11, 12, 13, 14, 15, 16, 17, 18] and the references
therein.
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In recent years, the investigation of Holder continuity of solution maps became an important
and actively explored area in the field; see, e.g., [19, 20, 21, 22, 23, 24, 25, 26, 27, 28]. Observe
that these papers are importance on the assumptions related to strong monotonicity, strong pseu-
domonotonicity, or strong convexity. For convenience to the reader, let us briefly review some of
them. Under strong monotonicity assumptions, [19, 20, 21] established the Holder continuity of
solution maps for scalar equilibrium problems. Similarly, [22] obtained sufficient conditions for
the Holder continuity of solution maps to scalar equilibrium problems by incorporating strong
pseudomonotonicity and quasimonotonicity assumptions. The results presented in [22] were
extended to vector cases in [29], and subsequently improved significantly by [23], which also
enhanced the results in [30] when applied to variational inequality problems. In [31], the results
from [19, 29, 23] were generalized to general quasiequilibrium problems. The authors of [21]
investigated the Holder continuity and uniqueness of solutions for quasiequilibrium problems
and further sharpened the Holder degree from [19, 20, 22, 29, 23, 31]. In [28, 24], assump-
tions related to strong monotonicity and strong pseudomonotonicity were replaced by strong
convexity, leading to sufficient conditions for the Holder continuity of solution maps in scalar
equilibrium problems. Analogously, the authors explored the vector case in [25] by using the
same approach. In [26, 27], assumptions requiring the information of solutions were employed
to establish the Holder property, which is difficult to apply to practical situations.

It is worth noting that, due to the technical difficulties, the authors in [25] initially established
the Holder continuity of the solution map for a parametric weak vector equilibrium problem by
primarily relying on the strong convexity of the objective map. However, strong convexity is a
restrictive condition in optimization theory, limiting its applications. Therefore, in this paper,
we aim to relax this requirement by using a weaker condition to broaden the applicability. More
precisely, we employ the strong quasiconvexity condition to study sufficient conditions for the
Holder continuity of solution maps of parametric weak vector equilibrium problems. The results
achieved in this paper, along with those in [32], will significantly contribute to the advancement
of research on Holder continuity for solution maps of both strong and weak vector equilibrium
problems.

The remainder of this paper is organized as follows. Section 2 serves as a review, introducing
definitions and properties needed in what follows. Section 3 focuses on establishing sufficient
conditions for the Holder continuity of the solution map to the equilibrium problem, employing
a scalarization method. In this section, we also provide examples to demonstrate the essen-
tialness of the imposed assumptions and compare our results with those of previous studies.
Finally, in Section 4, we present our concluding remarks.

2. PRELIMINARIES

Our notations in this paper are standard. We use || - || for the norm in any normed space. We
denote by X* the topological dual space of the normed space X and by R the set of nonnegative
real numbers. B(x,r) denotes the closed ball centered at x with radius r > 0. intA and conv(A)
stand for the interior and convex hull, respectively (resp.), of a subset A. The diameter of A
is diamA := sup, ;4 [[x —y||. For a set-valued map G : X =Y, graphG := {(x,y) € X X Y |
y € G(x)} is the graph of G. Z(X,Y) is the collection of all continuous linear mappings of X
into Y. For two subsets A, B of the normed space X, the excess of A beyond B is defined by
ex(A,B) 1= sup,c,d(a,B), with d(a,B) := infycp ||a — b||. The Pompeiu-Hausdorff distance is
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€ (A,B) := max{ex(A,B),ex(B,A)}. Equivalently,
ex(A,B) =inf{t >0 |A C B+ 1B}

and
J(A,B) =inf{t >0|ACB+1B,BCA+1B}.
The distance with respect to p is defined by p(A,B) := sup,c4 pep lla —b||.

2.1. Statement of problems. From now on, unless explicitly stated otherwise, let X,Y,Z,W
be normed spaces, and A be nonempty and convex subset of X, A,M be nonempty subsets
of Z and W, respectively. Let C C Y be a pointed closed and convex cone with nonempty
interiors. Let K : A =2 A be a set-valued map with nonempty, convex, and compact values,
and let f: A XA XM — Y be a vector-valued map satisfying f(x,x, ) = Oy for all x € A and
[ € M. Foreach (A, 1) € A x M, we consider the following parametric weak vector equilibrium
problem:

(WEP) Find ¥ € K(A) such that f(%,y,u) ¢ —intC forall y € K(1).

