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Abstract. This paper develops a novel computational framework for frictional interaction between
thermo-piezoelectric materials and deformable thermally and electrically conductive substrates. The
formulation integrates a generalized Coulomb friction law with regularized electrical conduction and
thermal transfer conditions at the interface. Damage evolution, governed by a nonlinear parabolic differ-
ential inclusion, is intrinsically coupled to the contact dynamics. We establish the corresponding varia-
tional formulation, proving existence and uniqueness of weak solutions. Spatial discretization employs
Galerkin methods, while temporal approximation utilizes Euler schemes, collectively yielding optimal-
order error estimates for the numerical solutions.
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1. INTRODUCTION

Mechanical contact phenomena represent critically important determinants of performance
across industrial applications, with accurate modeling essential for predicting tribological be-
havior, thermal management, and fatigue life [1]. While foundational work dates to Hertzian
contact theory, contemporary approaches employ variational inequalities and finite element
methodologies [2, 3, 4]. Despite progress in significant gaps persist in multi-physics scenarios
involving piezoelectric interactions [5, 6], thermomechanical behavior [7], viscoelastic memory
effects [8, 9], progressive damage evolution [10, 11], and the references therein.

Although contact mechanics has been extensively studied [1], mathematical analysis of thermo-
electro-viscoelastic contact with damage remains underdeveloped. Existing literature exhibits
notable limitations: simplified isothermal formulations [12], idealized friction laws [13], short-
duration interactions omitting long-memory effects [14], and small-strain approximations [15].
Recent damage models [16, 17] fail to address critical scenarios in thermo-electro-viscoelastic
systems [18, 19, 20]. More recently, Oultou et al. [21] established numerical methodologies for
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piezoelectric contact mechanics, specifically addressing thermally sensitive locking materials
exhibiting strain-dependent stiffness amplification. This framework integrates coupled electro-
thermo-mechanical formulations with finite element discretization and rigorous error analysis.
A thermo-electro-elastic contact model with temperature-dependent friction is formulated as
coupled variational inequalities. Existence and uniqueness of weak solutions was proven un-
der constitutive constraints, resolving field-interaction nonlinearities while preserving thermo-
dynamic consistency [22]. To the best of our knowledge, the quasistatic thermo-electro-elastic
frictional contact problem incorporating long-memory viscoelastic effects and progressive dam-
age evolution remains unexplored in the literature. This significant research gap motivates the
present work, which establishes the first comprehensive framework for this class of multiphysics
systems.

This study resolves these fundamental challenges through the development of an innova-
tive theoretical and computational framework for dynamic frictional contact in thermo-electro-
viscoelastic materials with damage evolution. The proposed approach makes the following key
contributions:

a) A thermodynamically consistent model unifying mechanical deformation, electric po-
tential, thermal effects, and damage propagation within a single theoretical framework;

b) A rigorous variational formulation of history-dependent constitutive relations, comple-
mented by a complete mathematical analysis proving solution existence and uniqueness;

c) Novel numerical discretization schemes combining hybrid Eulerian approaches with
adaptive finite element methods, along with derivation of optimal a priori error estimates
for the fully discrete system.

The paper is organized as follows. Section 2 introduces the mechanical problem formulation,
including necessary preliminaries, data assumptions, and the variational framework. Section 3
establishes existence and uniqueness of solutions through Banach’s fixed point theorem com-
bined with variational and parabolic inequality theory. Section 4 develops semi-discrete spatial
approximations with associated error bounds and convergence analysis. Finally, Section 5 con-
structs a fully discrete scheme via finite element spatial discretization and hybrid Euler temporal
integration, deriving corresponding error estimates.

2. THERMO-ELECTRO-MECHANICAL CONTACT FRAMEWORK WITH FRICTIONAL

DAMAGE EVOLUTION IN PIEZOELECTRIC MATERIALS

This section presents a novel model for frictional interaction between a viscoelastic body and
a thermally and electrically conductive foundation, deriving its weak formulation under these
assumptions.

Consider a viscoelastic body occupying an open, bounded, connected domain Ω ⊂ Rd (d =
2,3) with Lipschitz boundary S, partitioned into disjoint segments S1 (meas(S1) ≥ 0), S2, and
S3. For electrical constraints, S1∪S2 is divided into measurable subsets Sa (meas(Sa)> 0) and
Sb. The body experiences body forces f0, volume free electric charges q0, and constant strength
heat source q1. Boundary conditions include: fixed displacement on S1; surface tractions f2 and
heat flux h2 on S2; electrical potential ϕ = 0 on Sa; and surface charge density qb on Sb.

