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Abstract. This paper studies a novel coupled system consisting of a Hilfer fractional differential equation
and two dynamic history-dependent hemivariational inequalities. The proposed framework models com-
plex interactions involving memory effects, nonconvex constraints, and coupled evolutionary processes.
By applying Rothe’s semi-discretization method together with surjectivity results for pseudomonotone
operators, we establish the existence of solutions under suitable assumptions. The analysis provides con-
structive discrete approximations that converge to a solution of the original continuous problem, thereby
extending the theory of differential variational inequalities to fractional-order systems with nonsmooth
and history-dependent dynamics.
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1. INTRODUCTION

Differential variational inequalities (DVIs) constitute an important class of mathematical sys-
tems that combine a variational inequality with a differential or partial differential equation.
They arise naturally in the modeling of dynamic processes involving inequality constraints,
such as contact mechanics, network equilibrium, and optimization problems. The systematic
study of DVIs in finite-dimensional spaces was initiated by Pang and Stewart [1]. Since then,
significant progress has been made in extending these results to infinite-dimensional settings,
leading to important analytical developments and numerous applications. We refer the reader
to [2, 3,4, 5, 6] and the references therein for representative contributions in this direction.

In parallel, hemivariational inequalities (HVIs) were introduced by Panagiotopoulos [7] in
order to treat nonconvex and nonsmooth problems involving locally Lipschitz functionals. The
theory of HVIs provides a powerful framework for describing a wide range of mechanical and
engineering phenomena, particularly those involving nonmonotone and multivalued constitutive
laws. Substantial theoretical advances and applications of HVIs were reported in recent years;
see, e.g., [8, 9, 10, 11]. As natural extensions of DVIs, differential hemivariational inequalities
(DHVIs) and differential variational-hemivariational inequalities (DVHVIs) were also widely
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investigated. These frameworks offer effective analytical tools for studying nonlinear dynamical
systems; see e.g., [12, 13] and the references therein.

On the other hand, fractional differential equations (FDEs) have attracted considerable at-
tention due to their ability to model systems with memory and hereditary properties. Such
equations appear in numerous applications, including electrical networks, fluid flow, electro-
chemistry, and viscoelastic materials [14, 15]. In this context, Ke, Van, and Obukhovskii
[16] investigated fractional differential variational inequalities (FDVIs) in finite-dimensional
spaces. Later, Migorski and Zeng [17] used Rothe’s method to analyze fractional differen-
tial hemivariational inequalities (FDHVIs) in infinite-dimensional spaces. Hao, Wang, and Lu
[18] established existence results for a coupled system involving a fractional differential hemi-
variational inequality and a fractional hemivariational inequality by combining Rothe’s method
with surjectivity results for multivalued operators. Subsequently, Oultou et al. [2] studied a
class of differential history-dependent variational-hemivariational inequalities motivated by dy-
namic applications, using Rothe’s method together with surjectivity theorems for multivalued
operators. More recently, a system involving a fractional history-dependent hemivariational in-
equality coupled with a nonlocal delay fractional differential equation was investigated in [19].
Further developments include the work of Oultou and Benaissa [20], who analyzed the exis-
tence and uniqueness of solutions for history-dependent hemivariational inequalities related to a
non-stationary Navier-Stokes problem by applying Rothe’s method. In another recent contribu-
tion, Oultou and Benaissa [21] studied an impulsive nonlinear fractional equation of Hilfer type
coupled with quasi-variational and hemivariational inequalities, proving existence and unique-
ness results and applying them to frictional contact problems with impulsive effects. Moreover,
Hao, Wang, and Lu [22] investigated the existence of solutions for a coupled system involving
fractional differential hemivariational inequalities and fractional hemivariational inequalities.
Their results were applied to a quasistatic contact problem governed by fractional Kelvin-Voigt
constitutive laws.

Motivated by these developments, we consider a new class of coupled systems involving a
Hilfer-type fractional differential equation and two dynamic history-dependent hemivariational
inequalities. Let V; C H; C V/, j=1,2, be an evolution triple, where (V;,| - [|v;) denotes a
reflexive and separable Banach space, (Hj, || - || ;) is a separable Hilbert space, and (V' || - |

v:)
J
is the dual space of V;. We denote by (-,-) the duality pairing between V; and Vj?‘. Let X be a
reflexive Banach space. In this setting, we investigate the following abstract system combining a
Hilfer fractional differential equation with dual history-dependent hemivariational inequalities.

Problem 1.1. Find 0 : (0,7) — X, y:(0,7) — Vj,and z: (0,T) — V; such that
Hp&Po(1) = h(1,0(1),Mz(1),Myy(1)) forae. 1 €[0,T],
together with the following hemivariational inequalities for y and z

(1), v1 =3(1)) g, + (A1), v1 = (1)) + (Biy(1),v1 —¥(1))
+((R1) (1),v1 = 9(1)) + P (M12(1), Moy (1); Mavy — Moy (1))
> (fi(1),vi —y(1)) forall v; €V}, and for a.e. 1 € [0, T],
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(Z(l),VQ—Z(l))Hz+<A22(l),Vz—Z(l)>+<BzZ(l),V2—)')(l)>
+{(%22) (1), v2 = 2(1)) +¥3(0(1), May(1), Mi2(1); Myva — My 2(1))
> <f2(l),v2 —z’(l)> for all vy € V;, and for a.e. 1 € [0, 7],

¥(0) =0, ¥(0) =@, 2(0) =p, 2(0) =Z, [ "6(0) =60, I) "6(0) =,

where 7 Dg P o denotes the Hilfer fractional derivative of 8 of order o € (0,1) and type B €
[0,1], Aj, Bj: V; — V" are given mappings, f; € HJZ(O,T;V]?“), and V) : Yy x Y, - R, ¥, :
X x Y, x Y] — R are locally Lipschitz functions. Moreover, i : [0,T] x X x Y} x Y, — X, M; :
Vo = Y1,My: Vi = Ys,and R; : €(0,T;V;) = €(0, T;Vj*) are history-dependent operators.