Listed below are some special cases of (WEP):

(1) Ifg:AxM —Y and f(x,y, i) :== gy, ) — g(x, i), then (WEP) reduces to the following
vector optimization problem.

(VOP) Find ¥ € K(A) such that g(y,u) —g(x,u) ¢ —intC forall y € K(4).

When Y = R, (VOP) is the scalar optimization problem (OP).

(OP)  Find X € K(A) such that g(¥, ) = minycx (2 g(y, 1t)-

() fP:AxM— Z(X,Y)and f(x,y, 1) := (¢ (x,u),y—x), then (WEP) reduces to the vector
variational inequality.

(VVI) Find x € K(A) such that (¢ (%, 1),y —x) ¢ —intC for all y € K(1).

If Y =R, then (VV]) is the following variational inequality.

(VI) Find x € K(A) such that (¢(x,u),y—x) > 0forally € K(4).

(i11)) When X, Y, M are Hilbert spaces with X =Y, let ¢ : A x M — A. The fixed point problem
is

(FP) Find x € A such that ¢@(X, 1) = x. This problem is equivalent to the following
special case of (WEP).

(WEP) Find % € A such that (x — ¢(x, ),y —x) ¢ —intC for all y € A.

Indeed, if X is a solution of (FP), then (X — ¢ (¥, 1),y —x) = 0 for all y € A, and hence ¥
solves (WEP’). Conversely, let X is a solution of (WEP’), i.e., (x— @ (%, 1),y — %) ¢ —intC
for all y € A. Taking y = (X, 1), we have (x— @ (X, 1), ¢(x, 1) — X) ¢ —intC and thus we
must have the equality, that is, X is a solution of (FP).

We denote the solution set of (WEP) at (A, i) € Ax M by S(A,u),i.e.,

S(A,u) :={x € K(4) | f(x,y,u) ¢ —intC, Vy € K(A)}.

Let C*:={& €Y* | &(y) > 0,Vy € C} be the dual cone of C. Since the interior of C is
nonempty, the dual cone C* has a weak™ compact base. Let e € intC be given. Then %; :=
{& eC*|E(e) =1} is a weak™ compact base of C*.

Lemma 2.1. (See [33]) If Y is a real topological linear space and C is a convex cone with
nonempty interior, then intC ={y € Y | £E(y) > 0,VE € C*\ {Oy } }.
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Forevery & € %} and (A, 1) € A x M, we denote the set of all &-efficient solutions of (WEP)
at (A,1) € Ax M by

M (A1) == {r € K(A) | E(F(x, 1)) > 0%y € K(2)}.
2.2. Convexity and related concepts.
Definition 2.1. (Classical) Let g : X — R be a function and Q C X.
(a) g is convex on a convex subset Q iff, for all xj,x; € Qandr € [0,1],
g((1=)x1 +1x2) < (1-1)g(x1) +18(x2).
(b) g is quasiconvex on a convex subset Q iff, for all x;,x, € Q and ¢ € [0, 1],
g((1=1)x1 +1x2) < max{g(x1),g(x2)}.

(c) gis convex-like on Q (Q is not necessarily convex) iff, for all x;,x, € Q and 7 € [0, 1], there
is z € Q such that

8(z) < (1—1)g(x1) +18(x2).
(d) g is quasiconvex-like on Q (Q is not necessarily convex) iff, for all x;,x, € Q and ¢ € [0, 1],
there is z € Q such that

8(z) < max{g(x1),g(x2)}-

Next, the notion of strong convexity of a function on a convex subset is demonstrated in the
following definition.

