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Abstract. We establish a new result on the reduction principle for nonhomogeneous autonomous linear
renewal equations with the forcing term bounded by mean values. This result is then used, together with
a variation of constants formula, to prove Stepanov’s version of Massera and Bohr-Neugebauer-type
results. We also investigate uniqueness conditions in both the linear and nonlinear cases. Finally, we
apply our theoretical results to an epidemic model with waning immunity.
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1. INTRODUCTION

The main aim of this work is to prove some results concerning the existence and the unique-
ness of almost periodic (resp. almost automorphic) solutions in Stepanov sense for the following
nonhomogeneous linear renewal equation with infinite delay:

x(t) =
∫ t

−∞

K(t− s)x(s)ds+ f (t) for t ∈ R, (1.1)

where K : [0,+∞[→ Cm×m is a measurable function satisfies the following assumption:

‖K‖1,ρ :=
∫

∞

0
‖K(τ)‖eρτ dτ < ∞,‖K‖∞,ρ := esssup{ ‖K(τ)‖eρτ , τ ≥ 0}< ∞, (H1)

for some ρ > 0 and f is a Stepanov almost periodic (resp. Stepanov almost automorphic)
function.

Renewal equations (REs) are a type of mathematical equation that does not involve deriva-
tives and describe the present value of an unknown function in terms of its past values. This is
the difference between delay differential equations and (REs), for the former the rule gives the

∗Corresponding author.
E-mail address: afoukal.abdallah@gmail.com (A. Afoukal), meryemelattaouy@gmail.com (M. El Attaouy),

ezzinbi@uca.ac.ma (K. Ezzinbi).
Received 12 April 2024; Accepted 4 November 2024; Published online April 14, 2025.

c©2026 Applied Set-Valued Analysis and Optimization

1



2 A. AFOUKAL, M. EL ATTAOUY, K. EZZINBI

derivative of the function at the current time, while for the latter the rule specifies the value of
the function itself. (REs) can be expressed as follows

x(t) = F(t,xt) for t ∈ R,

where F :R×X →Cm is a function that satisfies certain conditions, X is a linear normed space
of mappings from ]−∞,0] into Cm and xt ∈ X is the history function, given as

xt(θ) = x(t +θ) for θ ≤ 0.

Renewal equations arise in the formulation of various phenomena in population dynamics in-
cluding birth processes, cannibalism, physiologically structured populations, epidemic models,
and so on. In this context, we mention the work of Kermack and McKendrick [23] and Lotka
[26] on problems in mathematical biology. For instance, in a closed population, let S(t) be
the density of susceptible individuals, F(t) be the force of infection, and A(a) be transmission
potential. Then, the force of infection can be described by the following (RE):

F(t) =
∫ +∞

0
S(t− τ)F(t− τ)A(τ)dτ for t ≥ 0.

The population growth structured by age can be described by the linear renewal equation:

B(t) =
∫ +∞

0
B(t−a)β (a)F(τ)da for t ≥ 0,

where B(t) is the birth rate, F(a) is the age dependent survival probability, and β (a) is the
age dependent fertility. In [9], Barril et al. developed a size-structured model to describe the
dynamics of trees growth in the forest, associated with the following renewal equation

b(t) =
∫

∞

0
β (xm +

∫ a

0
g(e−µ(τ−a)

∫
∞

a
e−µ sb(t− s)ds)dτ)e−µ ab(t−a)da,

where b(t) is the tree’s population birth rate at time t, g(x) denotes the growth rate of an indi-
vidual of height x, the positive parameter µ > 0 represents the per capita death rate and β (x)
is the per capita reproduction rate (depending only on height x). It was also assumed in [9]
that all newborn individuals have the minimal height xm ≥ 0 and that Mappings β : [xm,∞)−→
[0,∞), g : [0,∞)−→ (0,∞) are continuous, β is increasing and g is decreasing. For more exam-
ples, we refer to [4, 9, 15, 16, 23, 26, 30, 31, 32, 36].

A fundamental progress has been achieved in the treatment of (REs) by using a functional
analytic methods involving the semigroup theory. Diekmann and Gyllenberg [16] utilized per-
turbation theory for adjoint semigroups to demonstrate the principle of linearized stability for
nonlinear renewal equations with infinite delay. In [29], the authors established a new varia-
tion of constants formula for equation (1.1) in the phase space, along with a decomposition of
the phase space corresponding to the solution semigroup associated with equation (1.1) when
f = 0. Building on this, they developed a fundamental reduction principle which plays a crucial
role in the study of bounded solutions of equation (1.1). This approach allows for the study of
asymptotic behaviors of solutions from a dynamical systems viewpoint (see, e.g., [28, 29]).

The concept of almost periodicity, originally introduced by Bohr [13], provides a mathemat-
ical framework for a class of continuous functions endowed with certain structural properties.
This concept serves as a generalization of pure periodicity and affords a more comprehensive
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understanding of oscillatory behavior. In the last decades, the theory of almost periodic func-
tions has undergone considerable development. In particular, many studies directed to general-
izations of Bohr’s theory from different points of view. The first generalization was an essential
one given by Stepanov [35]. He succeeded in removing the continuity and boundedness restric-
tions and characterized the generalized almost periodicity, known as Stepanov almost periodic,
not by values of the functions at each point, but by mean values over intervals of fixed length.
In [11] Bochner extended Bohr’s theory to general Banach spaces and gave a very practical
characterization of almost periodicity in the sense of Bohr using sequences. In his quest to
gain a deeper understanding of Bohr’s almost periodicity, Bochner [11, 12] introduced a new
generalization of almost periodicity, called almost automorphic functions. He observed that
almost automorphic functions can sometimes be used in obtaining simpler proofs of certain re-
sults concerning almost periodic functions by first proving these results for almost automorphic
functions. In [34], the authors introduced a new concept of almost automorphy defined just on
measurable functions that are locally integrable, namely, Stepanov-like almost automorphy. For
further contributions, we refer to [6, 22, 25, 33, 34].

In the context of dynamical systems, almost periodicity and almost automorphy are used to
understand the long term behavior of solutions. The question that are of interest to many re-
searchers is when an evolution equation has an almost periodic or almost automorphic solution.
In this direction, there are two (best) classical results that are fundamental in characterizing the
existence of such solutions, and they serve as the basis for much of the research in this area.
The first one is known as known as the Bohr–Neugebauer Theorem ([14]), which claims, for an
autonomous linear ordinary differential equations with almost periodic non homogeneous, that
every bounded solution on the real line is almost periodic. The second theorem, which is called
Massera Theorem (see [22]), asserts that the existence of a bounded solution on R+, implies
the existence of an almost periodic solution on R (not necessarily the same). Liu et al. [25] (see
also [33]) extended the previous results for a class of evolution equations with almost automor-
phic nonhomogeneous. Ezzinbi et al. (see [1, 3, 10, 17, 20, 21]) used the reduction principle
to extend the Bohr-Neugebauer Theorem and Massera-type result to linear partial functional
differential equations with almost periodic (resp. almost automorphic) forcing term, both in the
finite and infinite delay cases.

Recently, Afoukal et al. [2] studied, by employing a reduction principle and a variation of
constants formula established in [29], the existence of almost periodic and almost automorphic
solutions for equation (1.1). Results of the Massera and Bohr-Neugebauer type results were
provided with uniqueness conditions. They also observed, in contrast to ordinary differential
equations, where solutions become strong (Bohr-almost periodic or compact almost automor-
phic) sense under forcing terms in Stepanov sense (my be not bounded or continuous) (see
[3, 6, 10, 17, 19, 20]), and this scenarios are not possible for renewal equations. In other words,
equation (1.1) has an almost periodic (resp. compact almost automorphic, almost automorphic)
solution except that f almost periodic (resp. compact almost automorphic, almost automor-
phic). Motivated by this fact, the aim of the present work is to examine the case when f is
continuous purely almost periodic (resp. almost automorphic) in Stepanov sense. To that pur-
pose, we use the variation of constants formula with spectral decomposition of the phase space
obtained in [29], to obtain Stepanov version of Massera and Bohr-Neugebauer type results for
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equation (1.1). Some findings on uniqueness for both equation (1.1) and the nonlinear case,
when the semigroup generated by the linear part is hyperbolic, are also achieved.

This work is organized as follows. In Section 2, we provide a brief overview of the concepts
and main properties related to almost periodicity and almost automorphy, along with the well-
posedness of equation (1.1). Section 3 is devoted to a new result on the reduction principle.
In Section 4, we study the behavior of solutions of equation (1.1) with bounded mean values.
Section 5 is about the existence and uniqueness for a fully nonlinear equation under Lipshizian
condition. In Section 6, we present an application that illustrates the abstract results obtained.

2. PRELIMINARY RESULTS

This section presents some preliminaries needed to elaborate our main results in this work,
namely, the concepts of oscillatory functions in Stepanov sense and basic facts on the well-
posedness of equation (1.1) with a variation of constants formula in the phase space.

2.1. Stepanov type oscillatory functions. Let (Y ,‖.‖) be a Banach space and BC(R,Y ) be
the space of bounded continuous functions from R to Y , provided with the uniform norm
topology.

Definition 2.1. [22] A bounded continuous function f :R→ Y is said to be almost periodic if,
for every ε > 0, there exists a positive number ` such that every interval of length ` contains a
number τ such that ‖ f (t + τ)− f (t)‖< ε for t ∈ R. The space of all such functions is denoted
by AP(R,Y ).

The following results describe some of the properties of almost periodic functions.

Theorem 2.1. [11] Each almost periodic function is uniformly continuous and with relatively
compact range.