The present work generalizes several existing results in the literature, including those in
[21, 22]. The main goal is to analyze the solvability of this coupled system involving a Hilfer-
type fractional differential equation and dual dynamic history-dependent hemivariational in-
equalities.

The remainder of the paper is outlined as follows. In Section 2, we recall several definitions,
auxiliary results, and notations that are used throughout the paper. Section 3 is devoted to the
analysis of the proposed dual dynamical fractional history-dependent hemivariational inequality
system. By employing Rothe’s method together with a surjectivity theorem for multivalued
operators, we establish the existence of solutions to the problem.

2. PRELIMINARIES

This section collects essential notations, definitions, and results that are used throughout
the paper. We begin by recalling several definitions of fractional derivatives, including the
Riemann-Liouville, Caputo, and Hilfer derivatives. The Hilfer derivative generalizes both the
Caputo and Riemann-Liouville derivatives, allowing a unified treatment of fractional-order dy-
namics.

Definition 2.1 ([23]). The Riemann-Liouville fractional integral of order ¢ > 0 of a function ¢

on R™ is defined by I, £(s) := ﬁ Jo (s —r)*~Ye(r) dr, where T denotes the Gamma function.

Definition 2.2 ([23]). The Riemann-Liouville fractional derivative of order o > 0 is given by
1 A" (s

T—a) W/o (s—r)" % Le(r)dr,

where n = [a] + 1, and [a] is the smallest integer greater than or equal to «.

P i(s) =

Definition 2.3 ([23]). The Caputo fractional derivative of order ¢« > 0 is defined, for ¢ €
€"0,40) and & € (n— 1,n), by *D* (s) = —F(nl—a) Jo(s— r)"’“*lf(”)(r).

Definition 2.4 ([24]). The Hilfer fractional derivative of order a € [0,1) and type 8 € [0, 1]
is defined as HD?"BK(S) = Ifc(l_ﬁ) %Is(l_a)(l_ﬁ)ﬁ(s), provided that the right-hand side exists
pointwise on [0, ).

Remark 2.1 ([24]). The Hilfer derivative interpolates between the Riemann-Liouville and Ca-
puto derivatives:
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() fa=0and0< B <1, then Dg’ﬁﬁ(s) = j—slsl_ﬁﬁ(s), which coincides with the Riemann-
Liouville derivative.

(2) fa=1and0< B <1, then HD;’ﬁE(s) =P Ly(s) = CD?E(S), recovering the Caputo
derivative.

Lemma 2.1 ([24]). Let0 < ot < 1,0< B < 1, and w € €([0,T];W). Then

Hp%Pyy(s) = w(s), s€l0,T],

Iéﬁ‘w( ) =wg with a >0,

is equivalent to the integral equation

- [Ty s [
———Wq — s—r y(r r—|——/ s—r y(r)dar.
() T -p+a)lo [(a) Jo
Next, we recall some function spaces that are essential in the analysis of history-dependent
operators and hemivariational inequalities.
Let |; be a finite partition of [0,77] into disjoint subintervals d; = (a;,b;) such that [0,T] =
U, di, and let F denote the family of all such partitions. For 1 < n < e and a vector-valued
function x : [0, 7] — X, define the seminorm

E—— ( ¥ (b a»uz),

[GI‘ d€|_|1
and the space
BV'([0,T]:X) = {x:[0,T) = X : |lx|lpyn(0,77%) < *°}-

Furthermore, let X and Z be Banach spaces with a continuous embedding X — Z, and let
1 < m,n < o. We define the Banach space .#Z"™"([0,T];X,Z) =L"(0,T;X)NBV"*([0,T];Z),
endowed with the norm Hx = Hx

Lamaoryx 2 w0y TPl aveqoriz)

3. WELL-POSEDNESS RESULTS FOR A DUAL HILFER FRACTIONAL PROBLEM

Let V; C H; C V}, j=1,2, be an evolution triple of spaces, where (Vj, || - [[V;) denotes a
reflexive and separable Banach space, (Hj, || -[|H}) is a separable Hilbert space, and (V.|| - HV].*)
is the dual space of V;. We denote by (-,-) the duality pairing between V; and VJT“. Let X be a
reflexive Banach space.

Within this framework, we consider an abstract system consisting of a Hilfer fractional dif-
ferential equation coupled with two dynamic history-dependent hemivariational inequalities.

Problem 3.1. Find 0 : (0,7) — X, y:(0,7) — Vj,and z: (0,T) — V; such that

D5 0(1) = h(1,0(1).Mi2(1), Moy (1)) forae. 1€[0,7], -1
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together with the following dynamic inequalities for y and z

(F(1),v1 =3(0))m, +<A1y( );vi =¥(1) +(Biy(1),vi = (1))
<< IOR: >+‘P°(M1z< 1), May(1):Mavy — Moy (1)) (3.2)
> (fi(1),v (l)> for all v, € V1, and for ae. 1 € [0,T],

(2(1),v2—2(1 )) L+ (A22(1),v2 = 2(1)) + (Baz(1),v2 — 2(1))
+((Ra2)(1),v2 = 2(1)) +¥3(6(1), May (1), Mi2(1); Myva — Mi2(1)) (3.3)

> (f>(1),v2—2(1)) forall vy € V, and for a.e. 1 € [0, 7],

and with the initial conditions
¥(0) =yo, 3(0) =@, 2(0) =p, 2(0) =2, I, “6(0) =69, I) “O(0) =3.  (3.4)

Here 7D P denotes the Hilfer fractional derivative of order o € (0,1) and type B € [0,1].
The operators Aj, B; : V; — VI (j = 1,2) are given linear mappings, f; € HJZ(O,T;V;), and
Yi:Y1 xY, >Rand ¥, : X x Y, xY; — R are locally Lipschitz functions. Moreover, £ :
0,TI xX XYy xYs =X, My : Vo = Y,Mp: Vi = Yo, and R; : €(0,T;V;) — CK(O,T;Vj*) are
history-dependent operators.

To analyze coupled system (3.1)-(3.4), we impose the following assumptions.

