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Abstract. This paper introduces a kind of hybrid equilibrium to multi-leader-multi-follower games.
The existence of hybrid equilibria of the games is proven via set-valued analysis. Our hybrid equilibria
can include both noncooperative equilibria and cooperative equilibria in references as special cases. In
addition, a weak hybrid equilibrium is introduced both for normal form games and multi-leader-multi-
follower games with infinitely many players. The existence of weak hybrid equilibria is established for
infinitely many players. The notion of the weak hybrid equilibrium is a generalization of weak ¢-core
in cooperative games. These equilibrium conceptions and results are new in multi-leader-multi-follower
games.
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1. INTRODUCTION

It is known that Nash equilibria focuses the noncooperative behavior of players, while the
conceptions of core and other cooperative equilibria focus on the cooperative behavior among
players. A classical existence theorem for o-core (see Aumann [1]) in normal form games was
given based on the existence of core of characteristic games [2]. The a-core was extended to
multi-objective games and TU «-core by Zhao [3, 4], to games with nonordered preferences
by Kajii [5], to multi-objective games with continuous set payoffs by Zhang and Sun in [6],
to multi-objective games with discontinuous set payoffs in [7] by Song et al, and to popula-
tion games in [8, 9] (for populations games, see [10]). For the existence results for a-core of
discontinuous TU and NTU games, we refer to [11]. Noncooperative equilibria and cooper-
ative equilibria have deep relations. Social coalitional equilibria in [12], defined by Ichiishi,
integrate the notion of Nash equilibrium and core. Another closely related conception is the
hybrid solution (hybrid equilibrium), introduced for general cooperative games by Zhao [13].
Some structures of solutions of general cooperative games were revealed by Song in [14]. A
hybrid equilibrium includes Nash equilibrium points and a-core as special cases in normal form
games. Recently, Yang and Yuan generalized the conception of hybrid equilibria to the games
with nonordered preferences in [15].
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In the field of multi-leader-multi-follower games (MLMF games), numerous existence results
for noncooperative equilibria were established. Pang and Fukushima [16] formulated a kind of
MLMF game as a generalized Nash equilibrium problem or a generalized quasi-variational in-
equality (for the original GQVI, see Yao [17]) . In two-leader-follower games, Yu and Wang
[18] provided some Nash equilibrium results. Later, using variational inequalities, Hu and
Fukushima [19] obtained the existence and uniqueness of Nash equilibria for MLMF games.
Recently, for generalized MLMF games, Jia et al. [20] demonstrated the existence and sta-
bility of weakly Pareto-Nash equilibria. Considering noncompact FC-spaces, the equilibrium
existence was proven by Ding [21] for MLMF games. Furthermore, it is also known that the
original development of bilevel programming is stimulated by the leader-follower games (Stack-
elberg games); see [22]. In recent years, the study of the existence of cooperative equilibria for
MLMF games have been arising. In [23], Yang and Yu studied the existence and generic sta-
bility of cooperative equilibria, where cooperative equilibria originate from ®-core. Yang and
Gong, in [24], presented an existence result of weakly cooperative equilibria defined from weak
core for normal form games in [25]. Very recently, the continuity of o-core of MLMF games
was studied in [26]. There are resutls on Nash equilibria and cooperative equilibria in MLMF
games, however, the hybrid equilibria integrating the noncooperative and cooperative equilibria
are still not studied in MLMF games. We generalize the notion of the hybrid equilibria in Zhao
[13] to MLMF games, and study their existence. Inspired by Yang and Yuan [15], we introduce
weak hybrid equilibria to MLMF games, and give a study of their existence for the case with
infinitely many leaders and followers.

The rest is organized as follows. In Section 2, the related setting and the definition of hybrid
equilibria are given for MLMF games. Section 3 proves the existence of hybrid equilibria for
MLMF games. In Section 4, the notion of weak hybrid equilibria is introduced to normal form
games and MLMF games. Then, based on the existence results for normal form games in this
paper, the set of weak hybrid equilibria is demonstrated to be nonempty for MLMF games.

2. PRELIMINARIES ANDHHYBRID EQUILIBRIA

2.1. Multi-leader-multi-follower games and hybrid equilibria. Let 7 = {1,...,n} be the set
of leaders and J = {1,...,m} be the set of followers. For i € 1, X; is the strategy set of the leader
iand f; : X x Y — Ris i’s payoff function. For a follower j in J, Y; is his/her strategy set and
gj X xY — R s the payoff of the follower j. For convenience, one sets

X=[[X, X-i= [] X Xs=][]% X-s=[]%

icl i#k kel Netj scI

i€S i¢S
Y,Y_;,Yg,and Y_g are similar with X,X_;, Xg, and X_¢ for each j € Jand each S C J. Then, I' =
(I,J,{Xi}ier,{Y;}jes, { fitier. {g}} jes) is called a multi-leader-multi-follower (MLMF) game
with finite players. In a MLMF game, the leaders firstly make a decision x from the strategy
set X. Secondly, the followers accept the strategy x € X of leaders and make a corresponding
strategy y € Y. In fact, a MLMF game is a generalization of usual normal form games. A normal
form game with a partition p of players is G = (N, p,{X;}ien, {ui}ien), where p with p =
{Ny,Ny,...,N;} is a partition of the player set N (that is, U’;ZINr =N,N,NN, =0,Vr # ). For
each player i € N, X; is the strategy set of the player i, and u; : X — R denotes the payoff for the
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player i. In the above game G, if the preference of a player i € N is denoted by a correspondence
P, : X = X instead of the payoff u;, then a game with preferences is (N, p,{X;}ien, {Pi}ien)-

Definition 2.1. (Zhao [13]) Let G be a normal form game with N being a finite set. A point
Xt = (x]*\,] S XNy ,x}k\,k) € X is said to be a hybrid equilibrium of G if, for any N, € p and any
B C N,, there exists no yg € Xp such that ui(yB7er_B,xiNr) > u,-(x}i,r,x";]\,r)7 VieB, Voy.—p €
Xn,—B, where N, —B = {i | i € N,,i ¢ B}.

Remark 2.1. It should be pointed that if |p| = 1, a hybrid equilibrium belongs to a-core,
Furthermore, if |N,| = 1 for any r € {1,2,...,k}, then hybrid equilibrium is deduced to a Nash
equilibrium.