Theorem 2.2. [22] Let ( fn)n≥0 ⊂ AP(R,Y ). If ( fn)n≥0 converges uniformly to a function f ,
then f ∈ AP(R,Y ). Hence, AP(R,Y ) is a closed subspace of BC(R,Y ).

A useful characterization of Bochner’s almost periodic functions is given by the following
result.

Theorem 2.3. [22] A function f :R−→ Y is almost periodic if and only if, for every sequence
of real numbers (s′n)n∈N, there exist a subsequence (sn)n∈N of (s′n)n∈N and a continuous function
g such that limn→+∞ supt∈R ‖ f (t + sn)−g(t)‖= 0.

Let (Z ,‖.‖) be another Banach space.

Definition 2.2. [6] A continuous function f : R×Y −→Z is said to be almost periodic in t
uniformly with respect to x in Y if, for each compact set K in Y and for all ε > 0, there exists
lε,K > 0, such that, for every a ∈ R, there exists τ ∈

[
a,a+ lε,K

]
satisfying

sup
x∈K
‖ f (t + τ,x)− f (t,x)‖< ε for all t ∈ R.

The space of all such functions is denoted by APU(R×Y ,Z ).

Let us now turn to the concept of almost periodicity in the sense of Stepanov. Fixed p≥ 1.
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Definition 2.3. [6] Let f ∈ Lp
loc(R,Y ). f is said to be Sp−almost periodic or almost periodic

in Stepanov sense if, for all ε > 0, there exists l(ε) > 0 such that, for all a ∈ R, there exists
τε ∈ [a,a+ l(ε)] such that(∫ t+1

t
‖ f (s+ τε)− f (s)‖pds

) 1
p

< ε for all t ∈ R.

Definition 2.4. [6] Let f ∈ Lp
loc(R,Y ). The Bochner transformation of f is the function f b :

R→ Lp([0,1],Y ) defined, for t ∈ R, by f b(t)(s) = f (t + s) for all s ∈ [0,1].

Proposition 2.1. [6] The following statements are true:
(i) A function f ∈ Lp

loc(R,Y ) is Sp−almost periodic if and only if f b is almost periodic.
(ii) If 1≤ q≤ p and f is Sp−almost periodic, then f is Sq−almost periodic.

(iii) Every almost periodic function is Sp-almost periodic for all p≥ 1.
(iv) An uniformly continuous Stepanov almost periodic function is almost periodic.

Proposition 2.2. [3] A function f ∈ Lp
loc(R,Y ) is Sp−almost periodic if and only if, for each

{η ′n}n∈N ⊂ R, there exist a subsequence {ηn}n∈N of {η ′n}n∈N and f̃ ∈ Lp
loc(R;Y ) such that f̃ b

is bounded and

lim
n→+∞

sup
t∈R

(∫ t+1

t
‖ f (s+ηn)− f̃ (s)‖p

) 1
p

= 0.

Example 2.1. [6]
• Every continuous periodic function is almost periodic. The following function

f1(t) =
+∞

∑
k=0

1
k2 sin(

πt
k3 ),

is almost periodic but not periodic.

• Let H ∈C∞
0 (R,R) with support in (−1

2 ,
1
2) such that H ≥ 0, H(0) = 1 and

∫ 1
2
− 1

2
H(t)dt =

1. Let βn be defined on R by: βn(t) = ∑
k∈Pn

H(n2(t − k)) with Pn = 3n(2Z+ 1). Let

f be given by f2(t) = ∑n≥1 βn(t) for t ∈ R. Then, f is S1-almost periodic which is not
bounded. Hence, it is not almost periodic (see [3]).
• The function

f3(t) = sin

(
1

2+ cos(t)+ cos(
√

2t)

)
is Sp-almost periodic for all p≥ 1, but not almost periodic.

Definition 2.5. [7] Let 1≤ p < ∞. A function f :R×Y −→Z such that f (·,x) ∈ Lp
loc(R,Z )

for each x ∈ Y is said to be Sp-almost periodic in t uniformly with respect to x in Y if for each
compact set K in Y , for every ε > 0 there exists lε,K > 0, such that for all a ∈ R there exits
τ ∈ [a,a+ lε,K] such that

sup
x∈K

(∫ t+1

t
‖ f (s+ τ,x)− f (s,x)‖pds

) 1
p

< ε for all t ∈ R.
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The space of all such functions is denoted by APSpU(R×Y ,Z ).

Theorem 2.4. [24, Theorem 3.2] Let f ∈ APSpU(R×Y ,Z ) and ς ∈ AP(R,Y ). Then, the
function t 7→ f (t,ς(t)) is Sp-almost periodic.

In the rest of this part, we will have a look at the basic properties of the concept of almost
automorphy.

Definition 2.6. [12] A continuous function f : R→ Y is said to be almost automorphic if, for
any sequence of real numbers (t ′n)n∈N, there exists a subsequence (tn)n∈N of (t ′n)n∈N such that

lim
m→+∞

lim
n→+∞

f (t + sn− sm) = f (t)

for any t ∈ R. This is equivalent to the following:

g(t) = lim
n→+∞

f (t + tn), (2.1)

is well defined for any t ∈ R and

lim
n→+∞

g(t− tn) = f (t) for all t ∈ R. (2.2)

Moreover, if the limits in (2.1) and (2.2) are uniform on any compact subset K ⊂R, we say that
f is compact almost automorphic.

Denote by AA(R,Y ) (resp. AAc(R,Y )) the space of all (resp. compact ) almost automorphic
Y -valued functions.

Theorem 2.5. [33] The following assertions are hold:
(i) Every almost automorphic function has a relatively compact range.

(ii) The spaces AA(R,Y ) and AAc(R,Y ) are closed subspace of BC(R,Y ).
(iii) Let f ∈ AA(R,Y ). Then, f ∈ AAc(R,Y ) if and only if f is uniformly continuous.

Definition 2.7. [33] A continuous function f : R×Y −→Z is said to be almost automorphic
in t uniformly with respect to x in Y if, for each compact set K in Y and for every sequence
(s′n)n≥0 of real numbers, there exist a subsequence (sn)n≥0 ⊂ (s′n)n≥0 and a measurable function
g : R×Y −→Z , such that

lim
n→+∞

sup
x∈K
‖ f (t + sn,x)−g(t,x)‖= 0 and lim

n→+∞
sup
x∈K
‖g(t− sn,x)− f (t,x)‖= 0

are well-defined for each t ∈R. The space of all such functions is denoted by AAU(R×Y ,Z ).

Now, let us shift our focus to the concept of almost automorphy in the Stepanov sense.

Definition 2.8. [34] A function f ∈ Lp
loc(R,Y ) is said to be Sp-almost automorphic for some

p≥ 1 if the function f b : R 7→ Lp
loc([0,1],Y ) is almost automorphic.

The following characterization of almost automorphy in the sense of Stepanov is essential
for the remainder of this work.

Proposition 2.3. [34]A function f ∈ Lp
loc(R,Y ) is Sp-almost automorphic if and only if, for

every sequence of real numbers (s′n)n, there exist a subsequence (sn)n of (s′n)n and a function
g ∈ Lp

loc(R,Y ) such that gb is bounded and, for each t ∈ R,

lim
n→+∞

(∫ t+1

t
‖ f (s+ sn)−g(s)‖pds

) 1
p

= 0
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and

lim
n→+∞

(∫ t+1

t
‖g(s− sn)− f (s)‖pds

) 1
p

= 0.

Let SAAp(R,Y ) denote the space of Sp-almost automorphic Y -valued functions onR. Then,
for all p≥ 1, AA(R,Y )⊂ SAAp(R,Y ). Moreover, if p≥ q, then SAAp(R,Y )⊂ SAAq(R,Y ).

Example 2.2. [33]

(1) The function f3 defined in Example 2.1 is an almost automorphic but not almost peri-
odic, since it is not uniformly continuous.

(2) Let (an)n∈Z be an almost automorphic sequence and ε0 ∈]0,
1
2
[. Let f : R→ R be a

function defined by:

f (t) =


an if t ∈]n− ε0,n+ ε0[,

0 otherwise.

Then, f is Sp-almost automorphic for all p≥ 1 but not almost automorphic.

Definition 2.9. [34] Let 1≤ p < ∞. A function f :R×Y −→Z such that f (·,x)∈ Lp
loc(R,Z )

for each x ∈ Y is said to be Sp-almost automorphic in t uniformly with respect to x in Y , if for
each compact set K in Y for every sequence (s′)n≥0 of real numbers, there exists a subsequence
(sn)n≥0 ⊂ (s′n)n≥0 and a function g(·,x) ∈ Lp

loc(R,Y ) for each x ∈ Y , such that

lim
n→+∞

sup
x∈K

(∫ t+1

t
‖ f (s+ sn,x)−g(s,x)‖pds

) 1
p

= 0

and

lim
n→+∞

sup
x∈K

(∫ t+1

t
‖g(s− sn,x)− f (s,x)‖pds

) 1
p

= 0.

The space of all such functions is denoted by AASpU(R×Y ,Z ).

Theorem 2.6. [8, Theorem 3.1 ] Let f ∈ AASpU(R×Y ,Z ) and ς ∈ AA(R,Y ). Then, the
function t 7→ f (t,ς(t)) is Sp-almost automorphic.

2.2. Variation of constants formula. Throughout the rest of this work, we consider X =
L1

ρ(R−,Cm), the phase space of equation (1.1), consists of equivalence classes of measurable
function ϕ : R−→ Cm such that ∫ 0

−∞

|ϕ(θ)|eρθ dθ <+∞.

