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Abstract. In this paper, we present some of the latest applications of our minimax theorems established
recently. These applications concern: The exact computation of the infimum of certain functionals on
L? spaces; the multiplicity of global minima under a non-convexity condition; the multiplicity of peri-
odic solutions for Lagrangian systems of relativistic oscillators; and a new property of strictly convex
functions. In addition, a challenging conjecture is proposed in this paper.
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1. INTRODUCTION

Let X,Y be two non-empty sets and f : X x Y — R be a given function. It is obvious that
supy infy f < infy supy f. The classical minimax problem, in the sense of von Neumann, is to
provide suitable conditions under which the equality

inf f = infsup f. 1.1
supin f=in sgpf (1.1)

holds. The ancestor of the minimax theorems was the one proved by von Neumann in [7]. This
result was then extended and improved by Ky Fan in [4]. In turn, Fan’s result was improved by
Sion in [28] who established the following result.

Theorem 1.A. Let X,Y be two convex sets, each in a topological vector space. Assume that one
of them is compact. Let f : X XY — R be lower semicontinuous and quasi-convex in X, and
upper semicontinuous and quasi-concave in Y. Then, equality (1.1) holds.

There is no doubt that Theorem 1.A, out of the circle of specialists, is considered as the
standard reference minimax theorem. Notice that Theorem 1.A fully lies in a convex setting.
But, what about minimax theorems in non-convex contexts? We provided several answers to
this question, and the first one was given in [9]. Here, in particular, we proved the following
result.

Theorem 1.1. Let X be a topological space and Y be a real interval. Let f: X xY — R be lower
semicontinuous in X, and upper semicontinous and quasi-concave in Y. Moreover, assume that
there is a set D CY, dense in Y, such that for each’y € D and eachr € R, {x € X : f(x,y) < r}
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is connected. Finally, assume that eitherY is compact, or there is some yo € Y such that f(-,yo)
is inf-compact in X. Then, equality (1.1) holds.

More precisely, Theorem 1.1 was obtained in [9] for D =Y. The current statement was
proved in [15]. Since its appearance, wide applications of Theorem 1.1 to integral functionals
in LP spaces were made possible thanks to the following very interesting result obtained in

([27D.

Theorem 1.B. Let (T,. 7, 1) be a G-finite non-atomic measure space, let E be a Banach space,
and let ¢ : T X E — R be a function such that ¢(-,u(-)) is i-measurable for every [-strongly
measurable functionu: T — E. Let p > 1 and let A C LP(T,E) be a decomposable set. Then,

for every r € R, {u €A:o(u(-) e LNT), [r o(t,u(t))du < r} is connected in the norm-
topology.

For instance, a joint application of Theorem 1.1 and Theorem 1.B gives the following re-
markable variational property (see [10, 12, 13]):

Theorem 1.C. Let (T,.%, L) be a G-finite non-atomic measure space, let E be a Banach space,

and let ¢ : T x E — R be a function such that ¢(-,u(-)) is w-measurable for every [-strongly

measurable function u: T — E. Let p > 1 and assume that there exist o € L'(T), 1 €]0,1],

and B; € L"%Yi, i=1,...k such that —a(t) < @(t,x) < ou(t) + X5, Bi(t)||x||¥ for p-ae. t €T

and for all x € E. Then, for every decomposable linear subspace F C LP(T,E), for every

v € F*\ {0}, and for every r € R, infycpp(r gy J7 @(t,u(t))dp = inf,c 1 Jr @(t,u(t))dp.
Other related papers are [11] and [6]. Consider now the following proposition.

Proposition 1.A. Let X be a Hausdorff topological space and let ¢ : X — R be a lower semi-
continuous function such that, for some r > infx @, the set ¢~ 1(] — oo, r]) is compact and dis-
connected. Then, @ has at least two local minima.

In view of Proposition 1.A, a direct consequence of Theorem 1.1 is as follows.

Theorem 1.D. Let X be a Hausdorff topological space and Y be a real interval. Let f : X XY —
R be lower semicontinuous and inf-compact in X, and upper semicontinous and quasi-concave
inY. Also, assume that

sgllplgff < 1§fs§17pf . (1.2)

Then, there exists a non-empty open set A C Y such that, for each'y € A, the function f(-,y) has
at least two local minima in X.

Theorem 1.D has an enormous impact for the multiplicity of solutions of nonlinear equations
of variational nature. Actually, applying it jointly with [8, Corollary 1], we have the following.

Theorem 1.E. Let X be a reflexive real Banach space and Y be a real interval. Let [ : X X
Y — R be sequentially weakly lower semicontinuous, coercive, continuously differentiable and
satisfying the Palais-Smale condition in X, and upper semicontinuous and quasi-concave in Y.
Also, assume that (1.2) holds. Then, there exists a non-empty open set A C Y such that, for each
y € A, the function f(-,y) has at least three critical points in X.
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Theorem 1.E is from [14]. Other related results were established in [16, 17, 19]. As an easy
inspection to the relevant literature shows, such three critical point theorems have been proven
to be very powerful and flexible tools, having been successfully applied in several hundred pa-
pers dealing with the multiplicity of solutions of nonlinear equations; see [2, 18]. In view of
Theorems 1.D and 1.E, the following remark becomes a must. Starting from [7], mathemati-
cians working in this area studied solely the problem of ensuring the validity of equality (1.1).
After [14], to the contrary, it became likewise important to know when (1.2) holds. In [20], we
built a theory devoted to (1.2). Recently, in [23], we obtained the following variant of Theorem
1.1.

Theorem 1.2. Let X be a topological space, Y be a compact real interval and f : X XY — R
be an upper semicontinuous function which is continuous in X. Assume that there exists a set
D CY,denseinY, such that, for eachy € D and eachr € R, {x € X : f(x,y) < r} is connected.
Moreover, assume that, for each x € X, the set of all global maxima of the function f(x,-) is
connected. Then, equality (1.1) holds.

A common feature of Theorems 1.1 and 1.2 is that the space Y must be a real interval. As
simple examples show that these results are no longer true when Y is a convex set of dimension
at least two. In [22], we established another very general minimax theorem (for non-convex
functions in X), where Y is an arbitrary convex set. It reads as follows.

Theorem 1.3. Let X be a topological space, let Y be a non-empty convex set in a real topolog-
ical vector space and let f : X XY — R be lower semicontinuous and inf-compact in X, and
quasi-concave and continuous in Y. Then, at least one of the following assertions holds:

(a) supy infy f = infy supy f;

(b) there exists ¥ € Y such f(-,¥) has at least two global minima.

The aim of this paper is to provide an account of some of the latest applications of Theorems
1.2 and 1.3.