We extend the definition of hybrid equilibria in normal form games to MLMF games. For a
MLMF game with partitions

U'={LJ,p,p,{Xiticr, {Y;}jes, { fitier. {8} jes), (2.1)
where p is a partition of leaders I with p = {N;,N,,...,Ni} and |p| = k; p is a partition of
followers J with p = {N},N;,...,N; } and |p| = k. Note that KN, =1 and Ul;‘ZIN; =J,
where N,N N, =0 and NN/, =0, Vr #r'.

Let h(x) be the set of hybrid equilibria of the followers’ norm game, G’ = (J, p,{Y,}jes,
{gj(x,-)} jer) for each fixed strategy profile x € X of leaders. Then, a correspondence 1: X =Y
is defined. The point j = (yN{ SINgs -5 I ) € h(x) implies that y is a hybrid equilibrium of G'.

1
That is, for any N/ € p(r € {1,2...,k; }) and S’ C N/, there exists no yg € Yg such that
gj(xaySUWN;—S’J)_;—N;) > gj(xﬂ_]N;a)_}—N;)v Vje Sla VWN;—S’ S YN;—S’-

Definition 2.2. A strategy X = (Xy,,%n,, . ..,%n,) € X is called a hybrid equilibrium of a MLMF
game I'in (2.1) if, for any N, € p and for any S C N,, there exists no xg € Xg such that

filxs,wn,—s,X-n,,¥) > fi(®n,,. X-N,,¥), Vi €S, ¥y € h(X), Ywy,_s € X, —s.

Remark 2.2. A hybrid equilibrium x of a MLMF game requires that, for any hybrid equilibrium
y € h(x) of the followers’ game, ¥ is still a hybrid equilibrium of leaders’ game. Therefore, the
hybrid equilibrium in Definition 2.2 is very different from that in Definition 2.1.

The following result needed in the paper is from Yang and Yuan [15] for hybrid equilibria of
games without ordered presences.

Lemma 2.1. [15] Suppose that G = (N, p,{X;}ien,{P:}ien) is a game with preferences, where
N is a finite set, p = {N,Ny,--- ,Ni.} and P, : X = X for eachi € N with X = UjenX;. For each
i € N, if G satisfies the following conditions:

(1) X; is a nonempty, convex, and compact subset of R";

(2) P(-) has convex values with open graph in X x X and x ¢ P;(x) for all x in X,

then G has at least a hybrid equilibrium. That is, for any N, € p and any S C N,, there exists no
zs € X such that {Zs} X Xy, g X {X—Nr} C P,'(XNr,)f_Nr), Vies.

2.2. On the concept of hybrid equilibria. The existence of noncooperative equilibria was
given in multi-leader-multi-follower games [27]. The original development of bilevel program-
ming is from the leader-follower games (Stackelberg games), see [22]. There are numerous
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applications of multi-leader-multi-follower games, such as the congestion control in commu-
nication networks [28], competitive bidding problems in electricity markets [16], and bidding
problems with an arbitrager in electricity markets [16]. For competitive bidding problems in
electricity markets, the followers are independent system operators (ISO), and the leaders are
the firms to bid for the market power in some regions.

In a normal form game, the concept of cooperative equilibria was used widely [29]. As a
generalization of normal form games, it cannot be eliminated cooperation in a multi-leader-
multi-follower game. For example, in Blockchain Ecosystems, if one takes independent system
operators as followers, and takes the miners as leaders, then it is a MLMF game. It was pointed
out that there exists cooperation in some miner groups; see [29]. A cooperative equilibrium
in MLMF games (which was firstly given in [23]) means that it cannot be ¢-blocked by any
coalition, and the meaning of cooperation in miner groups in [29] is also based on a-blockings.
Hybrid equilibria bridge the noncooperative equilibria and cooperative equilibria in [3] for nor-
mal form games. Hybrid games, as one of important economic aspects, are games to be used
to model simultaneous cooperation within firms and competition among firms, such as “island
economies’’; see [30].

Hybrid equilibria were used to analyze financial problems. Under the framework of Blockchain
ecosystems, in mining gap games, all miners (players) p are divided into several disjoint groups
with p = {Ny,N,,--- ,N}. In each miner group N, players cooperate together; players compete
among groups. As an applications of hybrid equilibria in [29], consensus equilibria were char-
acterized by hybrid equilibria for mining gap games. Under a given reasonable consensus, the
existence of the honest miners keeping “Mining Longest Chain Rules” was guaranteed. In view
of the existence of noncooperative equilibria and cooperative equilibria in MLMF games and
the potential applications of hybrid equilibria, Definition 2.2 gives a concept of hybrid equi-
libria in MLMF games based on the hybrid equilibrium in [13] by Zhao and the cooperative
equilibrium in [23] by Yang and Ju.

If ¥ is a hybrid equilibrium of a MLMF game I' as (2.1) and there are no followers, then
X is a hybrid equilibrium (as stated in Definition 2.1) in [13] for a normal form game with
partitions. If there has only the coarsest partition, that is, |p| = |p| = 1, a hybrid equilibrium
of a MLMF game I" as (2.1) is a cooperative equilibrium in [23]. If all groups are the finest,
that is, [N,/ = 1 and |N/| = 1, then the hybrid equilibrium in Definition 2.2 can reduce to a
noncooperative solution (Nash equilibrium) for some special MLMF games in references.