X is a Banach space equipped with the following norm

‖ϕ‖=
∫ 0

−∞

|ϕ(θ)|eρθ dθ for ϕ ∈ X ,
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where ρ > 0 is the constant mentioned in assumption (H1). To equation (1.1), we associate the
following initial value problem:

x(t) =
∫ 0

−∞

K(−θ)xt(θ)dθ + f (t) for t ≥ σ ,

xσ = ϕ,

(2.3)

where σ ∈R, K :R+→Cm×m is a measurable function verifies condition (H1), and f :R→Cm

is a continuous function. For t ≥ σ , xt : R−→ Cm is the history function defined, for θ ≤ 0, by
xt(θ) = x(t +θ).

Definition 2.10. [29] A function x :R→ Cm is said to be a solution of the initial value problem
(2.3) on R if x satisfies the following conditions:

(i) xσ = ϕ on R−,
(ii) x ∈ L1

loc([σ ,+∞[;Cm),
(iii) x(t) satisfies equation (2.3) for t ≥ σ .

The following result ensures the existence and uniqueness of the solution of equation (2.3).

Proposition 2.4. [29] Under the above conditions, equation (2.3) has a unique solution defined
for t ≥ σ .

For σ ∈ R and ϕ ∈ X , we denote by x(.,σ ,ϕ, f ) the unique solution of equation (2.3) on
[σ ,∞[. Observe that x(.,σ ,ϕ, f ) is continuous on ]σ ,+∞[ and lim

t→σ+
x(t,σ ,ϕ, f ) exists. Con-

sequently, the function t 7→ xt(.,σ ,ϕ, f ) is also continuous on ]σ ,+∞[, with values in X . In
addition, if ϕ(θ) = ψ(θ) a.e θ ∈ R−, for some ϕ,ψ ∈ X , then x(.,σ ,ϕ, f ) = x(.,σ ,ψ, f ). We
refer to [29] for the basic properties of equation (2.3).

For t ≥ 0, we define operator T (t) : X → X by

T (t)ϕ = xt(.,0,ϕ,0),

where xt(.,0,ϕ,0) is the unique solution of equation (2.3) with σ = 0 and f = 0.

Theorem 2.7. [29] The family (T (t))t≥0 is a linear strongly continuous semigroup on X. More-
over, the operator (A ,D(A )) defined by

D(A ) = {ϕ ∈ X | ϕ(θ) = ϕ̃(θ) a.e. θ ∈ R− for some ϕ̃ ∈ X̃}

A ϕ =
dϕ̃

dθ
, ϕ ∈ D(A ),

where

X̃ =

{
ϕ̃ ∈X | ϕ̃ is locally absolutely continuous on R−,

dϕ̃

dθ
∈X and ϕ̃(0)=

∫ 0

−∞

K(−θ)ϕ̃(θ)dθ

}
,

is its infinitesimal generator.
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For n≥ 0, we define Γn : R− −→ R+ by

Γ
n(θ) =


2n(nθ +1), −1

n ≤ θ ≤ 0

0, θ < −1
n .

For each n∈N∗,
∫ 0
−∞

Γn(θ)dθ = 1. Moreover, for all v∈Cm, we have Γnv∈ X and ‖Γnv‖≤ |v|.
The following result provides a representation of the solutions of equation (2.3) in the phase

space X in terms of (T (t))t≥0 and f . This outcome allows us to study the asymptotic behavior
of the solutions from the perspective of an infinite-dimensional dynamical system, which plays
a crucial role in this study.

Theorem 2.8. [29] The unique solution x(.,σ ,ϕ, f ) of equation (2.3) on R satisfies the follow-
ing variation of constants formula in X:

xt(.,σ ,ϕ, f ) = T (t−σ)ϕ + lim
n−→∞

∫ t

σ

T (t− s)(Γn f (s))ds for t ≥ σ . (VCF)

In addition, the above limit exists uniformly on [σ ,T ] for any T > σ .

In the following result, we give the relation between the solutions of equation (2.3) and a
continuous function with values in X which satisfies (VCF). For that purpose, let us define

X :=

{
φ ∈ X : φ is countinous on [−εφ ,0]for some εφ > 0

}
and

X0 =

{
ϕ ∈ X : ϕ = φ a.e. on R− for some φ ∈ X

}
.

The space X0 is a normed space equipped with the following norm:

‖ϕ‖X0 = ‖ϕ‖+ |ϕ[0]| for ϕ ∈ X0,

where ϕ[0] = φ(0) represents the value of ϕ at zero.

Theorem 2.9. [29] If x(.,σ ,ϕ, f ) is a solution to equation (2.3) on R, then ξ (t) = xt(.,σ ,ϕ, f )
is continuous on R with values in X0 and satisfies in X the following formula:

ξ (t) = T (t−σ)ξ (σ)+ lim
n−→∞

∫ t

σ

T (t− s)(Γn f (s))ds for t ≥ σ . (2.4)

Conversely, if a continuous function ξ :R−→ X satisfies formula (2.4), then ξ ∈ C(R,X0) and
the function x(t,σ ,ξ (σ), f ) = ξ (t)[0] is a solution to equation (2.3) on R.

3. ASYMBTOIC BEHAVIOUR OF (T (t))t≥0 AND REDUCTION PRINCIPAL

In this section, we develop a new result on the reduction principle by employing the variation
of constants formula (VCF) and a spectral decomposition of the phase space. This allows us
to analyze the behavior of mean values bounded solutions. To this end, let us begin with some
basic definitions and proprieties in spectral theory. Recall that Y is always a Banach space.
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Definition 3.1. [36] The Kuratowski measure of noncompactness of a bounded set D on Y is
defined by:

χ(D)= inf{ε > 0;D admits a cover by a finite number of sets of diameter less than strictly ε}.
For a bounded linear operator B on Y , the Kuratowski measure of noncompactness of B is
defined by ∣∣B∣∣ess := inf{k > 0 : χ(B(D))≤ kχ(D) for any bounded set D of Y }
and for a C0-semigroup (V (t))t≥0, we define the essential growth bound ωess(V ) by:

ωess(V ) := lim
t→+∞

log
(∣∣V (t)

∣∣
ess

)
t

= inf
t>0

log
(∣∣V (t)

∣∣
ess

)
t

.

Definition 3.2. [36] Let (B,D(B)) be a closed operator on Y . The essential spectrum, σess(B),
of B is the set of all λ ∈ σ(B), when at least one of the following conditions is satisfied:

(1) R(λ IY −B), the range of λ IY −B, is not closed;
(2)

⋃
k≥0

ker((λ IY −B)k) is infinity dimensional;

(3) λ ∈ σ(B)�{λ}.

Remark 3.1. [36] If B is a bounded linear operator on Y , then

ress(B) := sup{|λ | : λ ∈ σess(B)}= lim
n→+∞

∣∣Bn∣∣ 1
n
ess < ∞.

ress(B) is said to be the essential spectral radius of B.

Next, we summarize the spectral properties of A . Before that, we denote by σ(A ) (respec-
tively, σp(A )) the spectrum (respectively, point spectrum) of A .

Theorem 3.1. [29, Proposition 5 and Theorem 1] The following statements are true:

(1)
{

λ ∈ σ(A) : Re(λ )>−ρ

}
⊂ σp(A ).

(2) Let λ ∈ C such that Re(λ ) > −ρ . Then, λ ∈ σ(A) if and only if det ∆(λ ) = 0, where

∆(λ ) = Im−
∫ 0

−∞

K(−θ)eλθ dθ and Im is the identity m×m matrix.

(3) ress(T (t))≤ e−ρt for all t > 0.

By [36, Proposition 4.13] and the statement (3) in the above Theorem, we see that ωess(T )≤
−ρ < 0. As a result of [18, Corollary 2.11, Chapter IV and Theorem 3.1, Chapter V], we have
the following spectral decomposition result.

Theorem 3.2. [29] The space X is decomposed as X = S⊕U such that
(i) S and U are closed subspace of X which are T (.)-invariant,

(ii) dim U < ∞, and the restriction of (T (t))t≥0 to U, denoted by (TU(t))t∈R, can be ex-
tended to a C0-group,

(iii) σ(A |U) =
{

λ ∈ σ(A ) : Re(λ )≥ 0
}

is finite and σ(A |S∩D(A )) = σ(A )\σ(A |U),
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(iv) there exist C ≥ 1 and α > 0 such that

‖T S(t)ϕ‖ ≤ C e−α t‖ϕ‖ for ϕ ∈ S and t ≥ 0,

where (T S(t))t≥0 is the restriction of (T (t))t≥0 to S.
In addition, if (T (t))t≥0 is hyperbolic; that is,

σ(A )∩ iR= /0, (H.P)

then
‖TU(t)ϕ‖ ≤ C eα t‖ϕ‖ for ϕ ∈U and t ≤ 0.

Let Φ = {φ1,φ2 · · · ,φd} be the vector basis of U with d := dimU. Then, there exist d-
elements (ψ1,ψ2, · · · ,ψd) in X∗ (the dual space of X) such that{

〈ψi,φ j〉= δi j,
〈ψi,φ〉= 0 for all φ ∈ S and i ∈ {1, · · · ,d}, (3.1)

where 〈·, ·〉 denotes the duality pairing between X and X∗ and

δi j =

{
1, if i = j,
0, if i 6= j.