2. EXACT COMPUTATION OF THE INFIMUM OF CERTAIN FUNCTIONALS ON L” SPACES

As we mentioned in Introduction, the connectedness result of Saint Raymond permits ap-
plications of Theorems 1.1 and 1.2 to integral functionals on L” spaces under very general
assumptions. In this section, we report some recent results on the subject obtained in [1] and
[5].

Throughout this section, (7,.#,u) is used to denote a measure space, with u(7) < oo,
E is used to denote a real Banach space and p > 1. We denote by L”(T,E) the space of all
equivalence classes of strongly p-measurable functions u with [} |[u(r)||Pdu < oo, equipped

1
with the norm [lullnr.g) = (i u(0)]|Pdp) 7.

We write LP(T) instead of LP(T,R). A set D C LP(T,E) is said to be decomposable if, for
every u,v € Dandevery A € .7, t — xa(t)u(t) 4+ (1 — xa(z))v(¢) is an element of D, where x4 is
the characteristic function of A. A function f: T X E — R is said to be a Carathéodory function
if it is measurable in 7" and continuous in E.

First, joint applications of Theorem 1.1 and Theorem 1.B give the following.

Theorem 2.A. Let X C LP(T,E) a decomposable set, [a,b] a compact real interval, and 7 :
[a,b] — R a convex (resp. concave) and continuous function. Moreover, let @, W, :T X E — R
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be three Carathéodory functions such that, for some M € L (T), keR,
max{ || @(#,x)||, |y, x)||, o, x) ||} < M(t) + k|| x[|”
forall (t,x) € T X E and

@) [ wieu®)du+a | o(.ui)du #ve) [ yieuo)dp+b [ o)
for allu € X such that [ y(t,u(t))du >0 (resp. [ y(t,u(t))dp <O0). Then,

sup 1nf(/(ptu ))du+y(A /l;/tu d,LH—?L/ (t,u(t )du)

le[a p|ueX

= inf sup </gotu ))du+y(A /l,l/tu d,u—i—l/ (t,u(t )du)

“exleab

Theorem 2.B. Let X C LP(T,E) be a decomposable set, [a,b] a compact real interval and
v,8 € C%([a,b])NC"(Ja, b]) two functions such that ¥ (1) # 0 for all A € [a,b] and 57/ is strictly
monotone in |a,b|. Moreover, let ,y,® : T x E — R be three Carathéodory functions such
that, for some M € L'(T), k € R, max{||o(t,x)||,|[w(t,x)||, || @, x)||} <M(t)+k|x||? for all

(t,x) € T X E and
Y@ [ w(eu)du+58(@ [ o.u0)dn #v(®) [ yiun)du+60) [ o)

in each of the two following cases:

- 57 is strictly increasing, u € X and Y (L) [r o(t,u(t))dpu > 0 for all A €]a,b];

- 67 is strictly decreasing, u € X and Y (A) [; o(t,u(t))du < 0 for all A €)a,b|.
Then

sup inf (/(p tu(r))dp + y(A /wr u(t )du+6(7t)/Tw(t,u(t))du>

le[ab jueX

— inf sup (/(p (t,u(t))du + y(A /l//t u(t )du+5(l)/Ta)(t,u(t))du) .

uexleab

Let I C E be a non-empty set. We denote by o7 the class of all pairs of continuous functions
o,y : E — R, with @(x) > 0 and y(x) > 0 for all x € , such that

(0| +[w ()|

su < o0
wer T+ [AIlP
and
o(x)
sup < +oo
xel W(x)

Moreover, we denote by %; the family of all decomposable subsets X of LP(T,E) such that
u(T) C I for all u € X, and it contains each constant function taking its value in /.
Remark 2.1. If (0, y) € @ and X € 4, then

o) _ o) __ o)
xe]; y(x) — fT y(u(t))du — < xe? v (x)
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forallu € X.

The following six results are the consequences of Theorem 2.A. Precisely, Theorems 2.1, 2.2,
2.3, and 2.6 were obtained by Giandinoto, while Theorems 2.4 and 2.5 were obtained by Ait
Mansour, Lahrache, and Ziane.

1
Theorem 2.1. Let (w,y) € o, X € By, and let r > 1. Set a 1= (%infxel %) U and b=

1
—
G Sup,¢; %) . Then,

in (fT (u(1))d )_ T . _— =1
ueX [rw(u(t))du = (.U(T) 116[13]7])65(1(0() ATy ( ))) . (2.1)

Proof. By Remark 2.1, we have

1

Jro()dy \"
(W) cucX p Clab].

Since X contains each constant function taking its value in /, we clearly have

inf ( /T (Aow() —?L’l//(u(t)))du) = u(7)inf (Ro() - A"y ()

ueX xel

for all A € [a,b]. Hence,

sup inf (/ (m(u(;))—w(u(t)))du) — u(T) sup mf(m() /Vl//(x)). 2.2)

A€fab] HEX Aclab) *<!

Now, since [ y(u(t))du > 0 for all u € X, we find by using Theorem 2.A with y(1) = —A"
and ¢ = 0 that
inf / Ao(u(t))—A" t))d
sop i (f (rotute) - 2ytue) )an

= inf sup ( /a) ))du — l’/l// d,u)
”EXAEab

Fixing u € X, one sees that A — A4 [, @(u(t))du — A" [ w(u(t))dp is concave in [0, 4o and
J; 0u(r))dp )rll

its derivative vanishes at <r T wu)du
inf sup (l/ o(u(t))du — l/‘lf dIJ)
uGX)Le[a b] T
= inf (x)
inf ( RO g AL

:mfr—1<(fT (u(t))dp ))“'

(2.3)

, which lies in [a,b]. Consequently, we have

Jrw(u())du
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In view of (2.2) and (2.3), one has

in r—1 (fTa)(u(t))d,u)r ’—‘_ up in x)—A"y(x
. e ( (BCONT > ‘“(T)l;fb]ﬁ(“’() ().

which is equivalent to (2.1). U

In addition, we have the following result from Theorem 2.1.

Theorem 2.2. Let (w,y) € o7, X € By and let r > 1. Let infyci(0(x) — Ay(x)) = —oo for all

A > 0. Then, inf,cx % =0.

Proof. Writing

o(x)
a)x—ll//x:y/x( —7L>,
() =2y = o) (5
we infer that inf,<; % = 0. Thus(2.1) holds with a = 0 and the right-hand side of (2.1) is 0, as

claimed. O
In turn, a particular case of Theorem 2.2 is as follows.
Theorem 2.3. Let I be an unbounded set whose closure does not contain 0, and let q,r,s be three

positive numbers such that s < q < p and r > 1. Then, for each X € Ay, inf,cx % =0.