Here, we give an MLMF game which is a slight variant of the example in [16] by Pang
and Fukushima. The follower’s problem is to find a best y for a given x = (x1,x2,x3) such
that maxy>g(x,y) = y(1 —x; —x2) — %yz. There are three leaders. The first leader is to find
the best x; of max,, c1,1) /1 (x,y) = —%xl, the second leader’s problem is max,,c,1] /2 (x,y) =
—1x2x1 + X2, and the third leader’s problem is max,, c(o,1) f3(x,y) = —1x3+y. Let1={1,2,3},
J=A{1}, p={{1},{2},{3}}, p={1}, X; =[0,1] for each i € I, and Y = [0,+oc0). Then,
there is a multi-leader-one-follower game with partitions: I'! = (I,J, p, p, {X;}ic1,Y, { f: }ic1, 8)-
From the finest partition {{1},{2},{3}} of leaders, the hybrid equilibria of I'! in Definition
2.2 are noncoperative equilibria among leaders. The follower’s best reaction of a given x is
y € h(x) such that h(x) = max{0,1 —x; —x,}. Then, the hybrid equilibria of I"' consisting with
competitive equilibria is the singleton set NE = {(0,1,0)} C X; x X, x X3. For any point in the
set NE, there is no coalition {i} which can a-block the point. For instance, if the coalition {2}
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can a-block the point ¥ = (0,1,0), then there exists an x} € X such that f>((0,x5,0),h(x)) >
f2(%,h(X)), then it reaches a contradiction. If it is allowed to cooperate between leaders 1 and
2, then the partition of p’ of leaders is written as p’ = {{1,2},{3}}. Then, a multi-leader-
one-follower game with partitions is defined as I'> = (I,J, p’, p, {X;}ic1,Y, {fi }ic1.g). We assert
that x* = (0, %,0) is in the set of hybrid equilibria of I'2, which is a cooperative equilibrium
in [23, 24] under [1]. For each coalition S of I, there is no xg € Xg which can o-block the
strategy x*. For instance, if {2} C {1,2} can a-block the strategy x*, then there is an x} € X,
such that f>((w1,x5,0),h(x*)) > fo(x*,h(x*)),Yw1 € X;. Then, 3x5(1 —wy) > 1 for all wy in
X1. There is a contradiction when w; = 1. Clearly, the cooperative equilibrium point x* is not
in the set NE. Furthermore, it holds that f;(x*,h(x*)) > fi(x,h(x)),Vi € I,Vx € NE. Then, to
allow the cooperation for leaders under the a-blocking rule in [1] may benefit leaders in the
MLMF game. Due to the different partitions of leaders in the above example, it may reduce
to competitive equilibria or cooperative equilibria by hybrid equilibria in Definition 2.2. The
different partitions of leaders or followers represent the complexity of internal organizations for
players. Note the difference between the competitive equilibria and cooperative equilibria of
MLMF games in the above example. One may ask: what kinds of conditions can bridge the
gap between these equilibria? Section 3 aims to find some sufficient conditions. In addition,
it is easy to generalize the above example to the case with infinitely many players. For games
with infinitely many players, similar with Section 3, Section 4 intends to find some sufficient
conditions to bridge the gap between competitive equilibria and cooperative equilibria.

3. THE EXISTENCE OF HYBRID EQUILIBRIA FOR MLMF GAMES WITH FINITE PLAYERS
The correspondence 4 in Section 2 has the property in Lemma 3.1.

Lemma 3.1. Suppose that a MLMF game T as (2.1) satisfies

(1) for each i € I, X; is a nonempty convex compact subset of R";
(2) for each j € J, Y; is a nonempty convex compact subset of R"/;
(3) foreach j € J, g; is continuous on X xY.

Then, h: X =Y is an upper semi-continuous correspondence with compact values.
Proof. By the closed Graph Theorem in [31], it suffices to show that the graph of 4 is closed.
Let {(x",7")} be a sequence in X x Y with (x",7") — (x,y) € X XY and " € h(x"). Suppose
that y ¢ h(x). Then, there exists N, € p, S’ C N/, and ug € Yg such that

gj(x,ug , wyi—g,-n1) > & (%, N, T-n1), Vi €S, Ywy_g €Yy g
Because g; is continuous on X x Y and Yys_¢ is a compact subset, it holds that

min gj<x7u5’7WN;fS’7)77N£) > gj(xﬂ_"Nr’)ny;)? Vje \ (3.1)
WNéfS/EYNﬁfS/

By the Berge Maximum Theorem in [31], (x,ug,5_n1) — mig gj(x,us, wyr_s,5_n1)
Wail _ ot €EX N1 _ ot
Ni—s' SNl —g

is continuous. Therefore, from (3.1), there exists ng > 0 such that, when n > ny,

: n =n noan oon . /
min g}(x 7uS’7WN;fS’7y7N’) > g](x 7yN’7y7N’)> VjeSs.
W s EVN] st ' ' '

Then, for N/ € p and S’ C N/, there exists ug € Yg such that

— — — . /
gi(X"us, wii—s, o) > & (X Iy T n), Vi €S, Vwn—g € Yy
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It is contradictory to the fact y* € h(x"). O

From Definition 2.2, Lemma 3.1, and Lemma 2.1, we establish the following existence of
hybrid equilibria in MLMF games.

Theorem 3.1. Suppose that a MLMF game T as (2.1) satisfies the following conditions:

(1) I and J are finite sets;

(2) for each i € I and each j € J, X; and Y; are two nonempty, convex, and compact subsets
with X; C R™ and Y; C R"J;

(3) foreachic I and each j € J, f; and g; are continuous on X xY;

(4) foreachi €I, fi( - ,x_n,,y) is quasi-concave on Xy, ;

(5) foreach j € J, gj(x, - ,y_nt) is quasi-concave on Yy:.

Then, I has at least a hybrid equilibrium.

Proof. The proof is divided into two steps.
Step 1. Given an x € X, for any N, € p and j € N}, we define a preference correspondence

Pf" (x,-) 1Y =2 Y for the follower j by
'
Pj’ ()C,y) = {(MN;,ny;) ey ‘ gj(xﬂ’tN,’.vny;) > gj(xaernyN;)}' (3.2)

Since each member in j corresponds to a N/ € p and a j € N/, we have a preference Pf" for
each member in p. For convenience, let J' = {(N;, j)jen: | € {1,2,-- ki }}. Clearly, there
exists a bijection between J' and J. Then, given an x € X, the followers’ game can be denoted by
(J, P, {Y: }1es, {Pf" (x,) Y v, jyesr)- Clearly, y ¢ PjF"/ (x,y) forany y € Y and j € N.. Note that jp
with p = {N},N;,...,N; } is a partition of J. Therefore, for any j € J, it holds that y ¢ Pf’/ (x,)
for a given x € X. Given a point x € X, by the quasi-concave condition (5), from [31, Lemma
7.73], it obtains directly that Pf” (x,-) is convex for each j € J. Next, from condition (3), g j

is continuous. For any x € X and j € N/, it holds that Graph(Pf" (x,-)) is open in ¥ X Y.