The quasistatic time-dependent frictional contact occurs on ΓC with a conductive foundation
maintained at potential ϕ0 and temperature θF . This contact incorporates damage effects and
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allows electric and heat transfer, with normalized gap g. The process evolves over I = [0,T ]
(T ≥ 0).

Let Sd denote the Banach space of second-order symmetric tensors over Rd . Its associated
inner product and induced norm are given by:

y · z = yizi, ‖y‖Rd = (y ·y)1/2, ∀y,z ∈ Rd,

σ · τ = σi jτi j, ‖σ‖Sd = (σ ·σ)1/2, ∀σ ,τ ∈ Sd.

Boundary components, the normal outward ν and tangential τ are defined by

yν = y ·ν , yτ = y− yνν ,

τν = τν ·ν , ττ = τν− τνν .

Spatiotemporal domains are given by:

Ω̃ = Ω× I, S̃1 = S1× I, S̃2 = S2× I,

S̃3 = S3× I, S̃a = Sa× I, S̃b = Sb× I.

Now, we present the mechanical formulation for the quasistatic frictional contact problem of a
thermo-electro-viscoelastic body with long memory.

Problem 2.1. Determine the displacement field u : Ω̃→Rd , electric potential ϕ : Ω̃→R, tem-
perature field θ : Ω̃→ R, and damage field ζ : Ω̃→ R satisfying:

σ(ι) =Aε(u̇(ι))+Fε(u(ι))+P∗∇ϕ(ι)−Mθ(ι)

+
∫

ι

0
C (ι− s,ε(u(s)),ζ (s))ds in Ω̃,

(2.1)

D(ι) = Pε(u(ι))−B∇ϕ(ι)−Nθ(ι) in Ω̃, (2.2)

Divσ(ι)+ f0(ι) = 0 in Ω̃, (2.3)

divD(ι)−q0(ι) = 0 in Ω̃, (2.4)

θ̇(ι)−divK∇θ(ι) =−Rε(u(ι))+G∇ϕ(ι)+q1(ι) in Ω̃, (2.5)

ζ̇ (ι)−κ4ζ (t)+∂ χ[0,1]ζ (ι) 3S (ε(u(ι)),ζ (ι)) in Ω̃, (2.6)

u(ι) = 0 on S̃1, (2.7)

σ(ι).ν = f2(ι) on S̃2, (2.8)

ϕ(ι) = 0 on S̃1, (2.9)
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D(ι) ·ν = qb(ι) on S̃2, (2.10)

θ(ι) = 0 on S̃1, (2.11)

q(ι) ·ν = h2(ι) on S̃2, (2.12)

−σν(ι) = pν(uν(ι)−g) on S̃3, (2.13)
|στ(ι)| ≤ pτ(uν(ι)−g),
|στ(ι)| ≤ pτ(uν(ι)−g)⇒ u̇τ = 0,
|στ(ι)|= pτ(uν(ι)−g)⇒ ∃λ > 0 such that στ(ι) =−λ u̇τ(ι),

on S̃3, (2.14)

D(ι) ·ν = he(uν(ι)−g)φL(ϕ(ι)−ϕ0) on S̃3,
(2.15)

∂ q (ι)

∂ν
= hc(uν(ι)−g)φL(θ(ι)−θF) on S̃3, (2.16)

∂ ζ (ι)

∂ν
= 0 on S̃3, (2.17)

u(0,x) = u0 , θ(0,x) = θ0 , ζ (0,x) = ζ0 on Ω. (2.18)

We now concisely describe the contact model and governing equations. The thermo-electro-
viscoelastic constitutive behavior, governed by (2.1)–(2.2), features A is the viscosity operator
and F is the elasticity operator, B represents the electric permittivity operator, P is piezoelectric
operator, M stands for the thermal expansion tensor, N is pyroelectric tensor, K is thermal
conductivity tensor, and C describes the relaxation tensor. Equilibrium equations in (2.3)–
(2.5) describe stress, electric displacement, and heat conduction balance, where Divσ and divD
denote divergence operators, while R and G characterize thermo-electromechanical coupling.
Damage evolution in (2.6) involves the microcrack diffusion constant κ > 0, damage source
operator S , and constraint ∂ χ[0,1] is given by

χ[0,1](ε) =

{
0 ε ∈ [0,1],
+∞ otherwise,

with subdifferential

∂ χ[0,1](ε) =


(−∞,0] ε = 0,
{0} ε ∈ (0,1),
[0,+∞) ε = 1,
/0 otherwise.