Proof. Tt is sufficient to notice that (|| - [|*, || - ||¢) belongs to <7 and that infye;(@(x) — Ay (x)) =
—oo for all A > 0 is satisfied. O

e

Theorem 2.4. Let (w,y) € 7, X € Py, and r > 1, and set a := inf¢; (:;83) " and b=
e

SUP.c/ (%) " Ifb < oo, then

inf (}"— 1)(fT O)(I/t(t))d[.l,)V*I + (f1T w(u([)d‘u)r—l _ ‘LL(T) sup 1nf(r7l,a)(x) + (1 _)‘r)w(x)) '

< (Jfr y(u(®)du) ™ Aclab)*<!

Proof. By Remark 2.1, we have

1

Jr o(u(t)du |
“<<hwwmwu) ="

for all u € X. Since X contains each constant function taking its value in /, we clearly have, for
all A € [a, D],

m(Mmewww%v—nAwwme=uwgyMwm+u—wwu»

ueX

Hence,

A€ab] HEX

— W(T) sup inf(rAe(x) -+ (1 —A")y(

A€la,b) X<l

sup inf (rl/Tw(“(t))d“_(}Lr_ 1)/TW(M<I>)d“> (2.4)
x))
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Using Theorem 2.A with ¢ =0, y(A) =1 — A" (and ro instead of w), one has

supinf (m /T o(u(t)dp + (1— A7) /T l//(u(t)d,u)

= ot sup, (m /T o(u(t)dp + (1— A7) /T lll(u(t)du).

Fixing u € X, one sees that F : A — rA [ o(u(t)dp + (1 — A7) [; w(u(t)dp is concave in
[0, +oo[ and its derivative is given by F'(1) = r [; & (u(t)du — rA™! [; w(u(t)dp, which van-
1

(2.5)

ishes at (M%) ~, which lies in [a, b]. Consequently,

i swp (12 otut)aus (1= [ viut)an)
g DU O (u(t))dp) ™ + (Jr w(u(t)du)ﬁ,

1
= (Jr wlule)dyr)
which, jointly with (2.4) and (2.5), gives the conclusion immediately. O

Now, from Theorem 2.4, we have the following result.

Theorem 2.5. Let E =R, I =|c,d|, and let (0,y) € <. Let @,y be continuous and concave
in [c,d). Assume that a)( ) =0, y(c) < y(d), and sup,; IIIE ; 1. Set 6 := ﬁ. Assume

62+_

C) provzded y(c) > 0, Then, for every X € %y,
u u 2
inf Ur ol (t))f;“ V),(:(t(){;u"’( DALY 5(1)5(v/8 11— 8ol

Proof. Fix A € [0,1]. Since 24 + (1 — A?)y is concave in [c,d], its infimum is attained either
at ¢ or at d. That is, (recalling that o(d) = y(c) = 0)

inf2Aw(x) + (1 - A2 y(x)) = min{240(c), (1 —A*)y(d)} .

On the other hand, we have 2A w(c) < (1 —A?)y(d) if and only if A < —& + /82 + 1. Conse-
quently

.

22.0(c)+ (1— A2 y(x) if A € [0,—5+\/52+1]

in X — AP y(x) =
inf(22@(x) + (1 - 22)y(x)) (1-22)y(d) ifhe [-54+V/&T1.1]

From this, it clearly follows that

sup infRAw(x)+ (1 —A?)y(x) =28(V/82+1—38)y(d)

Aelo,1)¥€!

Now, the conclusion follows directly from Theorem 2.4 with r = 2. U
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Remark 2.2. Concerning Theorem 2.5, it is important to observe that the infimum of the re-
striction of functional

L Ur o(u(t))du)® + (Jr y(u(r)du)?
Jrw(u(t)du

to the set of all constant functions taking their values in |c,d[ (say X) can be strictly larger
than 2u(T)8(vV62+1— 8)y(d). To see this, it is enough to consider the following setting:
[c,d] =[0,1], o(x) = 1 —x, and y(x) = x+ 1. Indeed, in this case, we have 0 = 1 and

—u 2 " 2
o Url1 =W (o) £ DI 0505y

uex Jr(u(t)+1)du

Applying Theorem 2.B, Giandinoto obtained the following result.

Theorem 2.6. Let I C E be a non-empty set, X € %y and @,y : R — R two continuous functions

such that w(x) > 0 for all x € I and sup, % < +oo. Then,

32>f(\/(/ vl ) +(/Tw(”(t))d“ )2 (2.6)

=u(T) sup inf(y(x)sindA+ w(x)cosA).

/16[ T n}xel

Proof. We need to apply Theorem 2.B by taking [a,b] = [-7, 7], Y(A) =sinA, and 6(A) =
cosA. Since 57 is strictly decreasing and ¥/ (4) [ o(u(t))du > 0 for all A €]a,b[, u € X, no

other condition has to be satisfied. Consequently, we have

inf sup (/l]/ dusm)ﬂ—/w d,ucos?L)

MEX/'LG
(2.7)
= sup 1n)f( </ y(u dusm?t—l—/ ducos/l)
7r 7: ue
On the other hand, since X € %4;, we have
sup 1n)f( </ v(u dusm?t—k/ d,ucosk)
n: n: ue
(2.8)
:[.L(T) sup inf(y(x)sinA + @(x)cosA).
AE[—E nixel

22
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Fix u € X. An easy checking shows that A — [ y(u(t))dusinA + [, o(u(t))dp cos A reaches
its maximum at arctan <M> Thus
Jr o(u(r))d

sup </ v(u d.usm?t—k/ ducosk)

_ E
2

_ o Jrw(u(t)du
= sin arctan(W) /Tl//(u(t))d,u

Jrw(u(t))du
+ cos arctan(W) /Ta)(u(t))du

J y(u(e)d
= y(u
Frou()duy 1+ (f,wZ /

1

k4
20

o(u(t))dy
w + (fr wlu()dpfy o ((t))du)Z/T

- \/ (/ w(u(t))du) +( w(u(r))du)z.

Now (2.6) follows directly from (2.7) and (2.8) immediately. [
Remark 2.3. Let X, @ and y be as in Theorem 2.6. Consider the set

K= { (/T a)(u(t))du,/Tw(u(t))du) u eX} CR®.

Theorem 2.6 gives us the exact value of the distance of 0 from K. Since, by the Lyapunov
convexity theorem, K is convex, this information is very useful in applying Theorem 1 of [21]
to K.

3. MULTIPLE GLOBAL MINIMA UNDER A NON-CONVEXITY CONDITION

In this section, as an application of Theorem 1.3, we present the following general multiplic-
ity result ([24]).

Theorem 3.1. Let X be a topological space, E be a real normed space, [ : X — R, y: X — E,
and S C E* be a convex set weakly-star dense in E*. Assume that y(X) is not convex and that
I+ 1oy is lower semicontinuous and inf-compact for all € S. Then, there exists ) € S such
that the function I + 1] o Y has at least two global minima in X.

First, we prove the following result.