For j = 1,2, operator A € .Z(V;,V}) satisfies
(a) there exists m4; > 0 such that (A;v;,v;) > my, |v;]|? for all v; € V;, (3.5)
(b) for all Uj,vj € Vj, (Ajvj,uj> = (vj,Ajuj>.

For j=1,2,Bj € Z(V;,V}) satisfies
(a) there exists mp; > 0 such that (B;v;,v;) > mp, |v;]|*for all v; € V;, (3.6)
(b) for all uj,v; € V;, (Bjvj,u;) = (vj,Bju;).

M, € £ (VoY1) and M, € £ (V},Y,) are compact. (3.7)

(‘Pl 1 Y1 x Y, — R satisfies
(a) W1 (y1,-) is locally Lipschitz on Y;, for all y; € Y},
(b) there exists cy, > 0 such that [|0%¥(y1,y2)[ly; < cw, (1+y2lln), Yy, €Y,
(c) forall y, € 3, PO i (+,-;y2) is upper semicontinuous on Y x Y2,
(d) there exists my, > 0 such that (& — {1, y1 —z1) > —my, ||y1 —z1 H,z,l, Vyi,z1 €Y
where & € dW1(y1,y2) and & € dWi(z1,22) for all y,25 € Ya.

(3.8)
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(‘Pz : X x Y, x Y] — R satisfies

(a) W»(6,ys,-) is locally Lipschitz on Y», for all 6 € X, y, € 1>,

(b) there exists my, > 0 such that [[0¥2(0,y2,y1)[ly; <mw,(1+|yily,), Vy; €Y}, 0 €X,

(c) forall u €Yy, ‘Pg(-, -,+; ) is upper semicontinuous on X x ¥, x Y1,

(d) there exists my, > 0 such that (& — ,y2 — 22) > —m, |2 —ZzH%Z, Vy2,20 € Vs,
where & € dW1(0,y2,y1),8 € dW2(0,22,71) forall yi, z; € Y.

(3.9)

(1:]0,T] x X x Y| x Y, — X satisfies

(@) h(-,y1,y2,x) is continuous for all y;, z; € Yj, x € X,

(b) there exists ¢, > 0 such that for all 1 € [0, 7], one has
1A (L, 91,y2,%1) — h(1,21,22,%2) | (3.10)
< an(lyr = yoll +llz1 =22l + [lx1 = x2[), Vyj, z; € ¥j x; € X,

(c) there exists p € L%(Q,R+) (1 < p < g <?2)such that
1A(1,y1,y2,0)[[x <p(1), Vi €[0,T],y1 €Y1,y2 €Y, 0 €X.

\

{f] eH2([O T):V) (] = 1,2) satisfies 3.11)

H; ([0, T] = {v; e ([0, T};V}) : v; €V, ¥, €V,}.

( (a) There exist parameters a,b with 1 <a < a <2 and b > 0 such that

¢, TWPHD2=a) , 1ya-—1
foinee () €(0,1).

(b) There exist S| € Z(H;;Y2) and S, € X(HZ;YI) such that
\ S1(41(y)) = Ma(y), fory € Vq, and S3(ka(z)) = M;(z) for z € V5.

<1, withp= (3.12)

{The operators R; € £(V;,V}) (j = 1,2) are linear and continuous. (3.13)

J v
(3.14)
lqj(r1) —qi(s,1)|| < Ly, |r—s|, Vr,s,1 €[0,T] with Ly, >0,

{The maps ¢; : [0,7] x [0,T] — £(V;,V?) are continuous and satisfy
( The mappings R;:¢(0,T;V;) = €(0,T;V;) given by
1
(Rv)(1) ::Rj<amj+/0 qj(l,s)v(s)ds>,

q are linear, bounded, and satisfying for Loy, = Lg,[|R;|| > O such that (3.15)

(@) (0) = RO < L, [ ) = vl
VuJ,VJEVJ,lE[QT].

\

Under these assumptions, Problem 3.1 can be rewritten in the equivalent form.
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Problem 3.2. Find 6 : [0,7] — X,y :[0,T] — V},and z: [0,T] — V5 such that

HDPo(1) = h(1,0(1), May(1), Miz(1)),

Cr03(1) +A1y(1) + Bry(1) + (Riy) (1) + My &1 (1) = f1(1),

00%(1) +A22(1) + Baz(1) + (Ro2) (1) + My 62(1) = f2(1),
together with the initial conditions

Iy "6(0)=60. I, *6(0) =5, y(0) =y0. ¥(0) = @, 2(0) = =0, 2(0) = p.

where & (1) € 91 (My2(1), Ma3(1)) and Ex(1) € A%2(8(1), May(t), My (1)

The solution of Problem 3.2 is understood in the following weak sense.

Definition 3.1. A triplet (6,y,z) with 0 € €([0,T];X),y € €([0,T];V;) and z € €([0,T]; V),
is called a solution of Problem 3.2 if the fractional equation holds in its integral form and the
evolution inclusions for y and z are satisfied

a1 M 1 t o

Ot Fra) i@y () M) Moy (), )
Ci03(1) +A1y (1) + Bry(1) + (R1y) (1) + My &1 (1) = f1 (1),
05027(1) +A22(1) + Boz(1) + (Ra2) (1) + M1 (1) = fo(1),

together with the initial conditions

¥(0) =yo, y(0) =@, z(0) = 20, 2(0) = p,

where & (1) € W1 (M;z(1),Myy(1)) and &(1) € dW2(0(1),May(1),M12(1)) fora.e. 1 € [0, T].
Moreover, ¢; : V; — H; denotes the canonical embedding from the evolution triple, and E;‘- its
adjoint.

To investigate the solvability of Problem 3.2, we employ Rothe’s method, which is based on
a time discretization of the interval [0,7]. The idea is to construct a sequence of semi-discrete
problems and then pass to the limit as the time step tends to zero in order to recover a solution
to Problem 3.2.
To this end, let N € N* be a fixed integer and define the time step
T

§=—, u=k8 with k=0,1,-,N.
N

For j = 1,2, we introduce the averaged values of the functions f; by

I [%
fhs = _/ £i(rdrk=1,2,...,N.
6 Le—1
With these notations, the semi-discrete approximation of Problem 3.2 is given by the following.