Definition 2.2. (See [24, 28]) Let g: X — R, Q C X be a convex subset and A, B be positive.
(a) g is h.B-strongly convex on Q iff, for all x;,x, € Qandz € (0,1),

g((1—1)x1 +1x2) < (1—1)g(x1) +1g(x2) — ht(1—1)|}x1 —x2||P.
(b) g is h.B-strongly quasiconvex on Q C X iff, for all x;,x, € Qandz € (0,1),

g((1=1)x1 +1x7) < max{g(x1),g(x2)} — ht (1 —1)[lx; —x2 P

(c) g is h.B-strongly convex-like on Q (€ is not necessarily convex) iff, for all x;,x, € Q and
t € (0,1), there is z € Q such that,

g(z) < (1—1)g(x1) +1g(x2) — ht(1—1)|x —x2 P

We can summarize relationships as being among the above notions in the following figure.

strong convexity=———=—==> convexity———=> quasiconvexity

strong quasiconvexity

FIGURE 1. Relationships among notions related to convexity

The implications in Figure | are obvious from the definitions. We now provide some exam-
ples to demonstrate that there is no relation between the convexity and the strong quasiconvexity.
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Example 2.1. Let g : R — R be defined by g(x) = —x?> — 2x for all x € [0, 1]. Then, g is 1.2-
strongly quasiconvex on [0, 1] but, it is not convex on [0, 1] (and hence it is not strongly convex
on [0, 1)).

Example 2.2. Let g : R — R be defined by
0, x=0
gx) =
-1, x#0.
for all x € [0, 1]. Then, g is convex on R, but not strongly quasiconvex on R.

In [32], the author extended the notion of strong quasiconvexity of a function to the case of
vector-valued one as follows.

Definition 2.3. (See [32]) Let g: X — Y,Q C X be a convex subset and £, 3 be positive. Then

(a) g is h.B-strongly quasiconvex with respect to (wrt, shortly) e on a convex set Q iff, for all
x1,x € Qandt € (0,1), either

g(x1) —g((1—1)x1 +1x3) — bt (1= 1)1 —xa|Pe € C,
or
g(x2) — g((1—1)x1 +1x2) —ht (1 —1)|]x1 —x2|[Pe € C.

(b) g is h.B-strongly quasiconvex-like wrt e on Q (€ is not necessarily convex) iff, for all
x1,x2 € Qandt € (0,1), there exists z € Q such that, either

g(x1) —g(x) —h(1=1)|x —xlffeecC,
or
g(x2) —g(z) —ht(1—1)||x; —x2|Pe € C.
2.3. Holder continuity and related concepts.

Definition 2.4. (See [25]) Letn,y >0, and 6 > 0.

(a) A vector-valued map g : X — Y is n.y-Holder continuous wrt e at ¥ € X iff there exists a
neighborhood U of x such that, for all x;,x, € U,

g(x1) —glx) +nlx —xfe € C.

(b) A set-valued K : A = X is n.y-Holder continuous at A € A if there exists a neighborhood N
of A such that, for all 1,4, €N,

H(K(41),K(22)) < nl|Ay = Ao

Definition 2.5. A vector-valued map g : X x X x M — Y is n.y-Holder continuous at i € M wrt
e, O-uniformly over Q C X iff there exists a neighborhood U of i such that, for all uj,up € U
and x,y € X with x # y,

g(x7y7 ,LLl) _g(x7y7 .LLZ) —f-l’lH‘Lll _.u2||y||x_y||ee cC.

We say that a certain property is satisfied on a subset € C X if and only if it is satisfied at
every point of Q.
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3. HOLDER CONTINUITY OF THE SOLUTION MAPS
Before stating the main results of the paper, we first start with some important lemmas.

Lemma 3.1. Foreach§ € B, xcAand u € M, if f(x,-, 1) is h.B-strongly quasiconvex on A,
then @(x,-,1t) ==& (f(x,-, 1)) is also h.B-strongly quasiconvex on A.

Proof. Letx € A, u €U, y;,y, €A andt € (0,1) be arbitrary. By the strong quasiconvexity of
f(x,-, 1), there exist two cases to consider. The first is that

Fouyi ) — £ (6, (1 —1)y1 +tya, ) —ht(1—1)[y1 —y2||Pe € C.

Then,
E(f(x,y1, 1) — £ (0 (1= 1)y1 +1y2, 1) — ht(1—1)|ly1 —y2[[Pe) > 0.
By the linearity of &, one has
E(fCeyi, ) —E(fCx, (1=)y1 +1y2, 1)) —ht (1= 1)y — y2|[P >0,
which leads to
@ (x, (1 =)y +1y2, 1) < @(x,y1, 1) — ht(1—1)||y1 —y2||P. (3.1

Passing to the second case, one has

f(x7y27:u“> _f(x7<1 _t)yl +ty27.u) _ht<1 _I)Hyl _yZHﬁe cC.