Here ζ = 1 corresponds to undamaged material, ζ = 0 to complete damage, and intermedi-
ate values to partial damage. Conditions (2.7)–(2.12) describe the mechanical, electrical, and
thermal boundary constraints, normal compliance contact with given pν is modelled by (2.13).
Moreover, (2.14) represents the Coulomb dry friction with bound pτ . The electrical and thermal
conductivity conditions are given by (2.15) and (2.16), respectively.

ϕL(s) =

{
sgn(s)L |s|> L,
s |s| ≤ L,
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where he,hc > 0 are conductivity coefficients and L� 1 is a truncation parameter (practically
equivalent to identity for sufficiently large L). A homogeneous Neumann condition for damage
appears in (2.17) (∂ζ/∂ν denotes normal derivative), with initial conditions specified in (2.18)
for displacement, temperature, and damage fields.

To deliver the weak formulation of Problem 2.1, we begin by establishing the necessary
mathematical framework. We indroduce the following spaces.

H = L2(Ω;Rd), H1 = {σ ∈H : Divσ ∈ H} , Y = L2(Ω)

H1 =
{

u ∈ H1(Ω;Rd) ; ε(u) ∈H
}
, H=

{
τ = (τi j) ; τi j = τ ji ∈ Y

}
.

These are real Hilbert spaces endowed with the inner products

〈y,z〉H = (yi,zi)Y , 〈y,z〉H1 = 〈y,z〉H + 〈ε(y),ε(z)〉H,

〈σ ,τ〉H = (σi jτi j)Y , 〈σ ,τ〉H1 = 〈σ ,τ〉H+ 〈Divσ ,Divτ〉H.

The displacement field solution space is defined as

V=
{

v ∈ H1(Ω;Rd) | v = 0 on S1

}
.

Equipped with the inner product 〈u,v〉V = 〈ε(u),ε(v)〉H and induced norm ‖v‖V = ‖ε(v)‖H, V
constitutes a Hilbert space. Moreover, since |S1|> 0, then Korn’s inequality ensures there exists
cK = cK(Ω,S1) > 0 such that cK‖v‖H1(Ω;Rd) ≤ ‖ε(v)‖H for all v ∈ V. Applying the Sobolev
trace theorem to obtain c0 = c0(Ω,S3,S1) > 0 such that ‖v‖L2(Γ;Rd) ≤ c0 ‖v‖V for all v ∈ V.
Similarly, we introduce the following function spaces for the thermal, electrical, and damage
variables, respectively, as

Θ ={θ ∈ H1(Ω;R) : θ = 0 on S1},

Ψ ={ψ ∈ H1(Ω;R) : ψ = 0 on Sa},

Ξ ={ρ ∈ H1(Ω;R) : 0≤ ρ ≤ 1 in Ω}.

We define the following inner products and associated norms on Θ and Ψ as

〈θ ,η〉Θ =〈∇θ ,∇η〉H, ‖θ‖2
Θ = 〈θ ,θ〉Θ for all θ , η ∈Θ,

〈ϕ,ψ〉Ψ =〈∇ϕ,∇ψ〉H, ‖ϕ‖2
Ψ = (ϕ,ϕ)

Ψ
for all ϕ, ψ ∈Ψ.

It follows from |Sa|> 0 and the Friedrichs-Poincaré inequality that

‖ψ‖H1(Ω;R) ≤ cF‖∇ψ‖H for all ψ ∈Ψ,

where cF = cF(Ω,Sa) > 0. Consequently, the norms ‖ · ‖Ψ and ‖ · ‖H1(Ω) are equivalent on Ψ,
making (Ψ,‖ ·‖Ψ) a real Hilbert space. Furthermore, by the Sobolev trace theorem, there exists
c1 = c1(Ω,Sa,S3) > 0 such that ‖ξ‖L2(S3)

≤ c1‖ξ‖Ψ for all ξ ∈ Ψ. Similarly, from |S1| > 0,
we have, for all θ ∈Θ, ‖θ‖H1(Ω;R) ≤ cR‖∇θ‖H with cR = cR(Ω,S1)> 0. The norms ‖ · ‖Θ and
‖ · ‖H1(Ω) are thus equivalent on Θ, establishing (Θ,‖ · ‖Θ) as a real Hilbert space. The trace
theorem additionally guarantees the existence of c2 = c2(Ω,S1,S3) > 0 satisfying ‖η‖L2(S3)

≤
c2‖η‖Θ for all η ∈ Θ. To analyze Problem 2.1, we require the following hypotheses on the
problem data:

The operators A,F : Ω×Sd → Sd and B,K : Ω×Rd → Rd are symmetric, and satisfy
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

(a) There exists mA, mF, mB, mK > 0 such that
〈A(x,ε1)−A(x,ε2),ε1− ε2〉H ≥ mA‖ε1− ε2‖2

Sd ,

〈F(x,ε1)−F(x,ε2),ε1− ε2〉H ≥ mF‖ε1− ε2‖2
Sd ,

〈B(x,ξ1)−B(x,ξ2),ξ1−ξ2〉H ≥ mB‖ξ1−ξ2‖2
Rd ,

〈K(x,ξ1)−K(x,ξ2),ξ1−ξ2〉H ≥ mK‖ξ1−ξ2‖2
Rd ,

(b) There exists MA, MF, MB, MK > 0 such that
‖A(x,ε1)−A(x,ε2)‖Sd ≤MA‖ε1− ε2‖Sd ,

‖F(x,ε1)−F(x,ε2)‖Sd ≤MF‖ε1− ε2‖Sd ,

‖B(x,ξ1)−B(x,ξ2)‖Rd ≤MB‖ξ1−ξ2‖Rd ,

‖K(x,ξ1)−K(x,ξ2)‖Rd ≤MK‖ξ1−ξ2‖Rd ,

for all ε1, ε2 ∈ Sd, ξ1, ξ2 ∈ Rd.

(2.19)

The tensors P : Ω×Sd→Rd , M : Ω×R→ Sd , N : Ω×R→Rd , R : Ω×Sd→R, G : Ω×Rd→
R are such that 

(a) P, M, N, R, and T are linear and bounded,
(b) There exists MP, MR, MT, MM, MN > 0 such that

‖P(x,ε1)−P(x,ε2))‖Rd ≤MP‖ε1− ε2‖Sd ,

|R(x,ε1)−R(x,ε2))| ≤MR‖ε1− ε2‖Sd ,

|G(x,ξ1)−G(x,ξ2)| ≤MG‖ξ1−ξ2‖Rd ,

‖M(x,φ1)−M(x,φ2))‖Sd ≤MM|φ1−φ2|,
‖N(x,φ1)−N(x,φ2))‖Rd ≤MN|φ1−φ2|.

for all ε1, ε2 ∈ Sd, ξ1, ξ2 ∈ Rd, φ1,φ2 ∈ R.

(2.20)

The relaxation operator C : Ω× I×Sd×R→ Sd satisfies:
(a) C (·, ι ,ε,r) is measurable on Ω for all ε ∈ Sd , r ∈ R, ι ∈ I,
(b) C (x, ·,ε,r) is continuous on I for all x ∈Ω, ε ∈ Sd , r ∈ R,
(c) There exists LC > 0 such that ∀x ∈Ω, ι ∈ I, ε1,ε2 ∈ Sd , r1,r2 ∈ R:

‖C (x, ι ,ε1,r1)−C (x, ι ,ε2,r2)‖Sd ≤ LC (‖ε1− ε2‖Sd + |r1− r2|).

(2.21)

The normal compliance functions pl : S3×R→ R, l = ν ,τ verify:

(a) pl(·,r) is measurable on S3 for all r ∈ R,
(b) pl(x, ·) is continuous on R, and pi(x,r) = 0 for all x ∈ S3, r ≤ 0,
(c) There exists Ll > 0 such that:

|pl(x,r1)− pl(x,r2)| ≤ Li|r1− r2|, for all x ∈ S3, r1,r2 ∈ R,
(d) (pl(x,r1)− pl(x,r2))(r1− r2)≥ 0 for all x ∈ S3, r1,r2 ∈ R,

(2.22)

The electrical and thermal conductivity functions hl : S3×R→ R+, (l = e,c) satisfy:
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

(a) hk(·,r) is measurable on S3 for all r ∈ R,
(b) hk(x, ·) is continuous on R for all x ∈ S3,
(c) There exists Lk > 0 such that for all x ∈ S3, r1,r2 ∈ R:

|hk(x,r1)−hk(x,r2)| ≤ Lk|r1− r2|,
(d) |hk(x,r)| ≤ hk for all x ∈ S3, r ∈ R, with hk > 0.

(2.23)

The damage source operator S : Ω×Sd×R→ Sd satisfies:
(a) S (·,ε,r) is measurable on Ω for all ε ∈ Sd , r ∈ R,
(b) There exists LS > 0 such that for all x ∈Ω, ε1,ε2 ∈ Sd , r1,r2 ∈ R:

‖S (x,ε1,r1)−S (x,ε2,r2)‖Sd ≤ LS (‖ε1− ε2‖Sd + |r1− r2|),
(c) S (x,0,0) = 0 for all x ∈Ω.