Proposition 3.1. Let X be a non-empty set, E be a real vector space, [ : X — R, and v : X — E.
Letxy,...x, €X, M, ...; Ay € [0,1], with Y| A; = 1. Then,

;:Ep,;g; I(x)+n (w(x) i;?tzw(xz)> < max I(x;)
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Proof. Fixn € E . Clearly, for some j' € {1,...,n}, we have

n (llf(xj’) -

Indeed, if not, then N (y(x;)) > in(y
and summing, we see that ¥} lk]n( (xj)) >

(3.1), we have
I)Lillf(xi)> <I(xj)+n (W(xj/) - iliW(xi)>

< 1) < ).
<I(xj) < lrgljclgxnl(x,)

-

A,-Vf(xi)) <o0. (3.1)

i=1

)) for each j€{1,...,n}. By multiplying by A,
N (y(x;)), a contradiction. In view of

\_//\

-

inf | I(x)+7 (w(x) -

1

From the arbitrariness of 17, we obtain the desired conclusion immediately. 0J

Proof of Theorem 3.1. Fix ug € conv(y(X)) \ y(X) and consider the function g : X x E* — R
defined by g(x,n) = I(x) + n(y(x) —up) for all (x,n) € X x E*. By Proposition 3.1, we
know that supg.infx g < +o0. On the other hand, for each x € X, since y(x) # ug, we have
supyep+ M(Y(x) —up) = +oo. Since S is weakly-star dense in E* and g(x, -) is weakly-star con-
tinuous, we have sup, ¢ g(x,m) = +oo. Thus supginfy g < infx supg g. Now, we can apply The-
orem 1.3 to g, .. We see there exists 7] € § such that g(+,M) (and so I + 1] o y) has at least two
global minima in X, as claimed.

Based on Theorem 3.1, we also have the following result.

Theorem 3.2. Let E be a real normed space, V be a reflexive real Banach space, xo € V, r > 0,
X be the open ball in'V with radius r, centered at xo, v [0,r[— R, with limg_,,— (&) = +oo,
and I : X — R and y : X — E be two Gateaux differentiable functions. Moreover, let I be
sequentially weakly lower semicontinous, W be sequentially weakly continuous, be y(X) is
bounded and non-convex, and 7y( ) < I(x) for all x € X. Then, for every convex set
S C E* weakly-star dense in E*, there exists T) € S such that the equation I'(x) + (fj o y)'(x) =
has at least two solutions in X.

Proof. We apply Theorem 3.1 by considering X equipped with the relative weak topology. Let
n € E*. Since y(X) is bounded, we have ¢ := infycx (y(x)) > —oo . Letting s € R, we see
that

freX 1) +n(y(x) <5} C{xeX:1(x) <s—c} Cfre X : f|x—xol) Ss—c}. B2)

Since limg_,,— ¥(&) = oo, one sees that there exist 6 €]0,r[ such that y(§) > s — ¢ for all
& €]8,r[. Consequently, from (3.2), we obtain

{reX Ix)+n(y(x)) <s} C{xeV:|x—xl <8} (3.3)

From the assumptions, it follows that I + 1 o y is sequentially weakly lower semicontinuous
in X. Since 6 < r and V is reflexive, we infer from (3.3) that {x € X : I(x) + n(w(x)) < s}
is sequentially weakly compact and hence weakly compact, by the Eberlein-Smulyan theorem.
Therefore, we can apply Theorem 3.1. Accordingly, there exists 7] € S such that /4 7] o y has
at least two global minima in X, which are critical points of it since X is open. U

We now present an application of Theorem 3.2 to a class of singular Kirchhoff-type problems.
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Theorem 3.3. Let f : R — R be a continuous function, let p > 0, and let @ : [0, p[— [0, +oo[
be a continuous increasing function such that limg_, ;- foé ®(x)dx = +o0. Consider C°(]0,1]) x

C9([0,1]) endowed with the norm ||(ct, B)|| = Jo |ot(t)|dt + [y |B(¢)|dt. Then, the following
assertions are equivalent:

(a) the restriction of f to [—‘/Tﬁ \/Tﬁ} is not constant;

(b) for every convex set S C C°([0, 1]) x C%([0, 1]) dense in C°(]0, 1]) x C°([0, 1]), there exists
(a,B) € S such that

—o (J3 /(1) Pdr ) " = B(1) f(u) + u(e) in [0,1]
u(0)=u(l)=0
Jo I (1) e < p

has at least two classical solutions.

Proof. Consider the Sobolev space H (]0, 1[) with the usual scalar product (i, v) = Jo d () (¢)d.
Let B /5 be the open ball in H}(]0,1], of radius /p, centered at 0. Let g: [0,1] x R — R be a
continuous function. Consider the functionals /,J, : B, ;5 — R defined by

) = 50 ( / | \u’<r>|2dr) ) = [ g(e,u(e))d

for all u € B /5, where @(&) = fo5 o(x)dx and g(1,&) = foé g(t,x)dx. Baking into account that
if ®(x) =0, then x = 0, it follows that the classical solutions of

—o (J3 (1) Pde ) " = g(t,u) in 0,1
u(0)=u(1)=0
Jo 1 (0) P < p
are exactly the critical points in B /5 of I —J,. Let us prove that (a) — (b).
We next apply Theorem 3.2 by taking V = H} (]0,1[), xo =0, r = \/p, I as above, y(&) =
30(8%), E = C°([0,1]) x €°([0,1]), and y : B, ;5 — E defined by y(u)(-) = (u(-), F(u(")))
for all u € B /5, where (&) = fog f(x)dx. Clearly, I is continuous and strictly convex (and

so weakly lower semicontinuous), while y is Gateaux differentiable and sequentially weakly
continuous due to the compact embedding of H} (]0, 1]) into C°([0, 1]). Recall that max g |u| <

%\/fol |/ (¢)|2dt for all u € H}(]0,1[). Thus y (Bﬁ) is bounded and non-convex, due to (a).

Hence, each assumption of Theorem 3.2 is satisfied. Now, we consider the operator 7 : E — E*
defined by

1 1
7@ B)uy) = [ atutydr+ [ B
0 0
for all (o, ), (u,v) € E. It is obvious that T is linear and the linear subspace T (E) is total over
E. Hence, T(E) is weakly-star dense in E*. Moreover, notice that T is continuous with respect
to the weak-star topology of E*. Indeed, let {(c,,,)} be a sequence in E converging to some
(0,0). Fix (u,v) € E. We have to show that
lim T (o, By)(u,v) = 0. (3.4)

n—yoo
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Notice that

lim ( [ outoyars [ Iﬁn(t)ldt> ~o. (3.5)

On the other hand, we have

1 1
IT(an,ﬁn)(u,V)|=‘/0 an(t)u(t)dt+/() Pa(t)v(2)dr

1 1
< 04, (t dt+/ (1) |dt , )
< </O |06 (1)) A 1B (2)] )maX{r[{)liﬁM 1[13%|v|}

Hence (3.4) follows in view of (3.5).