Using the same arguments, one sees that

@ (x, (1 —1)y1 +1y2, 1) < @(x,y2, 1) — ht(1—1)]||y1 —y2||P. (3.2)
Equations (3.1) and (3.2) allow us to conclude the validity of the strong quasiconvexity of
0. 0

Lemma 3.2. Forevery § € %, andx € A, € M, if f(x,-, 1) is m.8-Holder continuous on A,
then @(x,-, 1) ==& (f(x,-, 1)) is also m.§-Holder continuous on A.

Proof. For each y;,y, € A, we have f(x,y;, i) — f(x,y2, ) +m|y; — 2 S¢ c C, which yields
H H y
S (f(xm,ﬂ) — f(x,y2,18) +m|ly1 —yzl!‘se) > 0.

Utilizing by the linearity of &, we arrive at
(P(X,yz,‘l,l) < ‘P(xaybﬂ) +mHy1 _yZH(S'
Changing the roles of y; and y,, we also have @(x,y1, 1) < @(x,y2, it)) +m||y1 — y2||®. Thus
|(P(x7ylnu) - (p('XJyZHu“))l < m“yl _y2H87
i.e., the Holder continuity of ¢ is checked. U

Definition 3.1. (See [25]) A vector-valued map g: X x X — Y is said to be monotone on Q C X
if, for all x,y € Q, g(x,y) +g(y,x) € —C.

Lemma 3.3. For every & € 5 and u € M, if f(-,-,)t) is monotone on A, then Q(-,-, ) ‘=
E(f(-,-, 1)) is also monotone on A.

Proof. We omit the proof since it is trivial. U

The following lemma can be deduced from [18, Lemma 3.2].
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Lemma 3.4. [f, foreach A € A, x € K(A) and u € M, f(x,-, 1) is C-convex-like on K(1), then

S(,p) = [J Me(A,u).
SeBs

Theorem 3.1. For (WEP), assume that, for each & € B, the &-efficient solutions exist in a
neighborhood of the considered point (Ay, o) € A X M. Furthermore, assume that the following
conditions are satisfied:
(1) K is l.a-Holder continuous on a neighborhood N of Ay;
(ii) there exists a neighborhood U of o such that, for all x € K(N) and p € U, f(x,-, 1) is
h.B-strongly quasiconvex as well as m.5-Hdélder continuous on conv(K(N));

(iii) for each u € U, f(-,-, 1) is monotone on K(N);

(iv) f is n.y-Hélder continuous on U, 0-uniformly over K(N) with 60 < 3.
Then, for any & € %, there exist open neighborhoods N(E) of &, NE(M) of Ay and Ng (Ho)
of W such that the &-efficient solution mapping ¢ satisfies the following Hélder property on
Né_ ()LQ) X NE (,LL()) i.e., for all (M,,ul), (ﬂ«g,,uz) eNxU,

p (g (A1, 1), g (A2, o))
1 1
4mi®(14279)\ " as 4n'\ B-90 v
é(—m = )> =2l 4 (5)"" s =l

Proof. Let & € 2 and N(&) x Ng (Ao) x Ng (1) C A x U x V be open. The proof is divided
into three steps.
Step 1.We prove that, for all x1; € g (A1, 1) and xp1 € T1g(A2, 1), the following inequality

holds
1
4mid(1427%)\ " as
i1 221 < (%) A1~ 0l ¥ 63)
From the Holder continuity of K in (i), we find x; € K(A;) and x, € K(A,) such that
max{||x;1 —x2, x21 —x1[|} <A — Ao % (3.4

Since K has convex values, one has % € K(A1). The definition of the solution set gives us

. X1 +x
mln{f (f (xll,%a.ul)) ﬁ(f(le,Xz,Nl))} > 0. (3.5)
Using the monotonicity of f given in (iv) together with Lemma 3.3, we obtain
E(f(xi,xa1, 1)) < —&(f(x21,x11, 1)) (3.6)