Problem 3.3. Find sequences {y§}¥ | C Vi, {5} C Vo, {&f51, C Y5 and {EX MY C ¥y
and a function 85 € €'([0,T];X) such that y = yo, 23 = 2o, 157“9(0) = 6y, and 157”9‘(0) =
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are satisfied, and, for k =1,... N, the following relations hold:

1“71 1M 1 l
05(1) = 6+ x+ / l—ra_lhr,G r),Mizs(r),Myys(r))dr,
5(1) ) T 0( )4 h(r,05(r),M1z5(r),Mays(r))
»6*61 _ _ 1 _ *
5 06 =205 Y5 )+ 5A05 35 ) +Bs +nis + M3l = fls,
0ily _ _ 1 _ X
5 0% =205 Y5 )+ 5405 =35 ) 4 Bays + s + Mi &y = fis,
where
y/fs_y’g*l k k-1

&ty € 0% (MM (P20 ) ) &y € 9 (05 (1), Mo, My (%_Tzé))

Moreover, for j = 1,2, n% are defined by

L

k ) i—1
Y=y : ‘
Nis =R (aml +Y 1 <—5 5 J )) JLO%) = qi(u.s)ysds,
i=1

li—1
ko oz =25 g
k 2 200 ]
nZSZRZ(amZ—i_ZIi( 5 >>, Ii (Z%):/ CI2(lk,S)Zl§dS.
i=1 Li-1
For simplicity, we introduce the discrete velocity and acceleration variables:
k k=1 k k—1 k _ k-1 k k—1
Ko Y5 Vs Kk _ Vs~ Vs ok %% kK _ Y25 —Vas
16 — K » Wis = K} » Vag = S » Wog = S :
Moreover, the discrete approximations of y and z are defined by
k Sy k Sy
Ye=Yo+TY Vis,25=20+8) Vs,
i=1 i=1
with the initial values
0 0 0 0
Yr=Y0, Vis =0, 21 =205 Va5 =p.

Using these notations, Problem 3.3 can be rewritten in the following equivalent form.

Problem 3.4. Find sequences {v} sh1 CVIL {51, C Vs, {élks Y, CYsand {54‘5 Wy
and a function 65 € €([0,T];X) such that V) = @, V)5 =, 137”9(0) = 6y, and 157“9'(0) =,

are satisfied, and for k = 1,..., N the following relations hold:

s 4 1
05(1) = 60+ »+ /l—r“lhr,e r),MiV,5(r),MyD5(r))dr,
5( ) F(a) 0 F(OC) F(OC) 0 ( ) ( 5( ) 1 25( ) 2 15( ))
5 Vs +0B1vis +R1(Ik(vis)) +M58,5 = Fis,

xp ok
Hlvas

5 + A g+ 8Bovh s + Ra(Li(Vs5)) + MiESs = Fys,
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where 55‘5 € 8‘1’1(M1z’(§,M2v'1‘5) and 51"5 € 8‘P2(95(lk),M2y’§,M1v§5). Moreover, for j = 1,2,

the terms FJ% and V5 are given by

k X g*gvkgl k—1 ) k=1
Fis = fis T 5J —Rj(aijrZ Ii(vlj5)> — B <yo+52v’j~5), (3.19)
i=1 i=1

and

i st ROV e (uo s

is(1) = (3.20)

0 1=0.

To establish the existence and uniqueness of solutions for Problem 3.4, we first prove the
following auxiliary result concerning the fractional integral equation.

Lemma 3.1. Assume that conditions (3.10) and (3.12) are satisfied. Then, for any given func-
tions vig € V1, vo5 € Vy and for a.e. 1 € [0,T), the fractional integral equation

s M 1
INa

1
) /0 (l - I")a_]h(n 95(7),M1V25,M2V15)d7‘,

admits a unique solution 6 € € ([0,T];X).

Proof. The proof relies on the Banach fixed-point theorem. To this end, we define the operator
A (€0, LX), [ 1) = (€([0, T1:X), || -[]) by

lﬂ_l 1# 1 l
AO(1) = ) Myvys. M. .
0(1) 90+F(a)%+r(a)/o (t—r) (r,05(r),Mivy5,Mavy5)dr.

We prove that the operator A admits a unique fixed point in ¢’([0, T]; X ). The proof is divided
into two steps.
Step 1. A maps % ([0,7];X) into itself. Letting 8 € €'([0,T];X) and k > 0, we estimate

[A8(1+ 1K) —AB(1)]|x

< |(+r)*! _la—1|lﬂf_ﬂ+}(l+x)a_la‘%

1 t _ _
o [ (e G B0, Mg Mo dr
I'la) Jo
1 1+K

+—/ 1+ Kk — 1) Y h(r,05(r), Mivog, Moy dr
e | R G 85(0) Mg Moo

1 1+K
< o= )12 ]+ (on et k) ol 4 s [ k) p()ar
1

—l—ﬁ/ol ((l S (l—l—K—r)O‘*l)p(r)dr
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o —1)1%7%60] + (a1 '+ k%) |||

") g+g1+125(/” "“")ql
+ﬁ</0l ((l—r)a;—(l+1<—r)g;>ds)2_p(/Olp(r)qlldr)q

3 k(6+1)(2—q)
[(a) (g +1)>74
Using the continuity assumptions on / and standard estimates for fractional kernels, we obtain

that this difference tends to zero as k¥ — 0. Consequently, we find A8 € €' ([0,T];X).
Step 2. A is a contraction. We consider on € ([0,7];X) the equivalent norm

-1

< i (a—1) 17216l + (o i+ k)2l + el ey

0,1)

Ifllo= sup e P'[f(1)|x, b>0.
1€[0,T]

Let 0y, 6, € €([0,T];X). Using assumption (3.10) and Holder’s inequality, we find

A6 (1) — AB(1)]]