Thus, from Lemma 2.1, the followers game (J, p, {Y; }+c J,{Pfr, (x,)} (v, jyer) exists a hybrid
equilibrium § = (Jyr, 9y - - Fn; ) € Y. This means that, for any N/ € p and any S’ C N,, there
1

exists no ug € Yy such that {x} x {ug} x Yyr_g x {yyr} C Pf’/ (x,¥), Vj € S. According to
(3.2), for the strategy y = (yN{ sINgs -5 IN] )in Y, for any N € p and S’ C N/, there exists no
1
ug € Yy such that g;(x,ug, wyr_s,5_n1) > g (%, 91, 5-n1), Vi €S, Ywyi_g € Yiyr_g.
Step 2. For the partition p of I with p = {N;,N,,...,N;}, forany N, € p and i € N,, we define
the preference correspondence Pl.L’ : X =2 X for the leader i by

PF(x) = {(zn, x-N,) € X | fi(an, XN, ) > filon,, XN, ¥), Wy € h(x)}. (3.3)
Let I' = {(Ny,i)ien, | r € {1,2,--- ,k}}. Obviously, there exists a bijection between I’ and I.
Then, the leaders’ game can be denoted by (I, p, {X; }ser, {PiLf}(Nhi)e,/>. Clearly, x ¢ PiL’ (x) for
anyi€/landx € X. Foranyx € X and i € [, PlL "(x) is convex. This can be deduced directly
from [31, Lemma 7.73] by noting the quasi-concave condition (4).
We next show that the Gra ph(Pl.L’) isopen in X x X for each i € N,. For each i € N,,, suppose
that (z}y ,x" v ) & Pl.L’ (") with (x", 2 ,x" 5 ) — (%,2n,,%-n,) € X x X. It suffices to prove that
(zn.. X_N,) & PZ-L’(x). As (zy, X"y ) ¢ PZ-L’(x”) for each n = 1,2,..., we have fi(z}, ,x" 5 ;") <
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fi(xy, s X"y »"), for some y" € h(x"). From Lemma 3.1,  is an upper semi-continuous corre-
spondence with nonempty compact values. From [31], one also sees that there exists a subse-
quence {y"} of y" such that {y"*} — y* € h(x). Therefore, as k tends to infinity, we have
fizn,,x-n,,3°) < fi(xn,,x-n,,y°) and Y0 € h(x). It implies that (zy,,x_n,) ¢ PF(x). Thus, for
eachi € N, foreach r € {1,2,--- ,k}, the graph of PiL’ isopen in X x X. From Lemma 2.1, the
game (I, p,{X; }er, {Pl.L"}(Nh,-)E,/) exists at least an X = (Xn,, Xn,, ..., Xn,) € X such that for any
N, € p and any S C N, there exists no zs € Xg for which {zg, } X Xy, _s x {X_n,} C Pl-L’ (%), VieS.
By (3.3), for any N, € p and any S C N,, there exists no zs € X such that

fi(zs,wn,—s,%-N,,¥) > fi(Xn,,X_n,,9), Vi €S, V§ € h(X), Vwn,—s € Xn,—s.

Finally, we have that the strategy profile X € X is a hybrid equilibrium of I". The proof is
completed. 0

Remark 3.1.

(a) If the set J of followers is a singleton, Theorem 3.1 shows the existence of hybrid equilibria
in multi-leader-single-follower games. If there are no followers in I', a hybrid equilibrium
of I' is a hybrid equilibrium of a normal form game with a partition p, which is a kind of
general cooperative game in Zhao [13].

(b) For partitions p and p, if |N,| = 1 and |N}| = 1, the existence of hybrid equilibria is deduced
to the existence of noncooperative (Nash) equilibria in MLMF games. On the other hand,
if | p |=| p |= 1, the existence of a hybrid equilibrium X with y € A(X) is the existence of
cooperative equilibria (X and y are ot-core equilibria for leaders and followers, respectively)
in MLMF games in Yang [23].

Example 3.1. Consider a two-leader-two-follower game

U= (1.J,p,p.AXi}ier, {Yj}jes, { fitier. {8)} jer),
where I = {1,2},J={1,2}, X; =X, =[0,1] € R, Y} =Y, =[0,1] € R, and fj (x1,x2,y1,)2) =
x1y1y2, f2(X1,%2,¥1,¥2) = X2y2, g1(x1,X2,y1,¥2) = 1, and g2(x1,x2,y1,y2) = y2 for any (x1,x2,y1,
) EXXY.

Case 1. For partitions p = {{1},{2}} and p = {{1},{2}}, T satisfies all the conditions of
Theorem 3.1.

Let X(x) be the set of Nash equilibria in the parametric followers’ game. It is clear that
X (x) =[0,1] x {1} C Y for any x € X. Therefore, the set of hybrid equilibria is {1} x {1} for
the two-leader-two-follower game, where {1} x {1} C X is actually the Nash equilibrium set
of the parametric leaders’ game.

Case 2. For p={{1,2}}, p = {{1,2}}, I" satisfies all the conditions of Theorem 3.1, and it is
obvious that the hybrid equilibria of the two-leader-two-follower game are the same as a-core
for leaders and followers.

Let h(x) be the set of a-core for the parametric followers’ game with the leaders’ strategy
x € X. We can obtain that 4(x) = [0,1] x {1} C Y for any x € X. Therefore, it can be checked
that the set of hybrid equilibria of " is [0, 1] x {1}. Furthermore, it can be found that the hybrid
equilibrium are different in the above two cases.

Corollary 3.1. Let h: X = Y be upper semi-continuous and nonempty compact valued. If a
normal form game (I, p,{X;}icr,{fi}ic1) with a partition p satisfies the conditions (1)-(4) of
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Theorem 3.1, then we say that the game has at least one hybrid equilibrium with respect to h.
That is, there exists X € X such that, for any N, € p and S C N,, there exists no zs € Xs such that

fl'(Z57ri—Sa-f—Nr7)7) > fi(fNraf—N,J)? Vie Sa vy € h(f), vVVN,-—S S XNr—S-

Proof. By the step 2 in Theorem 3.1, the existence of hybrid equilibria in the parametric leaders’
game implies the desired result. 0J

4. THE EXISTENCE OF WEAK HYBRID EQUILIBRIA FOR MLMF GAMES WITH
INFINITELY PLAYERS

Before introducing weak hybrid equilibria of MLMF games and proving their existence, we
need to introduce weak hybrid equilibria to normal form games and give a deep study for their
existence.