(2.24)

The functions f0, f2, q0, q1, h2, and qb verify:

f0 ∈C(I;L2(Ω;Rd), f2 ∈C(I;L2(S2;Rd)), q0 ∈C(I;L2(Ω)),

q1 ∈C(I;L2(Ω)), h2 ∈C(I;L2(S2)), qb ∈C(I;L2(Sb)).
(2.25)

The initial and boundary data satisfy:

g ∈ L2(S3), g≥ 0 a.e., on S3,

ϕ0 ∈ L2(I;L2(S3)), θF ∈ L2(0,T ;L2(S3)),

u0 ∈ V, θ0 ∈Θ, ζ0 ∈ K.

(2.26)

Next, we define the symmetric bilinear form a : H1(Ω)×H1(Ω)→ R:

a(ζ ,ς) = κ

∫
Ω

∇ζ ·∇ςdx for all ζ , ς ∈ H1(Ω). (2.27)

Additionally, define the time-dependent functions f : I→ V, h : I→ Θ, qe : I→ Ψ and the
mappings J : V×V→ R, ` : V×Ψ→Ψ, ϑ : V×Θ→Θ by:

〈 f (ι),v〉V = 〈 f0(ι),v〉L2(Ω;Rd)+ 〈 f2(ι),v〉L2(S2;Rd) for all v ∈ V,

〈qe(ι),ψ〉Ψ = 〈q0(ι),ψ〉L2(Ω)−〈qb(ι),ψ〉L2(Sb)
for all ψ ∈Ψ,

〈h(ι),η〉Θ = 〈q1(ι),ξ 〉L2(Ω)−〈h2(ι),η〉L2(S2)
for all η ∈Θ,

J (u,v) =
∫

S3

pν(uν −g)vνda+
∫

S3

pτ(uτ −g)|vτ |da for all u,v ∈ V,

〈`(u,ϕ),ψ〉Ψ =
∫

S3

he(uν −g)φL(ϕ−ϕ0)ψda for all u ∈ V,ϕ,ψ ∈Ψ,

〈ϑ(u,θ),η〉Θ =
∫

S3

hc(uν −g)φL(θ −θF).ηda for all u ∈ V, θ ,η ∈Θ.

We now derive the weak formulation of mechanical problem 2.1. Assume that (u, σ , ϕ, D, θ , q, ζ )
are regular functions satisfying (2.1)-(2.18), the application of Green’s formula and the bound-
ary conditions yields the following variational formulation.
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Problem 2.2. Find u : I→ V, ϕ : I→Ψ, θ : I→Θ and ζ : I→ Ξ such that

〈Aε(u̇(ι)),ε(v)− ε(u̇(ι))〉H+ 〈Fε(u(ι)),ε(v)− ε(u̇(ι))〉H+J (u(ι),v)

+ 〈P∗∇ϕ(ι),ε(v)− ε(u̇(ι))
)
H−〈Mθ(ι),ε(v)− ε(u̇(ι))〉H−J (u(ι), u̇(ι))

+ 〈
∫

ι

0
C (ι− s,ε(u(s)),ζ (s))ds,ε(v)− ε(u̇(ι))〉H ≥ 〈 f (ι),v− u̇(ι)〉V,

(2.28)

〈B∇ϕ(ι),∇ψ〉H−〈Pε(u(ι)),∇ψ〉H + 〈Nθ(ι),∇ψ〉H + 〈`(u(ι),ϕ(ι)),ψ〉Ψ
=〈qe(ι),ψ〉Ψ,

(2.29)

〈θ̇(ι),η〉Y + 〈K∇θ(ι),∇η〉H + 〈Rε(u(ι)),η〉Y −〈G∇ϕ(ι),η〉Y
+ 〈ϑ(u(ι),θ(ι)),η〉Θ = 〈h(ι),η〉Θ,

(2.30)

〈ζ̇ (ι),ρ−ζ (ι)〉Y +a(ζ (ι),ρ−ζ (ι))≥ 〈S (ε(u(ι)),ζ (ι)),ρ−ζ (ι)〉Y , (2.31)

u(0,x) = u0 , θ(0,x) = θ0 , ζ (0,x) = ζ0. (2.32)

for all v ∈ V, ψ ∈Ψ, η ∈Θ, ρ ∈ Ξ, and t ∈ I.