Finally, fix a convex set S C C°([0,1]) x €°([0,1]) dense in C°([0,1]) x C°([0,1]). Then,
by the kind of continuity of T just now proved, the convex set 7(—S) is weakly-star dense
in E*. Thanks to Theorem 3.2, we see that there exists (@,Bp) € —S such that, if we put
g(t,8) = ao(t) + Po(t) £ (&), then functional  —Jg has at least two critical points in B /5, which
are the claimed solutions to the problem in (b) with &« = —o and = — .

Now, let us prove that (b) — (a). Assume that the restriction of f to [—4, 4] is constant.

Let ¢ be such a value. So, the classical solutions of
o (J3 | (0)Pde) " = (1) +a(t) in[0,1]
u(0)=u(l)=0
Jo Il 1)t < p

are the critical points in B /5 of u — 10 (fol |u’(t)]2dt> — Jo(cau(t) + B(r))u(t)dr. But, since
o is increasing and non-negative, this functional is strictly convex and so it possesses a unique
critical point. The proof is complete. 0

4. MULTIPLICITY OF PERIODIC SOLUTIONS FOR LAGRANGIAN SYSTEMS OF
RELATIVISTIC OSCILLATORS

In this section, we present an application of Theorem 3.1 to Lagrangian systems of relativistic
oscillators ([25] ). In what follows, L, T are assumed to be two fixed positive numbers. For each
r>0, we set B, = {x € R" : |x| < r} (|| being the Euclidean norm on R") and B, is the
closure of B,. The scalar product on R" is denoted by (-,-). We denote by <7 the family of
all homeomorphisms ¢ from By onto R” such that ¢(0) = 0 and ¢ = V&, where the function
® : B —] — ,0] is continuous and strictly convex in By, and of class C! in B;. Notice that
0 is the unique global minimum of ® in B;. We denote by % the family of all functions
F :[0,T] x R" — R which are measurable in [0, 7], of class C! in R” and such that V,F is
measurable in [0,77] and, for each r > 0, one has sup,cp [V+F(-,x)| € L'([0,T]), with F(-,0) €
L'([0,T]). Clearly, 4 is a linear subspace of RIOTI¥R",

Given ¢ € &7 and F € A, we consider the problem

(0(u')) = ViF(t,u) in[0,T]
{ u(0) = u(T) , u'(0) = u/(T) . (Po.F)
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A solution of this problem is any function u : [0,T] — R”" of class C!, with /([0,T]) C By,
u(0) = u(T), u'(0) = u/(T), such that the composite function ¢ o’ is absolutely continuous in
[0,7] and one has (¢ ou') (t) = V F (t,u(t)) for a.e. r € [0,T].
Now, we set
K ={ucLip([0,T],R"): |/ (t)| <L fora.e.t€[0,T],u(0)=u(T)},

where Lip([0,T],R") is the space of all Lipschitzian functions from [0, 7] into R".
Clearly, one has

sup |u| < LT + 1nf |u| 4.1)
[0,7] 0.7

forallu € K.
Next, we consider the functional / : K — R defined by I(u) = [} (®(u (1)) + F (¢, u(t)))dt for
all u € K. In [3], Brezis and Mawhin proved the following result.

Theorem 4.A. Any global minimum of I in K is a solution to problem (Py r).

Here is our result.

Theorem 4.1. Let ¢ € </, F,G € % and H € C'(R"). Assume that
(ay) there exists g > 0 such that

inficjo 7 F (1, %)

= 4o
x| x|
and
su G(t,x)|+|H(x
meup 2P0 GO A
x| —+eo Ak

(ap) there exist y € {infgn H,supga H}, with H='() at most countable, and v,w € H~'(y)
such that [} G(t,v)dt # [ G(t,w)dL.

Then, for each oo € L™([0,T]) with a constant sign and meas(a~'(0)) = 0, there exists
(A, ft) € R? such that

(P)
has at least two solutions which are global minima in K to
IH/ V) F(tu()) + AG(t,u(t)) + ot H (u(t)) )dr.

Proof. Fix a € L*([0,T]) with a constant sign and meas(o~!(0)) = 0. Let C°([0, T],R") be the
space of all continuous functions from [0, 7] into R", with the norm supy, 71 |u|. We are going

to apply Theorem 3.1 by taking X = K, regarded as a subset of C°([0, T],R") with the relative
topology, E=R?and I : K — R, v : K — R? defined by

I(u):/OT(CI)(u’(t))—I—F(t,u( )dr, wlu (/ Glt,ult dt/ oc(t)H(u(t))dt)
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for all u € K. Fix (A,u) € R%. By Lemma 4.1 of [3], we see that I(-) + (y(-), (A, 1)) is lower
semicontinuous in K. Let us show that it is inf-compact too. First, observe that if P € Z then,
for each r > 0, there exists M € L' ([0, T]) such that

sup |P(t,x)| < M(r) 4.2)
XEB,

for all t € [0, T]. Indeed, by the mean value theorem, we have P(¢,x) — P(t,0) = (V,P(¢,&),x)
for some & in the segment joining 0 and x. Consequently, for all ¢ € [0,T] and x € B,, by the
Cauchy-Schwarz inequality, we clearly have |P(t,x)| < rsupycp [ViP(t,y)|+|P(t,0)|. Toreach
(4.2), we can choose M(r) := rsup,cp |V P(t,y)|+|P(t,0)] which is in L' ([0,T]) since P € Z.
Now, by (a;), we can fix ¢1,0 > 0 so that

Gl + [H(x)| < @3)

forall (£,x) € [0,T] x (R"\ Bs). We now set ¢, := ¢ max{|/l|, |,u]||06||Loo([o7T])}. By (a1) again,
we fix ¢3 > ¢ and 8; > & so that
F(t,x) > c3|x|? (4.4)

for all (r,x) € [0,T] x (R"\ Bs,).
On the other hand, for what remarked above, there exists M € L'([0,T]) such that

sup (|F(1,%)[+|AG(t,x)| + [no(t)H (x)|) < M(2) (4.5)
xe 5
for all t € [0,T]. From (4.3), (4.4), and (4.5), we infer that
F(t,x) > c3lx|7—M(1) (4.6)
and
IAG(t,x)| + |pa(t)H (x)| < calx|+M(1) (4.7)

for all (¢,x) € [0,T] x R". Set b := T®(0) —2 [ M(t)dt. For each u € K, with supjo, 7] [u| > LT,
taking (4.1), (4.6), and (4.7) into account, we have

I(u) +(y(u), (A, 1))
> Td(0)+ /O Ft,u())di — /O IAG(t,u(r))|dr — /O Lo () H (u(t))|dt