Let Ψ= col{ψ1,ψ2, · · · ,ψd}, 〈Ψ,Φ〉 be a (d×d)-matrix, where the (i, j)-component is 〈ψi,φ j〉.
Denote by ΠU (resp. ΠS) the projection operator from X into U (resp. S). For each φ ∈ X , we
have

Π
U

φ = Φ〈Ψ,φ〉,
where 〈Ψ,φ〉 := (〈ψ1,φ〉, · · · ,〈ψd,φ〉). Since TU(t) is a C0-group on U , then there exists a
(d × d)-matrix G such that TU(t)Φ = ΦeGt , t ≥ 0, where the spectrum of the matrix G is
identical with the set {λ ∈ σ(A ) : Re(λ )≥ 0}.

Lemma 3.1. [29, Lemma 2] Let {e1, · · · ,em} be the canonical basis of Cm. Then, there exits a
d× m-matrix H such that, for any i ∈ {1, · · · ,m}, lim

n−→∞
〈Ψ,Γnei〉= Hei.

Let consider the following reduced ordinary differential equation:

z′(t) = Gz(t)+H f (t) for t ∈ R. (3.2)

The following Theorem shows that the dynamics of bounded solutions of equation (1.1) can
be described by the ordinary differential equation (3.2) posed in the finite-dimensional space U.
This result pertains to the reduction principle.

Theorem 3.3. [29, Proposition 6 and Theorem 8] Assume that f : R→ Cm is continuous and
bounded. Then, the following statements are true:

(1) For any t ∈ R, the limit Y (t) := limn→+∞

∫ t
−∞

T S(t− s)ΠS(Γn f (s))ds exits in X . More-
over, if η : R→ S is a continuous functions satisfies the following formula:

η(t) = T S(t−σ)η(σ)+ lim
n→+∞

∫ t

σ

T S(t− s)ΠS(Γn f (s))ds for t ≥ σ ,

then η(t) = Y (t) for all t ∈ R.
(2) If x is a (resp. bounded) solution of equation (1.1) on R, then the function z(t) := 〈Ψ,xt〉

is a (resp. bounded) solution of equation (3.2) on R.
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(3) If z is a (resp. bounded) solution of equation (3.2) on R, then the function ξ : R→ X
defined by

ξ (t) = Φz(t)+ lim
n−→∞

∫ t

−∞

T S(t− s)ΠS(Γn f (s))ds, for t ∈ R,

is continuous from R to X0 and the function t 7→ ξ (t)[0] is a (resp. bounded) solution of
equation (1.1) on R.

We obtain the same result in the above Theorem by weakening the boundedness assumption
of f , the forcing term. Namely, f is only bounded by mean values.

Theorem 3.4. Assume that f : R→ Cm is continuous and sup
t∈R

∫ t+1
t | f (s)|ds < +∞. Then, the

following statements are true:

(1) For any t ∈R, the limit Y (t) := lim
n→+∞

∫ t

−∞

T S(t−s)ΠS(Γn f (s))ds exists in X . Moreover,

if η : R→ S is a continuous functions satisfies the following formula:

η(t) = T S(t−σ)η(σ)+ lim
n→+∞

∫ t

σ

T S(t− s)ΠS(Γn f (s))ds for t ≥ σ (SVCF)

and sup
t∈R
‖η(t)‖<+∞, then η(t) = Y (t) for all t ∈ R.

(2) If x is a solution of equation (1.1) on R, then the function z(t) := 〈Ψ,xt〉 is a solution of
equation (3.2) on R.

(3) If z is a solution of equation (3.2) on R, then the function ξ : R→ X defined by

ξ (t) = Φz(t)+ lim
n−→∞

∫ t

−∞

T S(t− s)ΠS(Γn f (s))ds, for t ∈ R,

is continuous from R to X0 and the function t 7→ ξ (t)[0] is a solution of equation (1.1)
on R.

Proof. (1) Let t ∈ R and n sufficiently large. Then,∥∥∥∥∫ t

−∞

T S(t− s)ΠS(Γn f (s))ds
∥∥∥∥ ≤ C‖ΠS‖

∫ t

∞

e−α(t−s)‖ΠS‖| f (s)|ds

≤ C‖ΠS‖
∞

∑
k=1

∫ t−k+1

t−k
e−α(t−s)| f (s)|ds

≤ C‖ΠS‖
∞

∑
k=1

e−α(k−1)
∫ t−k+1

t−k
| f (s)|ds

≤ K,

where

K =C‖Πs‖sup
t∈R

(∫ t+1

t
| f (s)|ds

)
1

1− e−α
.

Let
H(n,s, t) = T S(t− s)ΠS(Γn f (s)) fors≤ t and n ∈ N.
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Then, for n and m large enough and σ ≤ t, we have∥∥∥∥ ∫ t

−∞

H(n,s, t)ds−
∫ t

−∞

H(m,s, t)ds
∥∥∥∥ ≤ ∥∥∥∥∫ σ

−∞

H(n,s, t)ds
∥∥∥∥+∥∥∥∥∫ σ

−∞

H(m,s, t)ds
∥∥∥∥

+

∥∥∥∥ ∫ t

σ

H(n,s, t)ds−
∫ t

σ

H(m,s, t)ds
∥∥∥∥

≤ 2Ke−α(t−σ)+

∥∥∥∥ ∫ t

σ

H(n,s, t)ds−
∫ t

σ

H(m,s, t)ds
∥∥∥∥.

Since lim
n−→∞

∫ t

σ

H(n,s, t)ds exists in X , then

limsup
n,m−→∞

∥∥∥∥ ∫ t

−∞

H(n,s, t)ds−
∫ t

−∞

H(m,s, t)ds
∥∥∥∥≤ 2Ke−α(t−σ).

By letting σ −→−∞, we obtain

limsup
n,m−→∞

∥∥∥∥ ∫ t

−∞

H(n,s, t)ds−
∫ t

−∞

H(m,s, t)ds
∥∥∥∥= 0.

Thus, by the completeness of X , we deduce that the limit lim
n−→∞

∫ t

−∞

H(n,s, t)ds exists in X .

Now, let η : R→ S be a bounded function satisfies the formula (SVCF). For t ∈ R, we
observe that

‖η(t)−Y (t)‖ =

∥∥∥∥T S(t−σ)η(σ)+ lim
n→+∞

∫ t

σ

T S(t− s)ΠS(Γn f (s))ds

− lim
n→+∞

∫ t

−∞

T S(t− s)ΠS(Γn f (s))ds
∥∥∥∥

≤ Ce−α(t−σ) sup
t∈R
‖η(t)‖+

∥∥∥∥ lim
n→+∞

∫
σ

−∞

T S(t− s)ΠS(Γn f (s))ds
∥∥∥∥

≤ Ce−α(t−σ) sup
t∈R
‖η(t)‖+

∥∥∥∥Y (0)− lim
n→+∞

∫ 0

σ

T S(t− s)ΠS(Γn f (s))ds
∥∥∥∥.

By the first part of the proof, we assert, for any t ∈ R, that

lim
σ→−∞

lim
n→+∞

∫ t

σ

T S(t− s)ΠS(Γn f (s))ds = Y (t).

Then,

lim
σ→−∞

∥∥∥∥Y (0)− lim
n→+∞

∫ 0

σ

T S(t− s)ΠS(Γn f (s))ds
∥∥∥∥= 0.

Consequently,

‖η(t)−Y (t)‖≤ lim
σ→−∞

(
Ce−α(t−σ) sup

t∈R
‖η(t)‖+

∥∥∥∥Y (0)− lim
n→+∞

∫ 0

σ

T S(t−s)ΠS(Γn f (s))ds
∥∥∥∥
)
= 0.

Hence, for all t ∈ R, η(t) = Y (t).
(2) and (3) can be deduced from [29, Theorem 7] easily.

�
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4. STEPANOV VERSION OF MASSERA AND BOHR–NEUGEBAUER TYPE RESULTS

In this section, we use the reduction principal to investigate the nature of mean values bounded
solutions of equation(1.1).

4.1. Almost periodicity. We start by the following Lemma.

Lemma 4.1. Let f be a continuous Sp-almost periodic for some p ≥ 1. Then, the function
Y :R→X defined, for t ∈R, by Y (t) = limn→+∞

∫ t
−∞

T S(t−s)(ΠSΓn f (s))ds, is almost periodic.

Proof. For k ≥ 1, we define the following function

Yk(t) = lim
n→+∞

∫ t−k+1

t−k
T S(t− s)ΠS(Γn f (s))ds.

By the strongly continuity of (T (t))t≥0, we can assert that, for all k ≥ 1, Yk is continuous on
R. Let ε > 0. Since, f is Sp−almost periodic, then it is S1−almost periodic. Thus, there exists
l(ε)> 0 such that for all a ∈ R, there exists τε ∈ [a,a+ l(ε)] such that

sup
t∈R

∫ t+1

t
| f (s+ τε)− f (s)|ds <

ε

C‖ΠS‖
.

Therefore, for t ∈ R, we have

‖Yk(t + τε)−Yk(t)‖ ≤
∥∥∥∥ lim

n→+∞

∫ t+τε−k+1

t+τε−k
T S(t + τε − s)ΠS(Γn f (s))ds

− lim
n→+∞

∫ t−k+1

t−k
T S(t− s)ΠS(Γn f (s))ds

∥∥∥∥
≤

∥∥∥∥ lim
n→+∞

∫ t−k+1

t−k
T S(t− s)ΠS

(
Γ

n( f (s+ τε)− f (s)
)

ds
∥∥∥∥

≤
∫ t−k+1

t−k
Ce−α(t−s)‖ΠS‖| f (s+ τε)− f (s)|ds

≤ C‖ΠS‖sup
t∈R

∫ t+1
| f (s+ τε)− f (s)|ds

≤ C‖ΠS‖× ε

C‖ΠS‖
≤ ε.