3. EXISTENCE AND UNIQUENESS RESULTS

This section is devoted to the existence and uniqueness result for Problem 2.2.

Theorem 3.1. Let hypotheses (2.19)-(2.26) hold. Then Problem 2.2 admits an only one single
solution (u, ϕ, θ , ζ ) with

u ∈C1(I;V), ϕ ∈C(I;Ψ),

θ ∈C(I;Θ), ζ ∈W 1,2(I;Y )∩L2(I;H1(Ω)).

Proof of Theorem 3.1. The proof proceeds in several steps by using variational inequalities and
Banach fixed-point arguments [18, 19].

Step 1. Fix η ∈C(I;V) and consider the intermediate problem:

Problem 3.1. Find uη : I→ V such that

〈Aε(u̇η(ι)),ε(v)− ε(u̇η(ι))〉H+ 〈Fε(u̇η(ι)),ε(v)− ε(uη(ι))〉H
+J (uη(ι),v)−J (uη(ι), u̇η(ι))≥ 〈 f (ι)−η(ι),v− u̇η(ι)〉V,
uη(0) = u0.

for all v ∈ V and ι ∈ I

Lemma 3.1. Under hypotheses (2.19), (2.22), (2.25), and (2.26), Problem 3.1 has a unique
solution uη ∈C1(I;V) for any η ∈C(I;V).

Proof. The proof follows [8] immediately. �

Step 2. Fix γ ∈C(I;Y ). Using uη solution of Problem 3.1, we consider
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Problem 3.2. Find θγη : I→Θ such that

〈θ̇γη(ι),ξ 〉Y + 〈K∇θγη(ι),∇ξ 〉H + 〈ϑ(uη(ι),θγη(ι)),ψ〉Θ
=〈h(ι),ξ 〉Θ−〈Rε(uη(ι)),ξ 〉Y + 〈γ(ι),ξ 〉Y ,

θγη(0) = θ0,

for all ξ ∈Θ, ι ∈ I.

Lemma 3.2. Under assumptions (2.19), (2.20), (2.22), (2.25), and (2.26), Problem 3.2 has a
unique solution θγη ∈C1(I;Θ).

Proof. The proof follows the same arguments of evolution equations presented in [19, Lemma
3.3]. �

Step 3. Consider the following electrical potential problem:

Problem 3.3. Find ϕγη : I→ Q satisfying:

〈B∇ϕγη(ι),∇ψ〉H+ 〈`(uη(ι),ϕγη(ι)),ψ〉Ψ
=〈qe(ι),ψ〉Ψ + 〈Pε(uη(ι)),∇ψ〉H−〈Nθγη(ι),∇ψ〉H,

for all ψ ∈Ψ and ι ∈ I.

Define the operators Pγη and Wγη as follows

〈Pγη(ι)ϕ,ψ〉Ψ =〈B∇ϕ,∇ψ〉H+
(
`(uη(ι),ϕ(ι)),ψ

)
Ψ
,

〈Wγη(ι),ψ)Ψ =〈qe(ι),ψ〉Ψ + 〈Pε(uη(ι)),∇ψ〉H−〈Nθγη(ι),∇ψ〉H.

Therefore, Problem 3.3 can be rewritten as follows: Find ϕγη : I→ Q such that

〈Pγη(ι)ϕη(ι),ψ〉Ψ = 〈Wγη(ι),ψ〉Ψ for all ψ ∈Ψ, ι ∈ I.

Lemma 3.3. Under conditions (2.19), (2.20), (2.23), (2.25), and (2.26), Problem 3.3 has a
unique solution ϕγη ∈C(I;Ψ).

Proof. The proof follows from strong monotonicity of Pγη(ι) and standard variational equality
theory. �

Step 4: Fix µ ∈C(I;Y ). Consider the damage problem:

Problem 3.4. Find ζµ : I→ H1(Ω) with ζµ(t) ∈ Ξ satisfying:

〈ζ̇µ(ι),ρ−ζµ(ι)〉Y +a(ζµ(ι),ρ−ζµ(ι))≥ 〈µ(ι),ρ−ζµ(ι)〉Y ,
ζµ(0) = ζ0.

for all ρ ∈ Ξ and ι ∈ I.

Lemma 3.4. Under conditions (2.19), (2.26) and (2.27), Problem 3.4 has a unique solution
ζµ ∈W 1,2(I;Y )∩L2(I;H1(Ω)).