Given a normal form game

G= <N7p7{Xi}i€N7{vi}i€N>7 (41)

where p = {N, | r € R} is a partition of the player set N (R is an index set), and v; : X — R is
the payoff function of a player i € N. Recall that X = Xy = [[;cy Xi. Define a set

Q={(N,,S)|SCN,, N, € p}.

Definition 4.1. For a normal form game G as (4.1), a strategy X € X is said to be hybrid-
blocked by (N,,S) of Q if there exists xg € Xg such that vi(xs,2n,—s,%—N,) — vi(Zn,,X_n,) >
0, Vi€ S, Vzn,_s € Xy,_s. A strategy X € X is strongly hybrid-blocked by (N,,S) of  if there
exists xg € Xg and € > 0 such that v;(xs, zy,—s,X_n,) —Vi(Xn,,X_n,) > €, Vi€ S, Vzy,_s € Xn,—s.
A strategy profile X € X is called a weak hybrid equilibrium of G, if it cannot be strongly hybrid-
blocked by any (N;,S) € Q.

Remark 4.1. (a) The hybrid-blocking concept for normal form games in Definition 4.1 is from
the hybrid-blocking concept in games without ordered preferences in Yang and Yuan [15].
The hybrid-blocking concept was defined by the ox—blocking concept, see [15, 25]. The
strongly hybrid-blocking in Definition 4.1 is inspired by the strongly hybrid-blocking for
games without ordered preferences in [15], and the relation between them needs to be stud-
ied in the future.

(b) If a strategy X cannot be hybrid-blocked, which means that, for each group N,, each coalition
Sin N,, and the fixed strategy X_p, of the other groups, Xy, cannot be oc—blocked by S. That
is, each Xy, is in the oc—core of the game (N, (X;)ien,, vi(-,X—N, )ien, )-

Assumption 4.1. N is a nonempty compact subset of a Hausdorff topological space.
Assumption 4.2. For each i € N, X; is a nonempty convex compact subset of R".

Assumption 4.3. For each i € N, v; is continuous on X, and v; is quasi-concave on Xy, for each
N, € p.

From Definition 4.1, it is obvious that the following lemma holds.

Lemma 4.1. Under Assumptions 4.1-4.3, if a strategy x € X can be strongly hybrid-blocked by
a member (N,,S) in Q, then x can be hybrid-blocked by (N,,S).
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Lemma 4.2. Under Assumptions 4.1-4.3, for each (N,,S) € Q, define F(N,,S) = {x € X | x
cannot be strongly hybrid-blocked by (N,,S)}. Then F(N,,S) is closed on X.

Proof. Tt suffices to show that F(N,,S)¢ is open on X. If x € F(N,,S)¢, then there exists ys € Xg
and € > 0 such that v;(ys,zn,—s,X—n,) —Vi(Xn,,x—n,) > €, Vi€ S, Vzn._s € Xi,—s. Since N is a
nonempty compact set, c/S is compact on N. By Assumption 4.3, we have

Min;e s Mingy cexy, s [Vi(ys; 2N, —s,X-N,) = Vi(xn,, X-n,)] > € > 5.

Then,

(xn,,x—n,) = min  min  [vi(ys,2n,—s,X-N,) = Vi(xN,, XN, )]
ieclS N —s€XN,—s

is continuous on X. Then there exists an open neighborhood U (x) of x in X such that

. . &
min = min [ (528,52 -8,) = vilX'no ¥ )] > 5, VA € U ).

Therefore, for any x’ € U(x), we obtain that v;(ys,zn,—s,x' —n,) — vi(x'n,, _n,) > 5. That is,

U(x) C F(N,,S)¢. The proof is completed. O
Lemma 4.3. Under Assumptions 4.1-4.3, for any {(Nr,S”)l [ 1S CN, Vi=1,... ,n(r)}:‘):1
of Q, there exists x € X such that x cannot be hybrid-blocked by (N,,S,;), Vi = 1 ,n(r), Vr=
1, .o 10

Proof. Without loss of generality, we assume that N, — U?irl) Sri#0, N—2 Ny #0. Let

n(r) ro

Srn(r)+1 =N, — U Sr,l'a Vr = L,...,ro, Nr()+1 =N-— UNH Sr()+171 :Nr0+17

i=1 r=1

a(r) =n(r)+1, and 7i(ro+ 1) = 1. Thus, we obtain a family {(N,,S,,) ] Sri C© Ny, Vi=
1,...,ﬁ(r)}:°:+11. Forany {S,; CN,|i=1,...;a(r)},r=1,...,r0+1, there definitely exists a
family {K,.; C N, | j=1,...,m(r)} such that

a(r) m(r)

:U U K, ; with K., NK,,, =0, Ya # b.
i=1 :
Obviously, each §,,; is a union of some sets K,.; for any r = 1,...,r9+ 1. In fact, {Kr, j |j=
1,...,m(r)} becomes a partition of N,.

We next construct a finite-player normal form game (I, p,{Y, }er,{94}4er) With a partition

p as follows:

() p={L,b,.... L}, I, ={(r,j(r)) | j(r ) Sm(n)}, Yr=1,....r9

) I =U2 L =U" {(r,jr)] jr) = (r)} In addition, for convenience, denote
U]eBKr] by K,p, and let (r,B) = {( ) ] € B} C I, where r € {1,...,rp} and B C
{1,...,m(r)}. Let K; = {K,.; : (r,j) € I}. Itis clear that N — K; = N, 1| # @.