> T<I>(O)+C3/OT|u(t)|‘1dt—/0TM(t)dt—cz/OT|u(t)\th—/OTM(t)dt

I

q
> (c3—c)T inf |u|?+b > (c3—c)T | sup |u| —LT | +b.
(0,T] [0,7]

Consequently

sup |u I(u) + (y(u), (A, 1)) —b i
[0?7%| |§< (c3—c2)T ) +LT. (4.8)

Fix p € R. By (4.8), we see that Cp := {u € K : I(u) + (y(u),(A,u)) < p} turns out to be
bounded. Moreover, the functions belonging to C, are equi-continuous since they lie in K. As
a consequence, by the Ascoli-Arzela theorem, Cp is relatively compact in c’([0,T],R"). By
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lower semicontinuity, C, is closed in K. But K is closed in C%([0, T],R"). Thus C, is compact.
The inf-compactness of 7(-) + (y(-), (A, 1)) is obtained. Now, we are going to prove that y(K)

is not convex. By (a3), the set {fOT G(t,x)dt :x € H™! (y)} is at most countable since H ()
is so. Hence, since [, G(,v)dt # [ G(t,w)dt, we can fix A €]0,1[ so that

/OT G(t7x)dt7'£/0 G(t,w)dt+ A (/0 G(t,v)dt—/o G(t,w)dl) (4.9)

for all x € H~!(y). Since K contains the constant functions, the points

TG(t,v)dt,’y ' o(t)dt
(f st [ )
(/OT G(t,w)dt,y/OT a(z)dt)

belong to y(K). To show that y(K) is not convex, it is enough to check that the point

(/OT G(r,w)dt + A (/OT G(t,v)dt—/OT G(t,w)dt) ,y/OTa(t)dt>

does not belong to W(K). Arguing by contradiction, we suppose that there exists u € K such
that

and

/O Gt u(t))di = /0 "Gl w)di + A ( /O " Gl v)dr - /O TG(t,w)dt>, 4.10)

T T
/ (1) H (u(t))d = / a(t)d. @.11)
0 0

Since a and H ou — y do not change sign, (4.11) implies that o (7)(H(u(t)) —y) =0 a.e. in
[0,T]. Consequently, since meas(a~'(0)) = 0, we have H(u(t)) = y a.e. in [0,T]. Hence,
H(u(t)) =yforallz € [0,T] since H ou is continuous. In other words, the connected set u([0,T])
is contained in H~!(y) which is at most countable. This implies that « must be constant and so
(4.10) contradicts (4.9). Therefore, I and y satisfy the assumptions of Theorem 3.1 and hence
there exists (A, /i) € R? such that I(-) 4 (y(-),(A,fi)) has at least two global minima in K.
Thanks to Theorem 4.A, they are solutions to Problem (P), and the proof is complete. U

and

Remark 4.1. It is obvious that (a) is the leading assumption of Theorem 4.1. The request that
H~'(7y) must be at most countable cannot be removed. Indeed, if we remove such a request, we
could take H =0, G(t,x) = (x,®), with ® € R"\ {0} and F(t,x) = %]x]l’, with p > 1. Now, we
observe that, by [3, Proposition 3.2], for all A € R,

(o)) = [ulP2u+2Aw in0,T]
u(0) = u(T) , u'(0) = u'(T)
has a unique solution. To the contrary, the question of whether fOT G(t,v)dt # fOT G(t,w)dt

(keeping v # w) can be dropped remains open at present. We feel, however, that it cannot be
removed. In this connection, we propose the following conjecture.
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Conjecture 4.1. There exist ¢ € .7/, F € #, H € C'(R"), a € L*([0,T]), with & > 0 and
meas(a~!(0)) =0, and ¢ > 0 for which the following assertions hold:

(b1)

m o0
=0 x|
and
H
lim sup ()] < o005
oo X1

(by) H has exactly two global minima;
(b3) for each u € R, u — [ (®(u' (1)) + F(t,u(r)) + pa(t)H (u(t)))dr has a unique global
minimum in K.

5. A PROPERTY OF STRICTLY CONVEX FUNCTIONS

In this section, we apply Theorem 1.3 to detect a new property of strictly convex functions
expressed in Theorem 5.1 below ([26] ).

When E is areal vector space and A C E, a point xp € A is said to be an algebraically interior
point of A (with respect to E) if, for every y € E, there exists d > 0 such that xo + Ay € A for all
A € [0, 8]. The algebraic interior of A is the set of all its algebraically interior points.

Theorem 5.1. Let E be a reflexive real Banach space and let X C E be a closed convex set,
with non-empty interior, whose boundary is sequentially weakly closed and non-convex. Then,
for every function @ : dX — R and for every convex set S C E* dense in E*, there exists [y € S
with the following property, for every strictly convex lower semicontinuous function J : X — R,
Gateaux differentiable inint(X ), such that J\yx — @ is constant in dX and lim|y||_ 4o ﬁ = o0

if X is unbounded, \y is an algebraically interior point of J' (int (X)) (with respect to E*)

Now, some comments are in order. The main feature of Theorem 5.1 is the fact that { does
not depend on J. But, for a moment, we consider simply the following by-product of Theorem
5.1.

If X is as before, then, for every stricly convex lower semicontinuous function J : X — R,
Gateaux differentiable in int (X ) and with im0 ﬁ = +o0 if X is unbounded, the algebraic
interior of J'(int (X)) (with respect to E*) is non-empty.

As far as we know, such a corollary itself is new when E is infinite-dimensional. To the
contrary, if E is finite-dimensional, due to the strict convexity of J, J’ is injective and continuous
in int(X), so J'(int(X)) turns out to be open, thanks to the invariance of domain theorem. The
facts that dX is sequentially weakly closed and that 1y oo % = 40 if X 1s unbounded
are both necessary. Actually, consider the following situation. Let f : R — R be a continuous,
increasing and bounded function. Define the functional J : L?([0,1]) — R by

J(u) = /O ] ( /0 " f(t)dt) dx

for all u € L*([0, 1]). Clearly, J is stricly convex and C!, with J' () = f ou for all u € L*([0, 1])
(after identifying (L2([0,1])* to L?([0,1])). Notice that, since J'(L*([0,1])) C L*(]0,1]), for
each A C L?([0,1]), the algebraic interior of J'(A) (with respect to L([0, 1])) is empty. Now, let
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X be any closed ball in L?([0, 1]). Thus the restriction of J to X is weakly inf-compact. In this
case, the conclusion of the corollary fails since dX is not sequentially weakly closed. On the
other hand, when X is as in the corollary, the conclusion fails since the restriction of J to X is
not weakly inf-compact.