Proof. The proof follows from properties of the bilinear form a(·, ·), and Theorem 2.28 in [23].
�
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Step 5. Consider a space Z = V×Y ×Y and define the operator

ℑ : C(I;Z)→C(I;Z)

by

ℑ(η ,γ,µ)(ι) =
(
ℑ1(η ,γ,µ)(ι),ℑ2(η ,γ,µ)(ι),ℑ3(η ,γ,µ)(ι)

)
,

where

ℑ1(η ,γ,µ)(ι) = P∗∇ϕγη(ι)−Mθγη(ι)+
∫

ι

0
C (ι− s,ε(uη(s)),ζµ(s))ds,

ℑ2(η ,γ,µ)(ι) = G∇ϕγη(ι),

and

ℑ3(η ,γ,µ)(ι) = S (ε(uη(ι)),ζµ(ι)).

Here uη , ϕγη , θγη , ζµ are solutions from Problems 3.1, 3.2, 3.3, and 3.4, respectively. For pairs
(η1,γ1,µ1) and (η2,γ2,µ2), denote corresponding solutions of (u1,ϕ1,θ1,ζ1) and (u1,ϕ1,θ1,ζ1),
respectively. Under (2.19)-(2.26), there exists c > 0 such that∥∥ℑ(η1,γ1,µ1)(t)−ℑ(η2,γ2,µ2)(t)

∥∥2
Z

≤c
∫

ι

0
‖η1(s)−η2(s)‖2

V ds+ c
∫ t

0
‖γ1(s)− γ2(s)‖2

Y ds+ c
∫

ι

0
‖µ1(s)−µ2(s)‖2

Y ds.

Lemma 3.5. ℑ has a unique fixed point (η∗,γ∗,µ∗) ∈C(I;Z).

Proof follows from fixed-point theorems [24].
Let u∗, ϕ∗, θ ∗, and ζ ∗ be solutions to Problems 3.1, 3.2, 3.3, and 3.4, respectively. Then

(u∗,ϕ∗,θ ∗,ζ ∗) solves Problem 2.2. Uniqueness follows from Banach’s fixed-point theorem.
�

4. FINITE ELEMENT APPROXIMATION

We introduce a finite element algorithm for approximating solutions to Problem 2.2. For spa-
tial discretization, assume that Ω is a polygonal/polyhedral domain with {T h} being a regular
family of triangular/tetrahedral meshes partitioning Ω compatible with boundary subdivisions.
Define finite-dimensional subspaces:

Vh =
{

vh ∈C(Ω)d : vh|Tr ∈ P1(Tr)
d for allTr ∈T h, vh = 0 on S1

}
,

Ψ
h =

{
ψ

h ∈C(Ω) : ψ
h|Tr ∈ P1(Tr) for allTr ∈T h, ψ

h = 0 on S1

}
,

Θ
h =

{
ξ

h ∈C(Ω) : ξ
h|Tr ∈ P1(Tr) for allTr ∈T h, ξ

h = 0 on S1∩S2

}
,

Ξ
h =

{
ρ

h ∈C(Ω) : ρ
h|Tr ∈ P1(Tr) for allTr ∈T h, 0≤ ρ

h ≤ 1 in Ω

}
,

where h > 0 is the spatial discretization parameter, and P1(Tr) denotes linear polynomials on
Tr. Our semi-discrete approximation is as follows.
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Problem 4.1. Find uh : I→ Vh, ϕh : I→Ψh, θ h : I→Θh, and ζ h : I→ Ξh such that

〈Aε(u̇h(ι)),ε(vh)− ε(u̇h(ι))〉H+ 〈Fε(uh(ι)),ε(vh)− ε(u̇h(ι))〉H
+ 〈P∗∇ϕ

h(ι),ε(vh)− ε(u̇h(ι))〉H−〈Mθ
h(ι),ε(vh)− ε(u̇h(ι))〉H

+ 〈
∫

ι

0
C (ι− s,ε(uh(s)),ζ h(s))ds,ε(vh)− ε(u̇h(ι))〉H

+J (uh(ι),vh)−J (uh(ι), u̇h(ι))≥ 〈 f (ι),vh− u̇h(ι)〉V,

(4.1)

〈B∇ϕ
h(ι),∇ψ

h〉H−〈Pε(uh(ι)),∇ψ
h〉H + 〈Nθ

h(ι),∇ψ
h〉H

=〈qe(ι),ψ
h〉Ψ−〈`(uh(ι),ϕh(ι)),ψh〉Ψ,

(4.2)