1 t _
< F(OC)/() (l_r)a 1Hh(r791(r)>M1V267M2V15)_h(r792()’),M1V25,M2V15)Hd}"
<= [=n=o el ar
I'(a) Jo
cn |61 — 6y /‘ a1 br
< ———— L—r e’ dr
= T(a) =)

. 1 . 2—a U, a—1
< <u |6 — Gally (/ (1 —r)2;dr> (/ e dr)
I'(a) 0 0

_ aT(reE
~I(a)(p+1)>a

(a; l>a—1||91 _02||bebl,

By multiplying each side by e~*!, we derive
¢, T(P+1)(2=a)
= T 17

a—1ya-1
|A61(1) - A8:(1) (“5=)" 16— 82llp, Y1 e 0.7
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Therefore, using condition (3.12)(a), we obtain that A is a contraction mapping, and the Ba-
nach fixed-point theorem ensures the existence of a unique fixed point 6 € € ([0,T];X). This
completes the proof. U

Lemma 3.2. Assume that hypotheses (3.5)-(3.15) hold and that
mg; >3HRmeqj, j=12. (3.21)

Then, there exists &y > 0 such that, for every 6 € (0,dy), Problem 3.4 has at least one solution.

0 0 k—1 0 0 k—1 . cof ok
Proof. Let yg, vis,-.-,V;5 and zg, vis,...,V5s" be given. Assume that there exist Vis € Vi,

]’.‘5 €Y' (j=12),and 65€C ([0,1]; X) satisfying relations (3.16)-(3.20). We introduce the
operators P : Vi — V| and P, : V, — V', defined by

*

s *
Piy =~y + A1y + 8By + Ri(1L()) + M50 (Mi 2§, May).

030

0

2+A2z+ 8Baz+ Ry (13(2)) + M 0¥2(05 (1), Moy, My 2).

Pz=

We prove that P; and P, are surjective, and we do that in several steps.
Step 1. Pseudomonotonicity. From the definition of the operators ¢; (I = 1,2) and assumptions
(3.5), (3.7), and (3.13)-(3.15), the mappings

*

e, )
Vidyr 13 y+AYy+ 8By +R(IL(y) €V;

and
*

V494
Vo 3z 262z+Azz+ 8Brz+ R (Ii(2)) € Vs

are continuous, bounded and monotone. Therefore, by Theorem 3.96 in [12], they are pseu-
domonotone. Moreover, assumptions (3.8) and (3.9) together with [9, Proposition 5.6] im-
ply that the operators y — M;0W (M, 25, My), and z — M;0W1(05(w),Mayk, M z) are pseu-
domonotone. Consequently, by Proposition 3.59(ii) in [12], the operators P; and P,, being sums
of pseudomonotone operators, are themselves pseudomonotone.

Step 2. Coercivity. Let y € V;. Using (3.5)-(3.9), (3.12)(b), (3.13) and (3.14), we obtain

0l

0
1 l17, +may 1yl + Sme, [yl|* — ew, (1+ [Maylly, ) [|Moylly, — 8I|Ri || mg, |Iy]?

(Pry,y) > y+A1y+ 8By +Ri(L(y)) + M3 0¥ (M1 25, May),y)

P

>

1 2 2 2 2
5 cwlisil >||y||H1+mA1||y|| +8(mp, — [Rillmg, ) I¥II” — o, 1S [1¥]a-

Choosing 0; = m > 0, and using (3.21), we deduce

/N S| =

>

(Py.y) = ma I II7, + 81 15, —cw, IS 1yl

A similar argument yields, for z € V, that

(Poz,2) > ma, 2ll7, + 82 1I2]15, — w1521 Izl
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with & = 1/(cy,||S2]|?). Let & = min{5;, & }. Then, for any § € (0, &),

(P1y,y)

o e as [y = e,
Y

and
(Prz,2)
2]

— o0 as ||z]| = oe.

Hence, P; and P, are coercive.

Finally, since P; and P, are pseudomonotone, bounded and coercive, Lemma 2.2 in [25]
ensures that they are surjective. Therefore, for every & € (0, &) there exist v¢ 5 and WA 5 satisfying
relations (3.16)-(3.20). Consequently, Problem 3.4 admits at least one solution for all § €

(0, 8p), which completes the proof.

O

Lemma 3.3. Assume that the hypotheses of Lemma 3.1 hold. Then, there exists &y > 0 such

that for every 6 € (0,8), the following estimates hold.

k
<¢
@angHngvl <c,

k
<
Igl,gllzal!w <c,

k R
lrgnkangHVjSHVJ < Q:a J= 1,2,

k P
121](32(N||Wj5HHj <¢ j=12,

N
k k—1 .
Z ||v]6 _vj6 ||Vj S Qta J= 1727
k=1
g k—1
Z HWJS _Wj5 ||Hj < Q:; J= 1727
k=1
where € > 0 is a constant independent of 6 and may change from line to line.

Proof. Replacing k with k—1in (3.17) and (3.18), we obtain

E*Elkal - - - - -
1 616 AW 8B H RGO )) + M3y = Fg

g*gzvk—l B - _ — —
ZTZS +ADSS! + 8BS + R (G 0A51)) + Mg = Fys

Subtracting (3.28) from (3.17) and (3.29) from (3.18), we deduce

(3.22)
(3.23)
(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

il (Whs —wis") + A5+ 8B + R (5) + M3 (85— &85 1) = s — i

(3.30)

Gyl (whs —whs 1) + 8Awhs + 8Bavhs + Ra(I(Vas)) + M (Efs — EET) = s — fos .