(3) For any player ¢ = (r, j(r)) € 1, Y, is the player’s nonempty convex compact strategy set
with Yq - HzEK Xi C HzEK R™.
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(4) For each player g = (, j(r)) € I, the payoff function ¢, : Y;(Y; = [T;c; Y1 = [Lier [Lick, Xi =
Xk,) — R is defined by ¢, (yr) = vy () (V1,1 Ir,x Kz) Vy; € Yy, where t(q) is picked and
fixed in K, and o K is picked and fixed with o Kk €EX-k, =XN-k = XNr0 "y

Firstly, it is easy to verify that ¢, is continuous on Y;. Next, since v, is quasi-concave
on Xy, from Assumption 4.3, we have that ¢, is quasi-concave on Y; with ¥, =[], ¥; =

[Micr, ick, Xi = Xn,, Vr = 1,2,...,r9. Therefore, the game (I, p, Yy }ger, {9q} ger) satisfies

all the conditions of the theorem 2 in Zhao [13]. Hence, there exists a hybrid equilibrium

W € [je; Y such that, for any I, € pand any B C {1,...,m(r)}, there exists no Y.B) € [lic(p) Vi

such that

(Pq(y(r,B)7Z1r7(r,B)7y?—Ir) > (Pq(y(l)ra)’?—lr)avq € (i",B), vz],*(r,B) S H Yl
lel,—(r,B)

Thatis, forany r =1,...,r9 and B C {1,...,m(r)}, there exists no y(,. gy € [1;e(,5)¥: such that

Vi(q) 0V(18)s 21— (r8) V-1, k) > Vi(q) Vs V1,50 k) 4.2)
for any z; . gy € [licr,—(r.p) Y1> and for any g = (r, j(r)) € (r,B) (recall that #(g) is fixed in Ky).

Since [[;¢(,.p) Yl [lic(rp) Hick, Xi = Xk, 5, it is written y(,. gy € [T1c() Y1 as yk, 5 € Xk, - Since
Y =Xp,, it holds that H,e, ) Y1 = s, - ,B H,GKIX XN, —K, 5 We will write z; _(,.p) €
[Lier— ,B)Yl as zZn,— Kk, € XN,—K,, and write y,r €Y as y]OVr € Xy,. In addition, since ¥;_; =
Xk,—N, XN,NrOH,Nr, it can be written y?f,r €Yy as y?{ _n, € Xk;—n,- Then, from (4. 2) for
any r=1,...,r0, BC{l,...,m(r)}, and yk, , € Xk, there exist some zy,k,, € Xy, 5. and
q = (I”,j(l’)) S (I’,B) such that Vi(q )(yKrgazN KrB7yK] ~NpX _K) < Vi(q )(yN 7yK1 N X— K[) Ob_
serve that, for any fixed r={1,...,rp} and fixedi € {1,...,n(r )} there exists BC {1,...,m(r)},
such that S,; = K, . Therefore, for any ys,, = YK, € XKr,B = XS,~,p there exist some er,Sm. €
XN,-s,;» and g = (1, j(r)) € (,B),t(q) € K, j(») C Sy, such that

0 0 0 .0 0
Vi(q )(yS”‘7ZNr—Sri7yK1—Nr7x—K1> < Vi(q )(ervykI—Nrrx—KI)' (43)

Let x° N (yKI N X Kz) Then, Eq. (4.3) becomes vy(, )(yS”,er s,,, ) <Vi(q )(y]Q,r,x(lNr).
Since yN € Xn,, ykl N, € Xk,—N, XN—N,0+1 _N,, and 10 “k € X kg = XN 1 We have xON =
(ykl _NX k) € X_N,. Hence, &= (yo,x(lKl) (yN, N) EX. It shows that £ € X cannot
be hybrld blocked by (N;,S;;) foreach r=1,...,r and i=1,...,n(r). This completes the
proof. U

Theorem 4.1. If a normal form game G as (4.1) satisfies Assumptions 4.1-4.3, then G at least
has a weak hybrid equilibrium.

Proof. By Lemma 4.3, for any finite family €' of members of Q, there exists x € X such that
x cannot be hybrid-blocked by any (N,,S) € &Q'. Further, by Lemma 4.1, x cannot be strongly
hybrid-blocked by any (N,,S) € &'. That is, x € ﬂ(N,,S)eQ’F(NhS)' Note that F(N,,S) is
closed by Lemma 4.2. In view of the compactness of X, one sees there exists x € X such that
X €Ny, S)esz (Ny,S). Then, x is a weak hybrid equilibrium of G. The proof is completed. [

Based on the above analysis and methods of weak hybrid equilibria for normal form games,
we can introduce the notion of the weak hybrid equilibria for MLMF games with infinitely
many players and give their existence results.
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Give a MLMF game

I'= <Iajap7p7{Xi}i€1;{Yj}jGJJ{ﬁ}i€1>{gj}j€J> (44)

with a partition p = {N, C I | r € R} of the set I of leaders and a partition p={N.CJ | r € R’}
of the set J of followers, where R and R’ are index sets. Note that U,cgN, = I and U,cp/N,. = J,
where N, NN, =0 and NN/, = 0, Vr # r'. We define the set Q and Q' by

Q={(N,S)|SCN,, N, € p}, & ={(N,,S)| S TN, N; € p}.
Given a point x € X, we say that y € Y is strongly hybrid-blocked by (N, S") of &', if there exists
yg € Yg and € > 0 such that
gi(x,ys, whr—s, T_n1) — g (%, Int, T-nr) > €, VjES, Ywy_g € Yyi_g.

Let h,(x) be the set of weak hybrid equilibria of the followers’ normal form game (J, p,{Y;} je/,
{gj(x,)}jes) with the parameter x € X, which yields a correspondence &, : X = Y. That is,
y € hg(x) means that y cannot be strongly hybrid-blocked by any (N),S") in Q'.

Definition 4.2. A point X € X is strongly hybrid-blocked by (N,,S) of Q if there exists xg € Xg
and € > 0 such that

filxs,wn,—s,X_n,,¥) — fi(XN,, XN, J) > €, Vi €S, Vy € hy(X), Ywn,—s € Xy,—s.

A point X € X is a weak hybrid equilibrium of a MLMF game I, if X cannot be strongly hybrid-
blocked by any (N,,S) in Q.

We need the following assumptions and lemmas.
Assumption 4.4. [ and J are nonempty and compact subsets of Hausdorff topological space.

Assumption 4.5. For each leader i € I (each follower j € J), the strategy set X;(¥;) is a
nonempty, convex, and compact subset of R” (R"/).

Assumption 4.6. For each i € I, f; is continuous on X x Y, and f;( - ,x_u,,y) is quasi-concave
on Xy, .

Assumption 4.7. For each j € J, g; is continuous on X x Y, and g;(x, - ,y_y) is quasi-concave
on Y.

Lemma 4.4. Under Assumptions 4.4-4.7, hy : X = Y is an upper semi-continuous correspon-
dence with nonempty compact values.