It follows from the the strong quasiconvexity of f in (i1) that

3 (f (Ml»%#l)) Smax{ﬁ(f(xn,xn,.ul)),g(f(xn,le,lil))}—ZHXU—x21||ﬁ,

which is equivalent to

h
ZHXII —x|f < maX{Oaf(f(xn,leaﬂl))} -& (f (xu,@,ﬂl)) : (3.7)
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Case 1: If & (f (x11,x21,141)) > O, then (3.7) becomes

ZHXH — x| <E(fxirxar, ) — € (f (xn,@,m))-

Combining this with (3.5) and (3.6), we see that

ZHXII_leHﬁ < —&(f(xar,xi1, 1)) — & (f <X11,M,H1)>

o) T )

+ [ (flxar, 22, 10)) = & (f(xan, i1, 1)) ]

Utilizing the Holder continuity assumed in (ii) together with Lemma 3.2, we have

X1+Xxin Xt 8
2 2
m

< 2—5||XZ1—X1||5+m|IX11—XZ||5-

IN

h
Z||x11—X21HB +m||x1; —x2|8

This inequality together with (3.4) implies that

h mi®
ZHm —xf < 2—5||/11 — 22||%0 +mi®|| Ay — || *°.

That is,
h _
2 lxn —xo1 [P <mi®(14+27%)| A1 — Ao *°.

Consequently, inequality (3.3) holds.
Case 2: If & (f(xll,le,ul)) < 0, then (3.7) can be rewritten as

h X171 +x
ZHXH —xy|)f < =€ (f (ﬂla%;ﬂl))-

From this and (3.5), we see that

h x1+x X11 +x
Z||X11 —xy||f < €& (f (XH,ITH,M)) -& (f <X11,%,u1>)-

Utilizing the Holder continuity in (i1) together with Lemma 3.2 and (3.4) again, one obtains

h m ) ml‘s )
ZHxn—lel\ﬁ§2—5||x21—x1\| < 5 1A =217,

which evidently leads to the validity of inequality (3.3). The proof of Step 1 is complete.
Step 2. For all xp; € I1g (A2, 1) and x5 € Tg (A2, tp), we show that

4n

"
- v
e =l < () Mo = a7 38)

Since xp1 € Hg (12, [.11) and xp, € Hé (12, [.12), we have
min {5 (f(x21,x20, 1)), € (f(xzz,le,m»} > 0. (3.9)
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It follows from the convexity of K(4,) that 2.3*2 € K(,). Therefore,

2 <f <num,ul>) > 0.

This together with the strong quasiconvexity of f yields that

max {5 (f(XZIaXZIa.UI))ag(f(x217x227l-11))} - Z!lle —xnlf >o0.

From the facts & (f(x217x21 , [Jl)) =0 and (3.9), we see that

h
& (f (xan, o, 1)) = 5 vy —xnllP >o0. (3.10)

The monotonicity of f and Lemma 3.3 imply that & (f(x21,x2, 1)) < —& (f(x22,%21,11)).
Combining this with (3.9) and (3.10), we have

Z!lxm — x| < E(F(xan, 21, 112)) — E (f(x22, %21, 1))

Employing the Holder continuity of f in (iv), we obtain

h
Z||x21 —xlP < nlly — o)) |x21 — x22]|°,

which implies inequality (3.8).
Step 3. We are in a position to complete the proof. For all x1; € ITg (A1, (1) and x22 €
g (A2, 12), from the triangular inequality, we have, for every x;1 € K(N),

[x11 —x22]| < |Jx1n —x21 || 4 [|x21 —x22]|-
Taking into account (3.3) and (3.8), we obtain
p (Te (A1, 1), e (A, p12))

1 1
Ami®(1+279)\ " a5 [4n\ B0 v
< (%) M — A2 B + (7> |y — p2 || 2.