(3.31)
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Taking the duality pairing of (3.30) with —w4 s and of (3.31) with —wA 5, we obtain

k =1k ko k Kook k-1
(Wis —Wis »Wig)a + (Aiw]s.wis) +8(B1Vs.Vis —Vis )

1 - (3.32)
< (ffs—fis ' whs) + g(éza EXs T My (Vs —vhs )+ (R (Vi 5)), whs),
(Wlﬁs - Wégl J WIE&)HZ +6 <A2W§57W§3> +6 <BZV]§57 Vas — Véé 1>
(3.33)

1 k—1 2/ k k
< (f3s— a5 sWhs) + g<513 &t M (Vs — Va5 1)) + (Ra (I3 (V55)), whis).
Using
1
ko k=l k k|12 k—112 k k—112
(whs =5 L owks ), = 3 (Iwhgllh, — s I, + Iwhs — w513, )
and
1
k 1 ko k k—1 ko k=1y k—1
(BjisVhs —vis') = 2(<vaj67wj8> (Bjvis ]5 b+ (B (Vs — Vis )Vis = Vis )
and conditions (3.5)—(3.9) (3.13), (3.14) and (3.15), we see that
k 2 —1 2 2 —12
||W15”H1+||W15 W15 HHI—’_mAlHW]ﬁH +’”B1||V15|| +mBll|v]5 V15 |
201k 112 k 1
< 28my, [|S1]] ”W15HH1+_<f16 fis s —vish (3.34)
k —1 1 k—112
+2mg, | Ri[[ Vs 11VEs =g 1+ WY 17, +ma, V512
and
k 112 -1 2 2 —12
W55, + 1whs — Whs ' 171, + mag[[Whs 1% + m, |[V3s[1> +ma, V5 — vag
20k 112 k—1
< 28my, || S| ||W25||H2+_<f25 f25 7V25 Vas ) (3.35)
k -1 1 k—112
+2me, || Ra | V351 1V55 — Vis 'l + [1whs 17, +m, V55|

Replacing k by / and summing from 1 to n,
k k
k|12 I 1—12 k |12 I I-1)2
||wj6||Hj+l_le|Wj6_Wj5 ||Hj+mBijj5” +mBj;||vj8_vj5 |
2 a I 12 2 & 1—1
< 28my ||S,]| lew,-gllﬂj+gg —fi5 Vs =5 (3.36)

2 .
+2my,;||R | Z V5 ll1Vis = vis 1+ whs iz, +ma; V95117, 7= 1,2.

We extend the functions f;, j = 1,2, from the interval [0, 7] to [-8,7T| by defining

o fi(1) for 1€]0,T],
fiv)= { £;(0)  for 1€[-8,0].

Consequently, it follows that f; € L™([-8,T];V}), j = 1,2. Next, we introduce the discrete

difference !
fjﬁ (f f )7 727"'7N7.j:172'
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Observe that

A 52\\ /kl fi(r) = fi(r—8)) ar]

U

<3 / Hf,(r)

Since lez([O,T];VJ?‘) — ¢([0,T];V}) is continuous, assumption (3.11) implies that, for all
re0,T], Hfj(r)HV* < cy,. Hence, we obtain

fl f B B fl f
y (1=t g5 = Tl (k) - 52<,§ .

=1

*

s)dsdr

Vi

| v dr

We now estimate the quantity ( f}’% — f]ks_ ! ) /6. Indeed,

T N o R R T
P b TR =§/ (Fi(s) —2fi(s — )+ fi(s — 28)) ds

L—1

1 17 r S ..
== i(T)dtdsdr.
63 [k—] /r—5 S—afj( )

Applying Holder’s inequality yields
fé 5
L L
«dtdsdr
| S _53/lk1/r§/s§r|f, Ol

wo(y—s)t NP 1/2

[ as) ([ vl as)
12

([ 1penas)

Using Young’s inequality ab < €;a% + - b? (j=1,2), we deduce
g g q y J ge;

$ ()

< |7 5HHv]sH+Hf15\H|v15H+5ZH

JSf‘

5 Iy

\%
]

k f.5+f.g
<[ P +4g I 5|| 17l sl + 885 T Wil + 12 %[5,
= J

< |l +

NI k-1 )
IBNTATEARE. (ECATTR—
(3.37)
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Using assumptions (3.13)—(3.15), we obtain

S / ko2 &

2mg; R Y ;s lwis Il < 3mg, IR [[[1VEs 1% +4mg, R Y (V)] (3.38)

=1 =1

Combining inequalities (3.36), (3.37), and (3.38), we obtain
k
2 k112 I
(1—28my,|s;] )ijallHﬁlZleja 5 I, +ms, ZHV,a—v,a I

+ (s, — 3mg [|R;| — &) V5]

< 26my||s;° ZHW,sHH +[w3sllz, +—|| ol 1 1 1V )
V2 &
+4mg;|R,|| ZH sl +58 \/_HfJ”L2[ s tO 3 ZH sl
Choosing
—3my,|IR; ||

and using assumption (3.21), we deduce

k
(1—28mg,IS]?) HWI;B”; +1; [whs —wis' Hif,

mp; —3mg,||Rjl| o
Vi
2 J

k
1112
s, Y [Vls =g+

k—1
112 112 0 |2 1
stm‘PAiHSJH I_ZiHWj6|‘H]-+HWj8HHj+ (mB 3mquR D ” 5H
3mq, IR;1)8

ZH sl

k—1
+ (|75 Hv?aH+4mq,-HRjHZZI ||v§-aH2

Y
55, g ) oy

Let 0p; = WIHSJHZ (j=1,2), and & = min{Jy1, 802 }. Then, for 6 € (0,8), we obtain

k k
IWis 17, + Vs 11> + Z 1wl —w's 17, +IZ, Ve =517
=1 (3.39)
<C+6C+68¢ Z (HW,aHH + Vsl )

Applying the discrete Gronwall inequality to (3.39), we obtain max; <x<y (||wlj‘ slF + ||v’J‘ sl <
€. Hence, estimates (3.24) and (3.25) hold, and consequently (3.26) and (3.27) follow.
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Finally, from the definitions of y’(‘s and z’é, we obtain
k
511y, < sl +8 121 sl < [vsl|+Kkée <,

WWWSH£H+5EN%AMEW%H%6¢§¢
Thus, (3.22) and (3.23) follow. Moreover, using (3.8), (3.9), and (3.24), we deduce
15|
165

The proof is therefore complete. 0

k
e < e (14 MM ]) < €

vy < e (14 [p2[[Vis]) < €

Next, for a given 0 > 0, we introduce the following piecewise affine interpolants associated
with the discrete sequences {y’(‘s}, {2k}, {vlj‘.s}, {WI;'S}' For 1 € (y—1,u%), k=1,...,N and
j=1,2, we define

1— 1 _
vs(1) =k + 5 (% =5, zs(1) =+ )

S O S ==

We also define the function ¥ for/ = 1,2 by

k 1% .
asg, + / qi(,r)Visdr for 1 € (y_1,14],
V5(1) = : ,:Zi 9

li—1

ag, for 1 =0.