Then, we deduce that Yk is almost periodic for all k ≥ 1.
On the other hand, we observe that

‖Yk(t)‖ ≤
∥∥∥∥ lim

n→+∞

∫ t−k+1

t−k
T S(t− s)ΠS(Γn f (s))ds

∥∥∥∥
≤ C‖ΠS‖

∫ t−k+1

t−k
e−α(t−s)| f (s)|ds

≤ C‖ΠS‖e−α(k−1)
∫ t−k+1

t−k
| f (s)|ds

≤ C‖ΠS‖eαe−αk sup
t∈R

∫ t+1

t
| f (s)|ds.
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Then, by Weierstrass Theorem’s, we deduce that the series ∑
∞
k=1Yk(t) is uniformly convergent

on R. For t ∈ R and p≥ 1, we have

∥∥ p

∑
k=1

Yk(t)−Y (t)
∥∥ ≤ ∥∥∥∥ lim

n→+∞

∫ t

t−p
T S(t− s)ΠS(Γn f (s))ds− lim

n→+∞

∫ t

−∞

T S(t− s)ΠS(Γn f (s))ds
∥∥∥∥

≤
∥∥∥∥ lim

n→+∞

∫ t−p

−∞

T S(t− s)ΠS(Γn f (s))ds
∥∥∥∥

≤ C‖ΠS‖
∫ t−p

−∞

e−α(t−s)| f (s)|ds

≤ C‖ΠS‖
∞

∑
k=p+1

∫ t−k+1

t−k
e−α(t−s)| f (s)|ds

≤ C‖ΠS‖eα sup
t∈R

(∫ t+1

t
| f (s)|ds

)
∞

∑
k=p+1

e−αk.

Consequently, for any t ∈ R, limp→∞

∥∥∑
p
k=1Yk(t)−Y (t)

∥∥ = 0, which means that ∑
∞
k=1Yk(t)

converges uniformly to Y (t). Hence, Y is almost periodic. �

Now, we are able to establish the main result ensuring the existence of Stepanov almost
periodic solutions of (1.1).

Theorem 4.1. Let f be a continuous Sp-almost periodic for some p≥ 1. Then,

(1) If equation (1.1) has a solution x(·) on R+ such that

sup
t∈R+

∫ t+1

t
|x(s)|ds < ∞,

then it has an Sp-almost periodic solution on R.
(2) If x(·) is a solution of equation (1.1) on R such that

sup
t∈R

∫ t+1

t
|x(s)|ds < ∞,

then the function t 7→ xt is almost periodic and x(·) is Sp-almost periodic.
(3) If equation (1.1) has an almost periodic in Bohr sense, then f is Bohr almost periodic.

Proof. First of all, we notice that n t 7→ H f (t) is also Sp-almost periodic.
(1) Let x be a solution of equation (1.1) on R+ with

sup
t∈R+

∫ t+1

t
|x(s)|ds < ∞.
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Then, for t ≥ 0, we have

‖xt‖ =
∫ 0

−∞

|x(t +θ)|eρθ dθ

=
∫ −t

−∞

|x(t +θ)|eρθ dθ +
∫ 0

−t
|x(t +θ)|eρθ dθ

≤
∫ 0

−∞

|x0(θ)|e−tρeρθ dθ +
∫ t

0
e−ρ(t−s)|x(s)|ds

≤ ‖x0‖+ e−ρ[t]
∫ [t]+1

0
eρs|x(s)|ds

≤ ‖x0‖+ e−ρ[t]
[t]

∑
k=0

∫ k+1

k
eρs|x(s)|ds

≤ ‖x0‖+

(
sup

t∈R+

∫ t+1

t
|x(s)|ds

)
e−ρ[t]

[t]

∑
k=0

eρ(k+1)

≤ ‖x0‖+

(
sup

t∈R+

∫ t+1

t
|x(s)|ds

)
eρe−ρ[t]×

(
1− eρ([t]+1)

1− eρ

)

≤ ‖x0‖+

(
sup

t∈R+

∫ t+1

t
|x(s)|ds

)
eρ ×

(
e−ρ[t]− eρ

1− eρ

)
.

Consequently, the function t 7→ xt is bounded on R+ with values in X . Therefore, t 7→ 〈Ψ,xt〉
is a bounded solution of equation (3.2) on R+ (see Theorem 3.3). Thanks to [3, Corollary 6.4],
we obtain that equation (3.2) has an almost periodic solution z. Using Lemma 4.1, we conclude
that the function ξ : R→ X defined by

ξ (t) = Φz(t)+ lim
n→+∞

∫ t

−∞

T S(t− s)ΠS
Γ

n f (s)ds,

for t ∈R is almost periodic. By Theorem 3.3, we see that x̃(t) = ξ (t)[0] is a solution of equation
(1.1) on R with x̃t = ξ (t) for all t ∈ R. Then,

x̃(t) =
∫ 0

−∞

K(−θ)ξ (t)(θ)dθ + f (t) for t ∈ R.

Hence, x̃ is an Sp-almost periodic solution of equation (1.1).
(2) Let x be a solution of equation (1.1) on R such that

sup
t∈R

∫ t+1

t
|x(s)|ds < ∞.



STEPANOV OSCILLATORY DYNAMICS 17

Then, the function t 7→ xt is bounded, since

‖xt‖ =
∫ 0

−∞

|x(t +θ)|eρθ dθ

=
∫ t

−∞

e−ρ(t−θ)|x(θ)|dθ

≤
∞

∑
k=1

∫ t−k+1

t−k
e−ρ(t−θ)|x(θ)|dθ

≤
∞

∑
k=1

e−ρ(k−1)
∫ t−k+1

t−k
|x(θ)|dθ

≤ eρ

eρ −1
sup
t∈R

∫ t+1

t
|x(s)|ds.

Therefore, using Theorem 3.3, the function z(t) := 〈Ψ,xt〉 is a bounded solution of equation
(3.2) on R. By [3, Theorem 6.2], we deduce that z(t) is almost periodic. Since t 7→ΠSxt is also
bounded, then by using the (1) in Theorem 3.3, for all t ∈ R,

Π
Sxt = lim

n→+∞

∫ t

−∞

T S(t− s)ΠS
Γ

n f (s)ds.

Thus, t 7→ΠSxt is almost periodic (see Lemma 4.1). Using the (3) in Theorem 3.3, we have that

xt = Φ〈Ψ,xt〉+ lim
n→+∞

∫ t

−∞

T S(t− s)ΠS
Γ

n f (s)ds.

It follows that t 7→ xt is almost periodic. As for any t ∈ R x(t) =
∫ 0
−∞

K(θ)xt(θ)dθ + f (t), one
has x(·) is Sp−almost periodic.

(3) Assume that equation (1.1) has an almost periodic solution x(·) in Bohr sense. Then, by
(2), the function t 7→ xt is also almost periodic. Consequently, the function t 7→

∫ 0
−∞

K(θ)xt(θ)dθ

is almost periodic. Since, for t ∈ R, f (t) = x(t)−
∫ 0
−∞

K(θ)xt(θ)dθ , then f is Bohr almost pe-
riodic, which ends the proof. �

Now, we give a sufficient condition for the existence and uniqueness of a Stepanov almost
periodic solution.

Theorem 4.2. Let f be a continuous Sp-almost periodic for some p ≥ 1 and assume that
(T (t))t≥0 is hyperbolic. Then, equation (1.1) has a unique Sp-almost periodic solution x(·).
Moreover, for any t ∈ R,

xt = lim
n→+∞

∫ t

−∞

T S(t− s)ΠS
Γ

n f (s)ds− lim
n→+∞

∫ +∞

t
TU(t− s)ΠU

Γ
n f (s)ds. (4.1)

In addition, if {λ ∈ σ(A ):Re(λ )≥ 0}= /0, then the unique Sp−almost periodic x(·) is globally
attractive. Namely, for any solution x̃(·) of equation (1.1) on R+, limt→+∞ |x̃(t)− x(t)|= 0.

Proof. Under condition (H.P), we can affirm that

σ(G) = {λ ∈ σ(A ) : Re(λ )> 0}.
Then, equation (3.2) has a unique bounded solution on R given by

z(t) =−
∫ +∞

t
e(t−s)GH f (s)ds for t ∈ R,
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which is almost periodic (see [27, Lemma 3.3]). Consequently, in the light of Theorem 3.4 and
Lemma 4.1, the function ξ : R→ X defined by

ξ (t) = Φz(t)+ lim
n→+∞

∫ t

−∞

T S(t− s)ΠS
Γ

n f (s)ds for t ∈ R,

is almost periodic and x(t) := ξ (t)[0] is an Sp-almost periodic solution of equation (1.1).
On the other hand, for any t ∈ R, we have

Φz(t) = −Φ

∫ +∞

t
e(t−s)GH f (s)ds

= − lim
n→+∞

∫ +∞

t
Φe(t−s)G〈Ψ,Γn f (s)〉ds

= − lim
n→+∞

∫ +∞

t
TU(t− s)Φ〈Ψ,Γn f (s)〉ds

= − lim
n→+∞

∫ +∞

t
TU(t− s)ΠU

Γ
n f (s)ds.

Therefore, for t ∈ R,

xt = ξ (t) = lim
n→+∞

∫ t

−∞

T S(t− s)ΠS
Γ

n f (s)ds− lim
n→+∞

∫ +∞

t
TU(t− s)ΠU

Γ
n f (s)ds.