We finish the proof. O

Theorem 3.2. For (WEP), assume that, for each & € B, the &-efficient solutions exist in a
neighborhood of the considered point (A, o) € A X M. Furthermore, assume that the following
conditions are satisfied:

(i) K is l.a-Holder continuous on a neighborhood N of Ay;
(ii) there is a neighborhood U of Wy such that, for all x € K(N) and u € U, f(x,-, 1) is h.p3-
strongly quasiconvex, convex-like as well as m.5-Holder continuous on conv(K(N));

(iii) for each uw € U, f(-,-, 1) is monotone on K(N);

(iv) f is n.y-Hélder continuous on U, 0-uniformly over K(N) with 6 < 3.
Then, there exist open neighborhoods N'(Xy) of Ay and N'(Uo) of Uy such that the solution
mapping S satisfies the following Holder property in N'(Ay) X N' (W), i.e., for all (A, 1),
(A2, 12) € N'(Z0) x N'(to),

1

amid(1+275)\ * w (4n\F v
H“Mb#l)ﬁ(%;#ﬁ)ﬁ(%) =2l F 4 () s =l
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Proof. We see that % is a weak™ compact set and in the Theorem 3.1, the system of {N(£)} Ecar

is an open covering of Z}. Consequently, there exists a finite number of points §; € %, with
i =1,...,n) satisfying

By C | JN(&). (3.11)
i=1

Let N'(uo) = M=y Ne,(1o) and N'(Ao) = iz Ng,(Ao). Take arbitrarily (4,u) € N'(Ao) x
N'(1p). Thanks to (3.11), for any & € JB;, there exists ip € {1,...,n} such that & € N(&;,). From
the construction of the neighborhoods N’ () and N’ (L), we have (A, ) € N, (A0) x N, (Ho)-

So, N'(Ay) and N'(p) are desired neighborhoods of Ay and L, respectively.
Due to the convex-likeness of f, applying Lemma 3.4, one has

SAu) = |J Me(A,p).
Ec;

For all (A1, 1), (A2, 42) € N'(A9) X N'(Lp), we now claim that
H(S(A1, 1),8(22, 12))
1

1
4mi®(1+279)\? a5 [4n\Fo 2 (3.12)
< (—(h )> =l %+ () o = e,

Indeed, foreach x; € S(A1, 1) = Ueez: e (A1, 1), there exists & € 2" such that x| € I (A, ).
In view of IT¢ (A2, 42) € S(A2, 1) and Theorem 3.1, one has
d(x1,8(A2, 1)) < d(xl,Hé(/lz,,uz))
<ex (Hg(llaul),ng (A2, 142))
< H(Hg(ll,ul);ng(b,.ﬂz))
< P(Hg(ll,ﬂl)ang(b,ﬂz))

1

4mi®(1+27%) as  (4n)Fo v
< (%) A1 = Ao P + (In) [ — pa || P2
Thus
1 1
4mi®(1+27%)\* a  (4n)\Fe =
ex (S(, 1), S, 1)) < (%) =2l ¥ 4 (5)7 sl

(3.13)
Similarly, we also have

1
amiP(1427%)\ P a5 (4n\Fo il
ex (S, 1) (k1 ) < (%) =2l % ()7 o = .

(3.14)
From (3.13) and (3.14), we obtain (3.12). Hence, the proof is complete. ]
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Remark 3.1. Studies on the Holder property, especially for vector equilibrium problems are
very interesting and have received much attention from researchers, as mentioned in the In-
troduction. In [25], using a direct approach together with the strong convexity condition, the
authors established the Holder property for strong vector equilibrium problems. However, the
approach in [25] cannot be applied to weak vector equilibrium problems because the comple-
ment of the convex cone is not convex. Fortunately, with linear scalarization, we have suc-
cessfully formulated the Holder property for weak vector equilibrium problems. Therefore, the
results obtained in this paper differ from those in [25] not only in terms of the approach and
problem setting but also in applications to scalar equilibrium problems. In other words, when
strong vector equilibrium problems and weak vector equilibrium problems coincide, Theorem
3.2 improves upon the main results in [25] by relaxing strong convexity to strong quasiconvex-

1ty.
In the special case that Y = R,C =R, and e = 1, we have the following result.