Moreover, for j = 1,2, we introduce the following piecewise constant interpolants

k k
_ Vs, & (lk—lalk]v — Zs, L& (lk—l7lk]>
ys(1)=4 "8 s(1)=¢"0
y57 l_07 Zs, l—O,
( ) vlj<'57 1 e (lkflalk]v ( ) W];(Sv lc (lkflalk]v
V. 1) = w 1) =
i v%, 1=0, i w%, 1=0,
k k
. 5 L€ (-1 U], - 5e L€ (1,1,
Eis(1) =3 07 7 fis() =13 "7
5 1=0, fi(0), 1=0.

Moreover, we need to consider the following Bochner-Lebesgue spaces
V;=L*0,T;V;), H;=L*0,T:H;), and¥Y}=L*0,T;Y}),

corresponding to V;, H; and Y; (j = 1,2), respectively.
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Lemma 3.4. Under the assumptions of Lemma 3.3, there exist constants &y > 0 and € > 0,
independent of 0, such that, for all § € (0,0), the following estimates hold:

1951l z=(0,7311) < &, (3.40)
1Z5 Ml =(0,73v2) < &, (3.41)
Iysllz o) < 0.1 <&, [[ysllv, <€,

125]lv, <€, (3.42)
1€jslly; < € (j=1,2), (3.43)
1955l 2=0,7:v;) < € (= 1,2), (3.44)
visllzory) <€(=12), (3.45)

Vjslle; <€ (= 1,2), ||Vj5||M2s2(O,T;Vj,V;‘) <C(j=12).

The proof of Lemma 3.4 is based on the same argument as in [2].

Theorem 3.1. Assume that (3.5)-(3.15) hold. Let {8} be a sequence such that § — 0. Then,
there exists a subsequence, still denoted by {8}, such that

Vs — Yy weaklyin Vi, (3.46)
Zs — z weakly in V,, (3.47)
Vis — Y weaklyin Vi, (3.48)
Vo5 — Z weakly in Vs, (3.49)
Vis — Yy strongly in Hy, (3.50)
Vo5 — 2 strongly in Hy, (3.51)
Eis — & weaklyin Y5, j=1,2, (3.52)
Vig — V weakly in Hy, (3.53)
Vos — Z weakly in Hy, (3.54)
Y5 — O in €(0,T;X), (3.55)

where the triplet (y,z,0) € V| x V, x €(0,T;X) is a solution of Problem 3.1.

Proof. From estimates (3.40), (3.41), and (3.44), together with the reflexivity of the spaces V;
(j = 1,2), there exist elements y, vi € V|, and z, v, € V, such that, up to a subsequence,

Vs — V¥, vVig — v weaklyin Vi,
Zs — 27, Vps — vo weakly in V.
Hence, (3.46) and (3.47) hold. Moreover, by the definition of the interpolants we obtain

155 =yslf = [ 175 =51 = Z )
k—1

Le—1

t Hys 5
" Ys Vs

—1) H di < C8°.
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Therefore,

Vs — Vs HVl — 0 as 8 — 0. By the same argument, we also obtain HZg -5 ”Vz —0
as 8 — 0. Consequently, ys — yin V| and z5 — zin V.

Next, from estimate (3.45) and Proposition 8 in [26], we deduce that v;5 — V; strongly in H;,
(j=1,2). Then, Proposition 4 in [26] yields V| = y, and v, = z, and Hence, (3.48)-(3.51) hold.
Furthermore, from estimate (3.42) and the reflexivity of Y*, we obtain 5 s — &j weakly in Y7,
(j =1,2), which gives (3.52). Using arguments similar to those in [2, Theorem 2.5], we also
deduce the convergences (3.53) and (3.54).

Next, from (3.43), (3.45), (3.48), (3.49), (3.53), and (3.54), we infer that y, 7,5 € W12(0,T; V})
and z,7,5 € WH2(0,T;V3). Since W12(0,T;V;) < €/(0,T;V;) (j = 1,2) are continuous, we de-
rive y, 715 € €(0,T;V)) and z,7,5 € €(0,T;V,). Then, using the compactness of M| and M,
we obtain

Myv15 — Mpy strongly in €(0,T;Y,), (3.56)
M Vs — Mz strongly in € (0,T;Y;). (3.57)

Since y € V| and z € V;, Lemma 3.1 ensures the existence of a unique 6 € (0, T; X) satisfying,
for 1 € [0,T], the following fractional integral equation
0) = by et o [ (e 00). M2 05)
= — 74 —r r’ r s Z, r.
[(o) " T(a) " T(a) o o

Using assumption (3.10), we infer
165(1) = 0(1)]l

< F(loc) /ol(l — )| (1, 05(r), Miva5, MaPy5) — h(r, 6(r), M1z, Myy) || dr

ch l _ ~ ' 3 ‘
= F(a)/o (t=r)*185(r) — 0(") | + M1 755 — Miz]| + | M2y 5 — Moy |dr
Ch ( - . - . >/l o1
< M Vs —Mz|| + ||MaV 5 — M 1—r)* ar
< Fgy IMi725 = MiZl| +[[Ma715 = Moy ) (1 =7)
Ch ' a—1
- 0 -0 d
+r(a)/0 (1= 1))\ 05(r) — 6(r)]| dr
Tach - . 5 )
= T(o+1) <HM1V25_M1Z w(0,:v) T [Ma715 — Moy fg(o,T;Yz))