Let x̃ be another Sp-almost periodic solution of equation (1.1). Then,

sup
t∈R

∫ t+1

t
|x̃(s)|ds < ∞.

Therefor, by Theorem 4.1, t 7→ x̃t is almost periodic and hence z̃(t) := 〈Ψ, x̃t〉 is an almost
periodic solution of (3.2) on R. By the uniqueness of z, we deduce that z̃ = z. Thus x̃t = ξ (t)
and then we conclude the uniqueness of x. Let us assume that {λ ∈ σ(A ):Re(λ ) ≥ 0} = /0.
Consequently, we have U = {0X} and X = S. As per the initial part of this theorem, it follows
that equation (1.1) has a unique Sp-almost periodic solution x(·). Let x̃(·) be an arbitrary solution
of equation (1.1) on R+. According to Theorem 2.8, for any t ≥ 0, we have

‖xt− x̃t‖= ‖T (t)(x0− x̃0)‖ ≤Ce−αt‖x0− x̃0‖.
Therefore, limt→+∞ ‖xt− x̃t‖= 0. Moreover, for t ≥ 0,

|x(t)− x̃(t)|= |
∫ 0

−∞

K(−θ)(x(t +θ)− x̃(t +θ))dθ | ≤ ‖K‖∞,ρ‖xt− x̃t‖.

Consequently, limt→+∞ |x(t)− x̃(t)|= 0, which makes the proof complete. �

Remark 4.1. Let f be purely Stepanov almost periodic. According to the claim presented in
part (v) of the above Theorem, equation (1.1) never has a Bohr almost periodic solution.

4.2. Almost automorphy. Now, we focus our attention on the almost automorphic case. We
begin with the following Lemma.

Lemma 4.2. Assume that f is a continuous Sp-almost automorphic for some p ≥ 1. Then, the
function Y : R→ X given by

Y (t) = lim
n→+∞

∫ t

−∞

T S(t− s)(ΠS
Γ

n f (s))ds for t ∈ R,

is compact almost automorphic.
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Proof. For k ≥ 1, we define the following function

Yk(t) := lim
n→∞

∫ t−k+1

t−k
T S(t− s)ΠS(Γn f (s))ds

= lim
n→∞

∫ 1

0
T S(k− s)ΠS(Γn f (t− k+ s))ds for t ∈ R.

Obviously, Yk(·) is continuous. Let (s′j) j∈N be any sequence in R. Since f is Sp-almost au-
tomorphic, then it is S1-almost automorphic. Therefore, there exists a subsequence (s j) j∈N of
(s′j) j∈N such that, for any t ∈ R,

lim
m→+∞

lim
j→+∞

∫ 1

0
| f (t + s j− sm + s)− f (t + s)|ds = 0.

Then, for t ∈ R, on has

‖Yk(t + s j− sm)−Yk(t)‖ ≤
∥∥∥∥ lim

n→∞

∫ 1

0
T S(k− s)ΠS(Γn f (t + s j− sm− k+ s)− f (t− k+ s))ds

∥∥∥∥
≤ C‖ΠS‖

∫ 1

0
| f (t + s j− sm− k+ s)− f (t− k+ s)|ds.

Thus,
lim

m→+∞
lim

j→+∞
‖Yk(t + s j− sm)−Yk(t)‖= 0.

On the other hand, by using similar arguments in the proof of Lemma 4.1, we can assert that
the series ∑

∞
k=1Yk(·) converges uniformly to Y (·). Hence, Y (·) is almost automorphic.

Now, we claim that Y is uniformly continuous. Let (t ′j) j∈N and (s′j) j∈N ⊂ R be any real
sequences such that

lim
j→+∞

|t ′j− s′j|= 0. (4.2)

Then, if t ′j ≥ s′j (see Theorem 3.4), we have

‖Y (t ′j)−Y (s′j)‖=

∥∥∥∥∥T S(t ′j− s′j)Y (s
′
j)−Y (s′j)+ lim

n→+∞

∫ t ′j

s′j
T S(t ′j−σ)ΠS(Γn f (σ))dσ

∥∥∥∥∥
≤ sup

φ∈Q
‖T S(t ′j− s′j)φ −φ‖+

∫ t ′j−s′j

0
Ce−α(t ′j−s′j−σ)‖ΠS‖| f (s′j +σ)|dσ

≤ sup
φ∈Q
‖T S(t ′j− s′j)φ −φ‖+C‖ΠS‖

∫ t ′j−s′j

0
| f (s′j +σ)|dσ ,

where Q :=
{

Y (t) : t ∈ R
}

. Since f is S1-almost automorphic, there exists a subsequence
(s j) j∈N of (s′j) j∈N and a function f̃ ∈ L1

loc(R;Cm) such that, for any t ∈ R,

lim
j→+∞

∫ 1

0
| f (t + s j +σ)− f̃ (t +σ)|dσ = 0,

and

lim
j→+∞

∫ 1

0
| f̃ (t− s j +σ)− f (t +σ)|dσ = 0.
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In particular,

lim
j→+∞

∫ 1

0
| f (s j +σ)− f̃ (σ)|dσ = 0. (4.3)

Therefore,

‖Y (t j)−Y (s j)‖ ≤ sup
φ∈Q
‖T S(t j− s j)φ −φ‖+C‖ΠS‖

∫ t j−s j

0
| f (s j +σ)− f̃ (σ)|dσ

+C‖ΠS‖
∫ t j−s j

0
| f̃ (σ)|dσ .

Consequently, for all n ∈ N large enough such that |tn− sn| ≤ 1, on has

‖Y (t j)−Y (s j)‖ ≤ sup
φ∈Q
‖T S(|tn− sn|)φ −φ‖+C‖ΠS‖

∫ 1

0
| f (s j +σ)− f̃ (σ)|dσ

+C‖ΠS‖
∫ |tn−sn|

0
| f̃ (σ)|dσ .

Since Y is almost automorphic, Q is compact in S. Therefore,

lim
n→+∞

sup
φ∈Q
‖T S(|tn− sn|)φ −φ‖= 0.

By using (4.2) and (4.3), we deduce limn→+∞ ‖Y (t)−Y (s)‖= 0. Hence, Y is uniformly contin-
uous, which concludes the proof. �

We have the following extension of Massera and Bohr–Neugebauer type results.

Theorem 4.3. Assume that f is a continuous Sp-almost automorphic for some p≥ 1. Then, the
following assertions are hold:

(i) The existence of a solution x(·) on R+ of equation (1.1) such that

sup
t∈R+

∫ t+1

t
|x(s)|ds < ∞,

implies the existence of an Sp-almost automorphic solution.
(ii) Let x is a solution on R of equation (1.1) such that

sup
t∈R

∫ t+1

t
|x(s)|ds < ∞.

Then, the function t 7→ xt is compact almost automorphic and x is Sp-almost automor-
phic.

(iii) If equation (1.1) has an almost automorphic (resp. compact automorphic) solution, then
f must be almost automorphic (resp. compact almost automorphic).

Proof. Obviously, we have that the function t 7→ H f (t) is also Sp-almost automorphic.
(i) Consider x as a solution of equation (1.1) on R+ such that supt∈R+

∫ t+1
t |x(s)|ds < ∞. By

employing a similar argument to the one used in establishing the (1) in Theorem 4.1, we can
affirm that t 7→ xt is bounded on R+. Then, z0(t) := 〈Φ,xt〉 is a bounded solution of equation
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(3.2) on R+. According to [19, Corollary 35], equation (3.2) has a compact almost automorphic
solution z. By Lemma 4.2, the function ξ : R→ X given, for t ∈ R, by

ξ (t) = Φz(t)+ lim
n→+∞

∫ t

−∞

T S(t− s)ΠS
Γ

n f (s)ds,

is compact almost automorphic. Consequently, x̃(t) := ξ (t)[0] is an Sp-almost automorphic
solution of equation (1.1).

(ii) Let x be a solution of equation (1.1) on R with supt∈R
∫ t+1

t |x(s)|ds < ∞. As in the proof
of the (2) in Theorem 4.1, we can show that the function t 7→ xt is bounded. Obviously, z(t) :=
〈Ψ,xt〉 is a bounded solution of equation (3.2) on R, which is almost automorphic (see [10,
Theorem 4.14]). Due to [19, Proposition 34], z is uniformly continuous and, consequently,
compact almost automorphic. On the other hand, for any t ∈ R, we have

xt = Φz(t)+ lim
n→∞

∫ t

−∞

T S(t− s)ΠS
Γ

n f (s)ds.

Thus the map t 7→ xt is also compact almost automorphic. Hence, x is Sp-almost automorphic.
(iii) Assume that equation (1.1) has an almost automorphic (resp. compact almost automor-

phic) solution x(·). Then, by (ii), the function t 7→ xt is compact almost automorphic. Conse-

quently, the function t 7→
∫ 0

−∞

K(θ)xt(θ)dθ is compact almost automorphic. Since, for t ∈ R,

f (t) = x(t)−
∫ 0

−∞

K(θ)xt(θ)dθ ,

then f is almost automorphic (resp. compact almost automorphic). The proof is complete. �

Now we study the uniqueness almost automorphic solution.

Theorem 4.4. Let f be a continuous Sp-almost automorphic for some p ≥ 1 and assume that
(T (t))t≥0 is hyperbolic. Then, equation (1.1) has a unique Sp-almost automorphic solution.
Moreover, for any t ∈ R

xt = lim
n→+∞

∫ t

−∞

T S(t− s)Γn f (s)ds− lim
n→+∞

∫ +∞

t
TU(t− s)Γn f (s)ds. (4.4)

In addition, if {λ ∈ σ(A ):Re(λ ) ≥ 0} = /0, then the unique Sp−almost automorphic x(·) is
globally attractive.