Corollary 3.1. Assume that the following conditions are satisfied:

(1) K is l.a-Holder continuous on a neighborhood N of Ay;
(ii) there exists a neighborhood U of g such that, for all x € K(N) and p € U, f(x,-, 1) is
h.B-strongly quasiconvex as well as m.5-Hdélder continuous on conv(K(N));
(iii) for each u € U, f(-,-, 1) is monotone on K(N);
(iv) f is n.y-Hélder continuous on U, 0-uniformly over K(N) with 60 < 3.
Then, the solution mapping S satisfies the following Holder property in N x U, i.e., for all
(A1, 1), (A2, 2) EN x U,

L i
4ml(1+279)\? a5 [4n\ B0 na
H(S(A1,11),8(A2, 12)) < (%) A1 — Ao P + (In) |y — pa || B2

Remark 3.2. In this special case, (WEP) reduces to (PKFI) in [28] and to (KF) in [24]. It is
worth noting that Corollary 3.1 improves Theorem 3.2 in [28] and Theorem 3.1 in [24] in the
following aspects:

(a) The strong convexity of the objective function f in the second component is relaxed to
the strong quasiconvexity. It is known that the strong convexity is a stringent condition,
making it challenging to apply in practical situations. Therefore, this relaxation holds great
significance.

(b) The Lipschitz continuity of the objective function f in the second component has been
relaxed to the Holder continuity.

The following simple example indicates the case in which Theorem 3.1 can be applied,
whereas while results in the literature cannot.

Example3.1. LetX =A=R,Y =R?>,C=R2 e=(1,1) €intC,A=M=[0,1], K(1) = [0, 1],
and f(x,y,A) = (A4 1)(y —x,y —x). Then, we see that all the assumptions of Theorem 3.1 are
satisfied with /= 1,a=1,h=2,=1,m=8,0 =1,n=2,y=1, and 6 = 0. The solution set
is S(1) = {0} for all A, which is Holder continuous.

It should be noted that the strong convexity condition of f is not fulfilled. That is, the results
in [24, 28] are not applicable in this case. Furthermore, due to the fact that f(1,1,4) = Op> for
all A € A, the strong monotonicity as required in [19, 20, 21], the strong pseudo-monotonicity
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as described in [22, 29, 34], and the conditions related to strong monotonicity discussed in [23]
are not satisfied. Hence, the corresponding results in these papers cannot be applied.

We now provide some examples to show that the assumptions in Theorem 3.1 are essential.

Example 3.2. (the strong quasiconvexity is crucial) Let X =A =R, Y =R?,C = Ri, A=M=
0,1], K(A) = [A,2],40 =0, and f(x,y,A) = A%(x> —y*,x> —y?). Then, (i) is fulfilled with [ =1,
o = 1, and the Holder continuity in (ii) is satisfied with m = 4,8 = 1. Assumption (iii) is clear,
and (iv) holds withn =8,y =1 and 6 = 1. Some direct computations gives us the solution

~[[0,2, a=0,
S(M_{{z}, A #0.

Hence, the solution set S(0) is not a singleton and S is not even lower semicontinuous at Ay = 0.
The reason is that the strong quasiconvexity of f imposed in (ii) is violated.

Example 3.3. (the monotonicity is essential) Let X =A =R,Y =R?,C = R%r,A =M =10,1],
K(A)=[0,1], 2 =0, and f(x,y,A) = (y— Ax,y — Ax). Then, (i) holds with / = 0, ¢ = 1 and (ii)
is satisfied with h =1, B = 1, and m = 2,6 = 1. Condition (iv) holds withn=1,y=1,0 = 0.

One has
0,1, A=0
S(A’) — [ 9 ]7 )
{0}, A #0.
Thus, the solution set S(0) is not a singleton and S is not even lower semicontinuous at A9 = 0.
The reason is that the monotonicity of f is not satisfied. Indeed, one has f(x,y,0) + f(y,x,0) =
(x+y,x+y) ¢ —R2 for many x,y € [0, 1].

4. CONCLUDING REMARKS

By employing relaxed assumptions on convexity, this paper establishes sufficient conditions
for the Holder continuity of a solution map to a vector equilibrium problem via the scalarization
method. The applicability as well as sophistication of the imposed assumptions are illustrated
through numerous examples and counterexamples. Our results in this study have significant
implications for various optimization-related models mentioned in Section 1, as equilibrium
problems encompass them as special cases. Furthermore, we believe that this approach holds
potential applications in generalized models of equilibrium problems, such as variational rela-
tion problems, variational inclusion problems, and more.
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