Proof. Given a fixed x € X, Assumptions 4.4, 4.5, and 4.7 imply that the parametric followers’
normal form game G = (J,p,{Y,};es,{gj(x,-)}jes) satisfies the conditions of Theorem 4.1.
Then hg(x) # 0. Since Y is compact, it suffices to prove that Graph(hy) is closed. Suppose that
{(x",y")} is a sequence in X x Y with (x",y") — (x,y) € X x Y and y" € hy(x"). It needs to
show that y € hy(x). If y ¢ hy(x), then there exists (N/,S') € ', zg € Yg and € > 0 such that

8j(x,z5, wir—s1,y-N1) = 8j(X, v y-wy) > € >0, V€S, Ywy g € Yy .

From Assumption 4.5 and Assumption 4.7, we have
!/

. & .
min [gj(xa ZS’awN,’.—S’ay—Nﬁ) - gj(xvyNﬁay—N;)] > 3 >0, Vje s 4.5)
WN;—S’GYN;—S'
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Then, <X7ZS’7)’N;J—N;) — . méf)} [gj<x7ZS’aWN,’.—S’ay—N;) _gj<x7)’N;7)’—N;)] is continuous.
NS/ SN

Therefore, from (4.5), there exists ng > 0 such that, when n > ny, it holds that, for each j € S,

: n n non i e
min [g](‘x 7ZS’7WN,',—S’7y7N/)_gj(x ) N{vy,Nl)] > 5 >0,
Wyt st €Yy gt 4 ! "

which contradicts y" € hy(x"). O

Similar to Lemma 4.2, one can obtain the following result. For completeness, we give the
proof.

Lemma 4.5. Give a MLMF game T as (4.4). For each (N,,S) € Q, let T(N,,S) ={xe€X |x
cannot be strongly hybrid-blocked by (N,,S)}. Then, under Assumptions 4.4-4.7, T (N,,S) is
closed in X.

Proof. Tt suffices to prove that T (N,,S)¢ is open on X. Take an x € T'(N,,S)¢. According the
notion of strong hybrid-blocking, there exists xg € Xg and € > 0 such that
fi(xs,WN,—s5,X-N,,3) = fi(XN,, X-n,,F) > €, Vi €S, V§ € hy(X), Vwp,—s € X,-s-
By Lemma 4.4, hy(x) is compact valued and upper semi-continuous. From Assumption 4.5 and
Assumption 4.6, we have
. . . _ N - - _ €
mingep,(z) min - min 7S[ﬁ(Xs7WN,—s,fo,,y) — fil@n, TN, 3) 2 &> 5,

and

(XNrPf_Nr) —> _min_ mln mln [ﬁ(’xs7 ri7S7X_Nr’)7) - ﬁ(XNr’X_Nr7)7)]
yehy(x)icclSwy,—sEXN,—s

is lower semi-continuous on X. Therefore, there exists an open neighborhood V(%) of X in X
such that, for any x’ € V(X), it holds that

| m

_mln mln mln [ﬁ(xS7rifs7xl_Nr7}_]) _ﬁ(x/Nr7x/_Nr7)7)] >
yEhs(¥') icclSwy,—sE€EXN,—s

That is, for any x’ € V (),

_ _ € . _
filxs, ww,—s,%' n,, ) = fi(&'n,, X N, 5) > S VIES, Wy E hs(x),Yw, s € Xy, —s.
Then, V(X) C T(N,,S)¢. Hence, T (N,,S) is closed on X. O
Using partially the methods in Lemma 4.3, we have the following lemma.

Lemma 4.6. Give a MLMF game I as (4.4). Under Assumptions 4.4-4.7, for any finite set
(Ve e | 870 © N Vi =1, om(r) )2

r=1

of Q, there exists X € X such that X cannot be hybrid-blocked by (N;,S;;), Vr=1,...,ry, Vi =
1,...,n(r).

Proof. Without loss of generality, we assume that

n(r) ro

Ne—JSri#0,1— N, #0.

i=1 r=1
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Let
n(r) ro

Sr.,n(r)Jrl =N, — U Sﬁi) Vr = 1,...,}’0, Nr0+1 =1- UNra Sr0+1,1 :Nro+la

i=1 r=1

a(r) =n(r)+1, and 7i(ro+ 1) = 1. Thus, we obtain a family {(N,,Sm)?irl) | Syi C Ny, Vi=

1,...,ﬁ(r)}:°;q]. For any r = 1,...,rp, there must exist a family {K,.; C N, | j=1,...,m(r)}
such that

S
~

) m(r)
Sri=J Knj» KrnaNKyp =0, Ya # b.
1 j=1

Obviously, each S,; is a union of some sets K,.;. Then, it holds that {K.; | j =1,...,m(r)}
is a partition of N, for each r = 1,...,rg. It will construct a finite-player normal form game
(M, p,{Ug}gem, {9q}qem) with a partition p of the set M of players and a correspondence H :
[LiemU; =Y as follows.

()M =U"{(r,j)| j=1,...,m(r)}; for convenience, let Kyy = UgepKy; then I — Ky =
Nyy417# 0; foreach r € {1,...,ro} and B C {1,...,m(r)}, let K, p = UjcpK,;, and (r,B) =
{(r.j): j € B):

Q) p={M\,My,... My}, M, ={(r,j) | j=1,...,m(r)},Vr=1,...,r0; it is clear that M =
U;O:1Mr;

(3) for any player g = (1, j(r)) € M, the strategy set of the player, U, with U, = [];c K, Xi-is a
nonempty convex compact subset of [];c K, R™i;

(4) Y is the joint strategy set of followers of I' with ¥ =[], ¥, a nonempty convex compact
subset of HJ-EJ R™i;

(5) for each player g = (r, j(r)) € M, the payoff function @, : [T;cp U; X Y (clearly, [Tjcp Up X
Y = Xk,, xY) — R is defined by

(Pq(u,y) :ft(q)<u7zﬁ\/,0+17y)7vu: (uM17uM27"‘7quo) S HUh vy S Y7
leM

where #(g) is picked and fixed in K, and z}vro +1 1s picked and fixed in Xy, 11 with Xy, 1=
Xk, It is true that (”’Z;V,-OH) eX =X
(6) the correspondence H : [[;cp U; = Y 1s defined by

H(u) = hs(u,zﬁvroﬂ), Vu = (unm,, Untys - - Um,) € [Tu.
leM

where A, is from Definition 4.2 and zj\, 41 s the same as that in (5).
0

It can be checked that @, is continuous on [];¢, U; X Y and quasi-concave on Uy, by Assump-
tion 4.6 (note that Upy, = [Tiem, Ui = [T1em, [Lick, Xi = Xn,)- And H is upper semi-continuous
and has nonempty compact values by Lemma 4.4.