Proof. Given condition (H.P), we can conclude from [27, Lemma 3.3] that equation (3.2) has a
unique bounded solution on R given by

z(t) =−
∫ +∞

t
e(t−s)GH f (s)ds for t ∈ R.

From [10, Theorem 4.14], we have that z is almost automorphic. Hence, the function x(t) :=
ξ (t)[0] is an Sp-almost automorphic solution of equation (1.1), where

ξ (t) = Φz(t)+ lim
n→+∞

∫ t

−∞

T S(t− s)ΠS
Γ

n f (s)ds for t ∈ R.

The rest of the proof can be demonstrated using a similar approach to the one employed in
proving Theorem 4.1. �
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Remark 4.2. As a result of the (iii) in the above Theorem, if f is purely Stepanov almost
automorphic, then equation (1.1) does not ever have an almost automorphic solution.

5. STEPANOV OSCILLATORY DYNAMICS FOR FULLY NONLINEAR RENEWAL EQUATIONS

This part is devoted to the study of the existence and uniqueness of an oscillatory solution for
the following nonlinear equation:

x(t) =
∫ t

−∞

K(t− s)x(s)ds+g(t,xt) for t ∈ R, (5.1)

where g : R×X → Cm is a continuous function and Lipschitzian with respect to the second
argument. That is, there exists Lg > 0 such that

|g(t,ϕ)−g(t,ψ)| ≤ Lg‖ϕ−ψ‖ for all t ∈ R and ϕ,ψ ∈ X . (Lip)

Lemma 5.1. Let x(·) be a solution of equation (5.1) on R. Then, the statements below are hold:
(i) If x(·) is Sp-almost periodic for some p≥ 1, then the function t 7→ xt is almost periodic.

(ii) If x(·) is Sp-almost automorphic for some p ≥ 1, then the function t 7→ xt is almost
automorphic.

Proof. (i) Let ε > 0. Since, x(·) is Sp−almost periodic, then it is S1−almost periodic. Con-
sequently, there exists l(ε) > 0 such that, for all a ∈ R, there exists τε ∈ [a,a+ l(ε)]
such that

sup
t∈R

∫ t+1

t
|x(s+ τε)− x(s)|ds <

ε× (eρ −1)
eρ

.

Therefore, for t ∈ R, we have

‖xt+τε
− xt‖ =

∫ 0

−∞

eρθ |x(t + τε +θ)− x(t +θ)|dθ

=
∫ t

−∞

e−ρ(t−θ)|x(τε +θ)− x(θ)|dθ

≤
∞

∑
k=1

∫ t−k+1

t−k
e−ρ(t−θ)|x(τε +θ)− x(θ)|dθ

≤
∞

∑
k=1

e−ρ(k−1)
∫ t−k+1

t−k
|x(τε +θ)− x(θ)|dθ

≤ eρ

eρ −1
sup
t∈R

∫ t+1

t
|x(τε +θ)− x(θ)|ds

≤ eρ

eρ −1
× ε× (eρ −1)

eρ

≤ ε.

Hence, t 7→ xt is almost periodic.
(ii) Let (s′n) j∈N be any real sequence. Since x is Sp-almost automorphic, then there exists a

subsequence (sn)n∈N of (s′n)n∈N such that, for any t ∈ R,

lim
m→+∞

lim
n→+∞

∫ 1

0
|x(t + sn− sm + s)− x(t + s)|ds = 0. (5.2)
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Consequently, for each t ∈ R, we have

‖xt+sn−sm− xt‖ =
∫ 0

−∞

eρθ |x(t + sn− sm +θ)− x(t +θ)|dθ

=
∫ t

−∞

e−ρ(t−θ)|x(sn− sm +θ)− x(θ)|dθ

≤
∞

∑
k=1

∫ t−k+1

t−k
e−ρ(t−θ)|x(sn− sm +θ)− x(θ)|dθ

≤
∞

∑
k=1

e−ρ(k−1)
∫ t−k+1

t−k
|x(sn− sm +θ)− x(θ)|dθ

≤
∞

∑
k=1

e−ρ(k−1)
∫ 1

0
|x(t− k+ sn− sm +θ)− x(t− k+θ)|dθ .

From (5.2), we have, for all k ≥ 1, that

lim
m→+∞

lim
n→+∞

∫ 1

0
|x(t− k+ sn− sm + s)− x(t− k+ s)|ds = 0.

In addition, for all k ≥ 1, on has

e−ρ(k−1)
∫ 1

0
|x(t− k+ sn− sm +θ)− x(t− k+θ)|dθ ≤ 2e−ρ(k−1) sup

t∈R

∫ 1

0
|x(t + s)|ds

for any n,m ∈ N. Therefore,

lim
m→+∞

lim
n→+∞

‖xt+sn−sm− xt‖

≤ lim
m→+∞

lim
n→+∞

∞

∑
k=1

e−ρ(k−1)
∫ 1

0
|x(t− k+ sn− sm +θ)− x(t− k+θ)|dθ

≤
∞

∑
k=1

e−ρ(k−1) lim
m→+∞

lim
n→+∞

∫ 1

0
|x(t− k+ sn− sm +θ)− x(t− k+θ)|dθ

= 0.

Hence, t 7→ xt is almost automorphic.
�

Proposition 5.1. Assume that (T (t))t≥0 is hyperbolic, and for each ϕ ∈X, g(·,ϕ)∈APSp(R,Cm)
(resp. g(·,ϕ) ∈ AASp(R,Cm)) for some p ≥ 1. If x(·) is Sp-almost periodic (resp. Sp-almost
automorphic) solution of (5.1), then the mapping t 7→ xt satisfies, for t ∈ R,

xt = lim
n→+∞

∫ t

−∞

T S(t− s)ΠS
Γ

ng(s,xs)ds− lim
n→+∞

∫ +∞

t
TU(t− s)ΠU

Γ
ng(s,xs)ds. (5.3)

Proof. Given that x(·) is Sp-almost periodic (resp. Sp-almost automorphic), and by Lemma
5.1, the function t 7→ xt is almost periodic (resp. almost automorphic). Since for each ϕ ∈
X , g(·,ϕ) ∈ APSp(R,Cm) (or g(·,ϕ) ∈ AASp(R,Cm)), and g is Lipschitz with respect to the
second argument, it follows from [7, Theorem 3.1] (resp. [8, Lemma 3.1 and Theorem 3.1])
that the function h(t) := g(t,xt) is Sp-almost periodic (or Sp-almost automorphic). In view
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of σ(A )∩ iR = /0 and g Theorem 4.2 (resp. Theorem 4.4), we deduce that the following
nonhomogeneous linear equation

x̃(t) =
∫ t

−∞

K(t− s)x̃(s)ds+h(t) for t ∈ R,

has a unique Sp-almost periodic (resp. Sp-almost automorphic). Furthermore, for t ∈ R,

x̃t = lim
n→+∞

∫ t

−∞

T S(t− s)ΠS
Γ

nh(s)ds− lim
n→+∞

∫ +∞

t
TU(t− s)ΠU

Γ
nh(s)ds.

By the uniqueness of x̃(·), we have x = x̃. Consequently,

xt = x̃t = lim
n→+∞

∫ t

−∞

T S(t− s)ΠS
Γ

ng(s,xs)ds− lim
n→+∞

∫ +∞

t
TU(t− s)ΠU

Γ
ng(s,xs)ds.

This concludes the proof. �

The main result of this section is the following theorem.

Theorem 5.1. Assume that (T (t))t≥0 is hyperbolic, and for each ϕ ∈ X, g(·,ϕ)∈ APSp(R,Cm)
(resp. g(·,ϕ) ∈ AASp(R,Cm)) for some p ≥ 1. Then, there exists ε0 > 0 such that if Lg < ε0
then equation (5.1) has a unique Sp-almost periodic (resp. Sp-almost automorphic).

Proof. Consider the following operator ϒ : AP(R,X)( resp. AA(R,X))→AP(R,X)( resp.AA(R,X))
defined, for υ ∈ AP(R,X)( resp.AA(R,X)), by

ϒυ(t) = xυ
t

= lim
n→+∞

∫ t

−∞

T S(t− s)ΠS
Γ

ng(s,υ(s))ds− lim
n→+∞

∫ +∞

t
TU(t− s)ΠU

Γ
ng(s,υ(s))ds

for t ∈ R, where xυ is the unique Sp-almost periodic (resp. Sp-almost automorphic) of the
following nonhomogeneous linear equation:

xυ(t) =
∫ t

−∞

K(t− s)xυ(s)ds+g(t,υ(t)) for t ∈ R. (5.4)

By the uniqueness of xυ and the fact that t 7→ xυ
t is almost periodic (resp. almost automorphic),

we deduce that ϒ is well-defined. We can see, for any t ∈ R, that

‖ϒυ(t)−ϒυ̃(t)‖ ≤
∥∥∥∥ lim

n→+∞

∫ t

−∞

T S(t− s)ΠS
Γ

n
(

g(s,υ(s))−g(s, υ̃(s))
)

ds
∥∥∥∥

+

∥∥∥∥ lim
n→+∞

∫ +∞

t
TU(t− s)ΠU

Γ
n
(

g(s,υ(s))−g(s, υ̃(s))
)

ds
∥∥∥∥

≤
∫ t

−∞

Ce−α(t−s)‖ΠS‖Lg‖υ(s)− υ̃(s)‖ds

+
∫ t

−∞

Ceα(t−s)‖ΠU‖Lg‖υ(s)− υ̃(s)‖ds

≤
2LgC max{‖ΠU‖,‖ΠS‖}

α
sup
t∈R
‖υ(t)− υ̃(t)‖.