Now, come back to the full statement of Theorem 5.1. We observe that the non-convexity of
dX is necessary. In this connection, assume that E is a Hilbert space. Fix w € E, with ||w|| =1,
and consider the set X := {x € E : (w,x) > 0}. So, X is a closed convex set with non-empty
interior and convex boundary. For such set X the conclusion of Theorem 5.1 does not hold.
Indeed, suppose the contrary. Then, in particular, there would be some ¥ € E such that, for
each strictly convex function lower semicontinous functional J : X — R, Gateaux differentiable
in int(X), with J(x) = 3|x||? for all x € 9X and lime”Hw,ﬁ = +oo, we have ¥ € J'(X).
So, in particular, for each A € R, we have { € J; (X), where Jj (x) := $lxl1? + A {w,x). But
J5(x) = x+ Aw. Thus we have ¥ € X + Aw for all € R. This means (w, ¥ —Aw) > 0, so
(w,Jr) > A for each A € R, which is absurd.

We next obtain Theorem 5.1 as a consequence of an abstract result (Theorem 5.2 below)
whose proof is fully based on the use of Theorem 1.3. In what follows, E is a topological space
and Y is a convex set in a topological vector space. Let us introduce the two main classes of
functions we deal with. Let X C C C E and let ¢ : X — R be a given function. We denote by
#(X,C, o) the class of all functions J : C — R such that Jixy — ¢ is constant in X. Let C C E
and S CY. Let f:C xS — R be a given function. We denote by %(C,S, f) the class of all
functions J : C — R such that, for each y € S, f(-,y) +J(-) has at most one global minimum in
C. Our main abstract result is as follows.

Theorem 5.2. Let X CC CE, let S CY be a convex set dense inY, let f : C XY — R, and let
¢ : X — R. Assume that

(a) foreachy € S, f(-,y)+ @(-) is lower semicontinuous and inf-compact in X;

(b) for each x € X, f(x,-) is quasi-concave and continuous in 'Y ;

() sup,cy infuex (F(x,3) + 9(¥)) < infrex sup,cy (f(x.3) + 9 (x)).

Then, there exists a point y* € S such that infycc(f(x,y*) +J(x)) < infyex (f(x,y*) +J(x))
foreveryJ € (X,C,0)N%E(C,S, f).

Proof. Consider the function g : X x § — R defined by g(x,y) = f(x,y) + ¢(x) for all (x,y) €
X x S. For each x € X, by continuity of f(x,-) and density of S, we have sup,s f(x,y) =

supyey f(X,¥), S0 supycsg(x,y) = supycy g(x,y). In view of (c), we have

sgp ig{lfg < sgp ig{lfg < igfsgp g= ig{lfsgp g.

The function g is lower semicontinuous and inf-compact in X, and quasi-concave and contin-
uous in S. Thanks to Theorem 1.3, there exists y* € § such that (f(-,y"))x + @(-) has at least
two global minima in X. Now, fix J € #(X,C,9)N € (C,S, f). Since Jx — ¢ is constant in
X, (f(y") +J())x and (f(-,y))x + @(-) have the same global minima in X. Arguing by
contradiction, assume that

inf (f(x,y7) +J(x)) = inf(f(x,y") +J(x)). (5.1)
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We know that (f(-,y*) +J(-))x has at least two global minima. In view of (5.1), they turn out
to be global minima of f(-,y*) +J(-) in C, against the fact that J € €(C,S, f). The proof is
complete. 0

Next, we present a remarkable corollary of Theorem 5.2.

Theorem 5.3. Let X CC CE, let S CY be a convex set dense inY, let f : C XY — R, and let
¢ : X — R. Assume that

(i) for eachy € S, f(-,y) + @(-) is lower semicontinuous and inf-compact in X,

(ii) for each x € X, f(x,-) is quasi-concave and continuous in Y ;

(iii) infy supy f = +oo and there exists a finite set A C X such that supy infy f < oo,

Then, there exists a point y* € S such that infycc(f(x,y*) +J(x)) < infyex (f(x,y*) +J(x))
foreveryJ € B(X,C,o)NE(C,S,f).

Proof. Observe that

sup inf ((x,y) + @(x)) < supinf-+sup @ < oo = infsup £ = inf sup(£(x,y) + 9(x).
yey xeX Y A A X Y xeX yey

Thus the conclusion follows directly from Theorem 5.2. 0

We now present a first consequence of Theorem 5.3. In the next two results, E is also a real
vector space (and the topology on E is still arbitrary).

Theorem 5.4. Let X C E, let F be a real normed space, let I : conv(X) — R, and let y :
conv(X) — F be such that y(X) is not convex. Then, for every convex set S C F* weakly-star
dense in F* and for every @ : X — R such that (I+ 1o y) ix T @ is lower semicontinuous and
inf-compact in X for all € S, there exists 1] € S with the following property: for every function
J : conv(X) — R such that Jjx — @ is constant in X and I +J +1 oy is strictly convex for all
nes,

inf  (I(x) +J(x) +7(y(x))) < inf(I(x) +J(x) + 7 (y(x))) -
xeconv(x) xeX
Proof. Fix yo € conv(y(X)) \ y(X). We apply Theorem 5.3 with C = conv(X) and Y = F*.
Consider F* equipped with the weak-star topology and take f(x,n) = I(x)+ n(y(x) —yg) for
all (x,n) € CxY. Clearly, f satisfies conditions (i) and (ii). Moreover, if yo = Y | L;y(x;),
where x; € X, A; > 0, Y | A; = 1, by Proposition 3.1, we know that
i i < ; 0o,
;glggnf(xhn) < max I(xi) <+
On the other hand, for each x € X, since y(x) # yo, we have sup, .y N(Y¥(x) —yo) = +o, s0
condition (iii) is satisfied too. Now, Theorem 5.3 ensures the existence of 7] € S such that,
for every J € B(X,C, ) N€(C,S, f), one has infyccony(x) (£(x,7) +J(x)) < infrex (£(x,7) +
J(x)), which means
inf  (I(x) +J(x) +7(y(x))) < inf(I(x) +J (x) + 7 (y(x))).
xeconv(x) xeX
To finish the proof, it is suffice to remark that if J : conv(X) — R is such that I +J+noy is
strictly convex for all n € S, then J € €(C, S, f). 0J

The following result is a particularly simple consequence of Theorem 5.4.
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Theorem 5.5. Let X C E be a compact set, let F be a real normed space, and let y : conv(X ) —
F be an affine operator, continuous with respect to the weak topology on F, such that y(X) is
not convex. Then, for every convex set S C F* weakly-star dense in F* and for every lower
semicontinuous function @ : X — R, there exists 7] € S with the following property: for every
strictly convex function J : conv(X) — R such that Jix — @ is constant in X,
inf = (7)(y(x))+J(x)) < inf (7 (y(x)) +J(x)) .
xeconv(x) xeX

Proof. For each n € F*, n oy is continuous since 7N is weakly continuous. Thus 1oy +
¢ is lower semicontinuous and inf-compact, since X is compact. Hence, the assumptions of
Theorem 5.4 are satisfied, with / = 0. Now, our conclusion follows from that of Theorem 5.4
by taking into account that if n € F* and J : conv(X) — R is a strictly convex function, then
noy+J is since Y is affine. OJ

The next consequence of Theorem 5.4 can be considered as the central result. Actually,
Theorem 5.1 is its corollary.