Obviously, the game (M, p, {Uy, }gem, {94 }qem) With Y and the correspondence H satisfies all
conditions of Corollary 3.1. Thus, there exists X € [];cp; U; such that X cannot be hybrid-blocked
by any M, € p and any coalitions in M,. That is, for any M, € p and any B C {1,...,m(r)},
there exists no z(..5) € [T1¢(,p) Ui» such that, for any g = (1, j) € (r,B), Wy, —(r.8) € [Ticm,—(r.8) Ur>
and y € H(¥), it holds that @,(z(. ), Wu,—(r.8),X-M,,Y) > @q(¥m,,%-m,,y). Hence, for any r =
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1,...,ro and any B C {1,...,m(r)}, there exists no z(.p) € [l;c(,5) U such that, for any g =
(r,j(r)) € (r.B), wpr,—(B) € [liem,—(r.8) Us» and y € H(X), it is true that

(@) @0B) WM, 8y X010y 2, 1Y) > Fi(q) (Bt Kbt bty 2, 410Y)-
It means that, for any r =1,...,79, BC {1,...,m(r)}, and z(,.5) € [1(r.5) Ui there exist some
Wi, —(r.8) € [liem,—(p) Us» ¥ € hs(X, ZEVrOJrl)’ and ¢ = (r, ) € (r,B), such that

Jr@)(20B)» WM, — (B) » XM —M, va,0+1 Y) < fig) (XM,,)?M—MMZ}\/,OH ,y)- (4.6)
Since [1e(r,8) Ur = ILic(rp) [ Lick, Xi = Xk, 5, We can write z,.g) € [1c(,,p) Ui s zk, 5 € Xk, 5- Note
that [Lrepr, k5 Ut = XN,—k,5- Then, wyy gy € [liem,— () Ur Will be written as wy,—x, , €
XN,—k,5- Since [iep, Uy = Xp,, it can be written Xy, € [[;ep, Ur as xn, € Xy, for each r =
1,2,...,r9. Therefore, (4.6) can be expressed as: for any r € {1,...,r0}, BC {1,...,m(r)},
and zg,, € Xk, ,, there exist some wy, g, , € XN, K, ¥ € hs(f,z},roﬂ), and ¢ = (r,j) € (r,B),

such that ft(q) (ZKr,lwWNr—K;;B’XI—NrOH—Nr’ZEV,OH y) < ft(q) ()?Nr,)EI_NrOH_Nr,Z;VrOH ,y). Note that,
forany r={1,...,ro} andi € {1,...,n(r)}, there exists BC {1,...,m(r)}, such that S,.; = K .
Thus, for any zs,, = 2k, € Xs,; = Xk,, With r € {1,...,ro} and i € {1,...,n(r)}, there exists
WN,—5,; € XN,—5,» ¥ € hs(i,zj%H), and ¢ = (r,j) € (r,B) with t(q) € K,.; C S;;, such that

(@) (28,0 W, =5, XI—Nyy1—Np> Zﬁv,oﬂ ,Y) < fi(g) (XN, XI—Ny41—Nrs va,oﬂ ,y)- 4.7)
Letx' )\ = ()ZI_NrOH_Nr,zj\,rOH) € X_p,. Then, (4.7) is reduced to f;(4)(2s,;, WN,—5,,X N, Y) <
fi(q)(En,, X"y ,¥), which implies that £ = ()E,zﬁ\,roﬂ) cannot be hybrid-blocked by (N,,S,;) for
any r={1,...,ro} and i € {1,...,n(r)}. The proof is finished. O

Based on the above lemmas, we can establish the following existence theorem for weak
hybrid equilibria in MLMF games with infinitely many leaders and many followers.

Theorem 4.2. [fa MLMF game T as (4.4) satisfies Assumptions 4.4-4.7, then the game has at
least a weak hybrid equilibrium.

Proof. The proof is divided into two steps.

Step 1. By Lemma 4.4, we know that, for any x € X, hs(x) # 0. That is, for each strategy
profile x in X, there exists y € hy(x) such that, for any (N;,S’) € Q/, there exists no yg € Yy and
€’ > 0 for which gj(xa)’S’aWN;—S’u)_’—N;) —gj(x,)_/N;,y_N;) >¢e Vjes, Vwy s € Yni_g

Step 2. From Lemma 4.6 and Lemma 4.5, any finite members of {T(N,,S) |(N,,S) € Q} have
a nonempty intersection. Since X is compact, and T (N,,S) is closed by Lemma 4.5, there exists
x € X such that ¥ € (v, .sycq T (Ny,S) That is, X is a weak hybrid equilibrium of the MLMF
game I U

Remark 4.2. For a MLMF game I' as (4.4), if | p |=| p |= 1, the existence of weak hybrid
equilibria of I' is reduced to the existence of a weak a-core in the MLMF game I'.

5. CONCLUDING REMARKS

Hybrid equilibria and weak hybrid equilibria were introduced for MLMF games. By con-
structing nonordered preferences for each player, the results of Yang and Yuan in [15] and
Lemma 3.1 were employed to prove the existence of hybrid equilibria of MLMF games. The-
orem 3.1 includes a hybrid equilibrium of a normal form game with partitions in Zhao [13]. If
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| p|=] P |= 1, the existence of a hybrid equilibrium implies the existence of cooperative equilib-
ria in Yang and Ju [23]. If all partitions only have one player, a hybrid equilibrium in Theorem
3.1 can reduce to a noncooperative solution in [19] by Hu and Fukushima. For proposed weak
hybrid equilibria of MLMF games, the results in [15] cannot be directly used to prove their ex-
istence. In this paper, by proving the existence of weak hybrid equilibria of normal form games
with partitions in Theorem 4.1, and combing the existence of hybrid equilibria in Theorem 3.1,
the existence of weak hybrid equilibria for MLMF games was proved.
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