Ch

1
—— [ (1=r)*""|6s5(r) -0 dr.
i ) G 100) — 00
Applying Gronwall’s inequality yields the existence of constant C > 0 satisfying

165 = Bl (0,rx) <C (HMlﬁzs =Moo 1)+ [M2715 —MZY'H%(O,T;YZ))‘

Therefore, by (3.56) and (3.57), we conclude that 85 — 6 in €'(0,7;X ), which proves (3.55).
Finally, we prove that the triplet (y,z,0) solves Problem 3.1. Let us first, introduce the

Nemitskii operators <7j, %, ./}, ¢77j, A1, and A associated to A;, Bj, R;, My, and My,

respectively. .7; are weakly continuous. From (3.48)-(3.49), together with (3.13)-(3.15), we
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infer from 6 — O that
(AV15, Vi = V1s)vixv, — (19, vi = Y)vixy, forall vy € Vy,

(S5, V2 = Vas)vsxv, — (22, V2 — vy, forall vy € Vs

Moreover, for j = 1,2, it yields %(191-5 —agn,;) —-j(V;s) — 0 strongly in V7. Consequently,
for all vi € Vq, we deduce

lim (A 05, vi — 7 .
5—>0< 1V16, V1 16>V1><V1

= %HI}) (<521 (s —aml) — Vs, V1 — ‘715>VT><V1
- (3.58)

+ <y1‘718: Vi _‘715>V’1‘><Vl + <j1(a%1>7 Vi _‘715>V”1‘><V1>
= <5ﬂ1)}a V1 _y>V’f><V1 + <=521(am1), Vi _y>V’f><V1'
Similarly, for all v, € V;, we derive

gig%) (S s, va— \725>V§W2 = %ig}) (<Y2(1925 —am,) — SaVrs, V2 — \725>V§W2

+ (S5, V2= V28 )y ey, T (A(an,), v2— V_26>V;w2)

= <y22, 1) _Z>V;XV2 + <:522(ai)‘i2)’ V2 — Z>V§><V2‘
(3.59)

On the other hand, using assumptions (3.5)-(3.7), together with (3.46)-(3.55), one has
<V15, Vi —V15>VTW1 — <)7, Vi _y>foV1’ as 0 — 0,

<\>287 V2 _V25>V§xvz — <Z', 1) _Z>V§XV2’ as 6 — 0,

<A1‘7157 V1 _v15>VT><V1 — <A1}'7, V1 _y>V‘f><V1’ as 6 — 0,

<A2\725, V) — V25>V§><V2 — <A22, 1% _Z>V§><V2’ as 0 =0,

(&15, Mavy —M2V15>Y3Xy2 — (&1, My —M2Y>Y§Xy2, as 6 — 0,

<§25>M1V2—M1V25>YTXY1 — <§2,M1V2—M1Z>YT><YI, as 0 — 0,

<B1y15, Vi _v15>V’[><V1 — <B1y, Vi _)}>VTxV1’ as 0 =0,

(Bazps, v — v25>V;Xv2 — (Baz, v —Z>V§Xv2, as & — 0,

(fi5: V1 —v15>VTW1 — (fi,v1 —y‘>le, as 0 =0,

(fas,v2 —vz5>V3XV2 — (f2, 2 —Z>V§W2, as 0 — 0.
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Combining with (3.58)-(3.59), the discrete inequalities imply
<)'7',V1 _)}>VTXV1 + <A1y+Bly7V1 _y>V’f><V1 + <§17M2V1 _M2y>Y§><Y2

~ (3.60)
+{(F1y+ A (am,),vi _y>VTXV1 = (fi,1 _y>VTXV1’ Vv eV,

and

<'Z', V2 — Z>V§Xv2 + <A2Z’+Bzz, vy — Z>V§Xv2 + <§2,M1 vy — M]Z>YTXY| o)
+ <¢722'+5Z2(am2),\/2 _Z>V§XV2 = <f2,V2 _Z‘>V§><V2’ Vv € Vs. .

Now, we prove that for 1 € [0, 7], one has
E1(1) € 0% (M12(1), Moy (1)) and &(1) € IW(6(1), May(1), MiZ(1)).
To this end, the converse Lebesgue dominated convergence theorem yields
Vs(1) = y(1), vis(1) = y(1) weakly in V| forae. 1 €[0,7],
Zs(1) = z(1), Vps(1) — 2(1) weakly in V, fora.e. 1 €[0,7T].

Furthermore, since the operators M| and M, are compact, the above weak convergences imply,
for almost every 1 € [0, T], the following strong convergences

M>ys(1) = Moy(1) in Yo, M1Zs(1) — Miz(1) in Y7,

and

M2\715(l) —>M2)3(l) in Y, M]Vzg(l) — Mlz(l) in Yj.
Moreover, from (3.55), we have 05(1) — 6(1) in X for all 1 € [0,T]. Furthermore, the mul-
tifunctions d¥; and dW¥; have weakly compact and convex values for all (y,z) € ¥} x ¥> and
(0,y,2) € X x Y, x Yy, respectively. Therefore, using condition (3.52) together with [27, Theo-
rem 77], we deduce

E1(1) € d¥(M1z(1),My(1)) and & (1) € IP2(0(1),May(1),M;2(1))

for a.e. 1 € [0,T]. Finally, combining these inclusions with (3.60) and (3.61), we conclude that
(y,2,0) € V1 x V, x €([0,T];X) is a solution of Problem 3.1, and this completes the proof.
O

4. CONCLUSION

This paper introduced and analyzed a novel coupled system consisting of a Hilfer fractional
differential equation and two dynamic history-dependent hemivariational inequalities. Under
a comprehensive set of assumptions, we established the existence of solutions by combining
Rothe’s semi-discretization method with surjectivity results for pseudomonotone operators. The
framework extends the theory of differential variational inequalities to incorporate fractional-
order memory effects, nonconvexity, and nonsmooth constraints in a coupled setting. Future
work will apply these abstract results to the analysis of frictional contact problems between
viscoelastic bodies exhibiting long-memory effects and adhesion.
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