Theorem 5.6. Let E be a reflexive real Banach space, let C C E be a proper closed convex
set, with non-empty interior, such that dC is sequentially weakly closed and non-convex, and
let I : C — R be Gdteaux differentiable in int(C). Then, for every convex set S C E* dense
in E* and for every function ¢ : dC — R, there exists T) € S with the following property: for
every function J : C — R, Gdteaux differentiable in int(C), such that Jijoc — @ is constant in
1)+J(x) _ too if

x|
C is unbounded, and for every sequentially weakly lower semicontinuous function 3 : C — R,

Gateaux differentiable in int(C), there exists € > 0 such that, for each A € [0, €], the equation
I'(x) +J'(x) + AB'(x) = 7 has at least one solution in int(C).

dC and I +J is lower semicontinuous and strictly convex, with lmy e

Proof. Fix a convex set S C E* dense in E* and a function ¢ : dC — R. We apply Theorem
5.4 by considering E equipped with the weak topology (but the interior of C is referred to the
strong topology) and taking X = dC, F = E and y/(x) = x for all x € C. Of course, it is implicitly
understood that there are functions J : C — R such that Jiyc — ¢ is constant in JC, and I +J

is lower semicontinuous and strictly convex, with limeH NI I(X)HJ“TW(X) = +o0 if C is unbounded.
If J is such a function, it follows that, for each n € E*, I +J + n is weakly inf-compact in C,
so (I+Moy)yc+ ¢ is weakly inf-compact in JC since dC is sequentially weakly closed (use
also the Eberlein-Smulyan theorem). Therefore, the assumptions of Theorem 5.4 are satisfied.
Consequently, there exists 7] € S, with the following property: for every function J : C — R

such that Jjgc — @ is constant in dC and I +J + mn o y is strictly convex for all € S, one has
inf (1(x) +J(x) + 7 (y(x))) < inf (I(x) +J(x) + 7 (y(x)))-
xeC x€aC

In addition, assume that J is lower semicontinuous in C, Gateaux differentiable in inf(C) and
the sub-level sets of I +J + 7] o ¥ are bounded. Fix ¢ such that

inf(I(x) +7(0) +7(y(x))) <o < inf (I(x) +J(x) +7(y(x))). (5.2)

Observe that I 4+ J + 7] o Y is sequentially weakly lower semicontinuous (recall that the assump-
tions imply that it is lower semicontinuous) and that {x € C : I(x) +J(x) + 1 (y(x)) < o} is
sequentially weakly compact, since E is reflexive. Now, in view of Theorem 2.1 of [18], there
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exists € > 0 such that, for every A € [0, €], the restriction of the function I +J +f oy + A to
the set {x € C: I(x) +J(x) + f1(y(x)) < o} has a global minimum, say X. But, due to (5.2), we
have {x € C: I(x) +J(x) + f}(y(x)) < o} Cint(C), which implies that

I'(&)+J' (&) +ABF) + (oy) (%) =0,
as claimed. O

The proof of Theorem 5.1 Let S C E* be a convex set dense in E*, and let ¢ : dX — R. Apply
Theorem 5.6 with I = 0 and let ¥ € S be as in the conclusion of Theorem 5.6. Fix any lower
semicontinuous and strictly convex function J : X — R, Géteaux differentiable in int(X), such
that Jigx — ¢ is constant in dX, with oo J”EC—XH) = +oo if X is unbounded. Now, fix any
G € E*. Then, there exists € > 0 such that J'(x) — AG = ¥ has a solution in inf(X) for all
A € [0, €], and this means exactly that the set ¥ is an algebraically interior point of J'(int(X))
(with respect to E*).
In a finite-dimensional setting, another consequence of Theorem 5.6 is as follows.

Theorem 5.7. Let E be a finite-dimensional real Banach space and let C C E be a compact
convex set with non-empty interior. Then, for every function ¢ : dC — R, there exists ¥ €
E* having the following property: for every lower semicontinuous stricly convex function J :
C — R, Gdteaux differentiable in int(C), such that J|3C — @ is constant in dC, and for every
lower semicontinuous, bounded below and Gdteaux differentiable function H : int(C) — R,
there exists € > 0 such that, for each A € (0, €], the equation J'(x) + AH'(x) = ¥ has at least
one solution in int(C).

Proof. Since C is compact, we have that dC is not convex. Fix ¢ : dC — R and apply Theorem
5.6, with I = 0. Let ¥ € E* be as in the conclusion of Theorem 5.6. Let J : C — R be a lower
semicontinuous strictly convex function, Géteaux differentiable in int(C), such that Jj5c — @ is
constant in dC, and let H : int(C) — R be lower semicontinuous, bounded below, and Gateaux
differentiable. Now, consider the function G : C — R defined by

) H(x) if xe€int(C)
G@y‘{ a if x€acC,

where a = infc H. Clearly, G is lower semicontinuous in C. Consequently, there exists € > 0
such that, for each A € [0,€], J'(x) + AG'(x) = ¥ has at least one solution in int(C), and the
conclusion holds since H = G in int(C). O

Finally, we highlight the following consequence of Theorem 5.7.

Theorem 5.8. Let E be a finite-dimensional real Hilbert space and let C C E be a closed ball,
centered at 0. Then, for every function @ : dC — R, there exists ¥ € E*, having the following
property: for every P € C! (C) such that P’ is Lipschitzian with Lipschitz constant L > 0, for
every U > L, for every lower semicontinuous convex function Q : C — R, Gateaux differentiable
in int(C), such that (P+ Q)|yc — @ is constant in dC, and for every lower semicontinuous,
bounded below and Gdteaux differentiable function H : int(C) — R, there exists € > 0 such
that, for each A € [0, €], the equation

ux+P(x)+ Q'(x) + AH (x) = 7

has at least one solution in int(C).
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Proof. Fix ¢ : dC — R. Let 7 be as in the conclusion of Theorem 5.7. Observe that, since
w> L, %||-||>+ P(-) turns out to be strictly convex since E is a Hilbert space. Consequently,
J(-) == 5| I*+ P(-) + O(-) is lower semicontinuous, strictly convex, Gateaux differentiable in
int(C), and Jjyc — ¢ is constant in dC. Hence, the conclusion of Theorem 5.7 applies with such
a function J and we are done. 0J
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