Thus,

sup
t∈R
‖ϒυ(t)−ϒυ̃(t)‖ ≤

2LgC max{‖ΠU‖,‖ΠS‖}
α

sup
t∈R
‖υ(t)− υ̃(t)‖.
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Observe that

lim
Lg→0+

2LgC max{‖ΠU‖,‖ΠS‖}
α

= 0.

Then, there exists ε0 > 0, such that if Lg < ε0, then

2LgC max{‖ΠU‖,‖ΠS‖}
α

< 1.

In this case, the operator ϒ is a strict contraction, which means it has a unique fixed point,
denoted by υ0. For σ ∈ R and t ≥ σ , we have

υ
0(t) = lim

n→+∞

∫ t

−∞

T S(t− s)ΠS
Γ

ng(s,υ0(s))ds− lim
n→+∞

∫ +∞

t
TU(t− s)ΠU

Γ
ng(s,υ0(s))ds

= lim
n→+∞

∫
σ

−∞

T S(t− s)ΠS
Γ

ng(s,υ0(s))ds+ lim
n→+∞

∫ t

σ

T S(t− s)ΠS
Γ

ng(s,υ0(s))ds

− lim
n→+∞

∫ +∞

σ

TU(t− s)ΠU
Γ

ng(s,υ0(s))ds+ lim
n→+∞

∫ t

σ

TU(t− s)ΠU
Γ

ng(s,υ0(s))ds

= T (t−σ)

(
lim

n→+∞

∫
σ

−∞

T S(σ − s)ΠS
Γ

ng(s,υ0(s))ds

− lim
n→+∞

∫ +∞

σ

TU(σ − s)ΠU
Γ

ng(s,υ0(s))ds

)

+ lim
n→+∞

∫ t

σ

T (t− s)(ΠS +Π
U)Γng(s,υ0(s))ds

= T (t−σ)υ0(σ)+ lim
n→+∞

∫ t

σ

T (t− s)Γng(s,υ0(s))ds.

Then, according to Theorem 2.9, the function x(t) = υ0(t)[0] is a solution of (5.1) on R, and
hence it is Sp-almost periodic (resp. Sp-almost automorphic). Now, let x̃ be another Sp-almost
periodic (resp. Sp-almost automorphic) solution of (5.1). Then, by Lemma 5.1 the function
t 7→ x̃t is almost periodic (resp. almost automorphic) and from Proposition 5.1, we have, for
t ∈ R, that

x̃t = lim
n→+∞

∫ t

−∞

T S(t− s)ΠS
Γ

ng(s, x̃s)ds− lim
n→+∞

∫ +∞

t
TU(t− s)ΠU

Γ
ng(s, x̃s)ds

= ϒx̃·(t).

Hence, x̃ = x. �

Corollary 5.1. Assume that (T (t))t≥0 is hyperbolic, and for each ϕ ∈ X, g(·,ϕ) ∈ AP(R,Cm)
(resp. g(·,ϕ) ∈ AA(R,Cm)). Then, there exists ε0 > 0 such that if Lg < ε0 then equation (5.1)
has a unique almost periodic (resp. almost automorphic).

Proof. By Theorem (5.1), there exists ε0 > 0 such that if Lg < ε0, equation (5.1) has a unique
Sp-almost periodic (resp. Sp-almost automorphic), denoted by x(·). From Lemma 5.1, we have
the function t 7→ xt is almost periodic (resp. almost automorphic). Therefore, the function
t 7→ g(t,xt) is almost periodic (resp. almost automorphic). This gives the desired result. �
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6. APPLICATION TO AN EPIDEMIC MODEL WITH WANING IMMUNITY

In order to illustrate our theoretical results, we consider the following general renewal equa-
tion arise from analyzing structured epidemic model with waning immunity, formulated by only
two variables: the number of susceptible population at time t and the force of infection at time t.
This epidemiological model is fundamental to study the role of temporal immunity of recovered
individuals in disease transmission dynamics; see for [4, 30, 31, 32] for more details

y(t) =
∫ +∞

0
k(a)y(t−a)da+g(t,yt) for t ∈ R, (6.1)

where

• k(a) :=
β (a)F(a)

R0
− (R0−1)∫+∞

0 L (a)da
L (a) for a≥ 0.

• β : R+→ R+ is the age-specific transmission coefficient of infected individuals whose
infection-age is a.
• F : R+→ R+ is a probability function, for an infected individual, to be infectious until

his or her infection-age becomes a.

• R0 :=
∫ +∞

0
β (a)F(a)da is the basic reproduction number.

• L (a) is the probability for individuals who was infected not to obtain susceptibility
since the last infection such that

L (a) = 1−
∫ a

0
G(s)ds

where G :R+→R+ is a probability per unit of time to obtain susceptibility after infec-
tion satisfying that: ∫ +∞

0
G(a)da = 1.

• g ∈ APSpU(R×L1
ρ(R−,C) (resp. g ∈ AASpU(R×L1

ρ(R−,C)).
As we know, the spread of diseases and immunity can be influenced by a fluctuating envi-

ronment. For example, physical environmental conditions such as temperature and humidity
and the availability of food, water, and other resources usually vary over time with seasonal or
daily variations, which is represented in the above model by the term g(t,yt). Therefore, more
realistic models for epidemic dynamics should be nonautonomous systems (see [5]). While the
periodic case has often been considered, environmental factors, human migration rates, birth
rates of vectors, and other parameters may exhibit more complex oscillations, such as almost
periodic, almost automorphic, Sp-almost periodic, Sp-almost automorphic, and so on. These
facts are the motivation for the conditions imposed on the function g.

The question now is: What is the nature of the behavior of solutions to (6.1)? As mentioned in
this work, if g is purely Sp-almost periodic or Sp-almost automorphic, we cannot hope to have
an almost periodic or almost automorphic solution. Instead, the solutions may exhibit more
chaotic behavior. Thus, Sp-almost periodic or Sp-almost automorphic functions serve as math-
ematical tools to understand this complex phenomenon. Proving this kind of behavior helps in
understanding and predicting the long-term dynamics of the epidemic model, particularly in the
presence of environmental and demographic fluctuations.
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In the case, when g(t,yt) = f (t), where is Sp-almost periodic or almost Sp-automorphic func-
tion, then the existence of Sp-almost periodic or almost Sp-automorphic solutions for (6.1) can
be investigated using the Massera and Bohr-Neugebauer criteria. Which means that, it suffices
to analyze the boundedness and the boundedness of the mean values of the solutions.

On the other hand, let λ ∈
{

µ ∈ σ(A ) : Re(µ) ≥ 0
}

, then, by Theorem 3.1, λ verifies the
following characteristic equation

1 =
∫ +∞

0

β (a)F(a)e−λa

R0
da−

∫ +∞

0

(R0−1)∫+∞

0 L (σ)dσ
L (a)e−λada.

Hence, by [30, Proposition 3.1], there is ε1 > 0 such that if

1 < R0 < 1+ ε1,

we have
{

µ ∈ σ(A ) : Re(µ)≥ 0
}
= /0. Consequently, thanks to Theorem 4.2 (resp. Theorem

4.4), equation (6.1) has a unique Sp-almost periodic (resp. Sp-almost automorphic) solution
which is globally attractive.

To complete the illustration, next we l consider the fully nonlinear equation, as an application
for the main result obtained in Section 5. In this case, we assume that g is Lipschitzian with re-
spect to the second argument with L0 be its Lipschitz constant. As an example of such function:
g(t,ϕ) = g0(ϕ)+ f0(t), where g0 : L1

ρ(R−,C)→C is L0−Lipschitz function and f0 :R→C is
an oscillatory function.

By using Theorem 5.1 and Corollary 5.1, if 1<R0 < 1+ε1, then, there exists ε0 > 0 such that
if L0 < ε0, then equation (6.1) has a unique Sp-almost periodic (resp. Sp-almost automorphic,
almost periodic, almost automorphic).

7. CONCLUSION

In this work, we considered the existence of almost periodic and almost automorphic behav-
iors for a class of infinite delay renewal equations. In [2], we observed that, unlike ordinary
differential equations, where solutions become strong (Bohr-almost periodic or compact almost
automorphic) under forcing terms in weak (Stepanov) sense, this is not possible for renewal
equations. Starting from this point, in this present work, we investigated the case when the
forcing term is only in Stepanov sense. To achieve this goal, we established a new result on the
reduction principle for nonhomogeneous autonomous linear renewal equations with the forc-
ing term bounded by mean values. As a consequence, we provided Stepanov versions of the
Massera and Bohr-Neugebauer type results. That is, to study the existence of an Sp-almost
periodic or Sp-almost automorphic solution, it is sufficient to examine the mean boundedness.

Under the condition that the semigroup generated by the linear part has an exponential di-
chotomy, we have established the existence of a unique Sp-almost periodic or Sp-almost au-
tomorphic solution. Based on this and the Banach fixed point theorem, we have investigated
the existence and uniqueness for the nonlinear case with Lipschitz condition. Moreover, we
have noted that if (T (t))t≥0 is exponentially stable, then the unique Sp-almost periodic or Sp-
almost automorphic is a global attractor of equation (1.1). More precisely, every solution onR+

is attracted by the unique Sp-almost periodic or Sp-almost automorphic, resulting in the same
long-term behavior.
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