〈θ̇ h(ι),ξ h〉Y + 〈K∇θ
h(ι),∇ξ

h〉H + 〈Rε(u̇h(ι))−G∇ϕ
h(ι),ξ h〉Y

=
(
h(ι),ξ h)

Θ
−
(
ϑ(uh(ι),θ h(ι)),ξ h)

Θ
,

(4.3)

(
ζ̇

h(ι),ρh−ζ
h(ι)

)
Y +a(ζ h(ι),ρh−ζ

h(ι))

≥
(
S (ε(uh(ι)),ζ h(ι)),ρh−ζ

h(ι)
)

Y ,
(4.4)

uh(0) = uh
0, θ

h(0) = θ
h
0 , ζ

h(0) = ζ
h
0 .

for all vh ∈ V, ψh ∈Ψh, ξ ∈Θh, ρh ∈ Ξh and all ι ∈ I.

Proposition 4.1. Under assumptions (2.19)-(2.26), the solution (uh,ϕh,θ h,ζ h) of Problem 4.1
is uniformly bounded in V×Ψ×Θ×Ξ independently of h.

Proof. Set ψh = ϕh in (4.2). Using the ellipticity of B, we obtain that

mB‖∇ϕ
h(ι)‖2

H ≤
∣∣〈Pε(uh(ι)),∇ϕ

h(ι)〉H
∣∣+ ∣∣〈Nθ

h(ι),∇ϕ
h(ι)〉H

∣∣
+
∣∣〈qe(ι),ϕ

h(ι)〉Ψ
∣∣+ ∣∣(`(uh(ι),ϕh(ι)),ϕh(ι)

)
Ψ

∣∣.
By (2.19), (2.20), (2.23), and Young’s inequality, we see that

‖ϕh(ι)‖Ψ ≤ c0

(
‖qe(ι)‖Ψ∗+‖uh(ι)‖V+‖θ h(ι)‖Θ

)
. (4.5)

Next, setting ξ h = θ h in (4.3) and using the ellipticity of K, we conclude that

mK‖∇θ
h(ι)‖2

H ≤|〈G∇ϕ
h(ι),θ h(ι)〉Y |+ |〈ϑ(uh(ι),θ h(ι)),θ h(ι)〉Θ

∣∣
+ |〈h(ι),θ h(ι)〉Θ|+ |〈Rε(u̇h(ι)),θ h(ι)〉Y |.

By (2.19), (2.20), and (2.23), we obtain that

‖θ h(ι)‖Θ ≤ c1

(
‖h(ι)‖Θ∗+‖u̇h(ι)‖V+‖ϕh(ι)‖Ψ

)
. (4.6)

On other hand, setting ρh = 0 in (4.4) and using condition (2.24), we have

(ζ̇ h(ι),ζ h(ι))Y +κ‖∇ζ
h(ι)‖2

Y ≤
∣∣(S (ε(uh(ι)),ζ h(ι)),ζ h(ι)

)
Y

∣∣.
By (2.25) , the boundedness of S , and Poincaré’s inequality, we further have

‖ζ h(ι)‖H1(Ω) ≤ c2‖uh(ι)‖V. (4.7)
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Now, by taking vh = 0 in (4.1), using (2.21) and (2.22), we find that

mA‖ε(u̇h(ι))‖2
H+mF‖ε(uh(ι))‖2

H

≤|〈 f (ι), u̇h(ι)〉V
∣∣−〈Mθ

h(ι),ε(uh(ι))〉H−〈P∗∇ϕ
h(ι),ε(uh(ι))〉H

−〈Aε(u̇h(ι)),ε(uh(ι))〉H+J (uh(ι), u̇h(ι))−J (uh(ι), u̇h(ι))

−
(∫

ι

0
C (ι− r,ε(uh(r)),ζ h(r))dr,ε(u̇h(ι)

)
H
.

Gronwall’s inequality yields

‖u̇h(ι)‖2
V+‖uh(ι)‖2

V ≤C
(

1+
∫

ι

0
‖uh(r)‖2

Vdr+
∫

ι

0
‖ζ h(r)‖2dr

)
(4.8)

Combining (4.5)–(4.8) and using Gronwall’s lemma yields

‖uh‖L∞(V )+‖ϕh‖L∞(Ψ)+‖θ h‖L∞(Θ)+‖ζ h‖L∞(H1(Ω))

≤C (‖ f‖V ∗+‖qe‖Ψ∗+‖h‖Θ∗) ,

where C depends only on the problem data. �

Theorem 4.1. Lett conditions (2.19)-(2.26) hold. Then, Problem 4.1 admits a unique solution
(uh,ϕh,θ h,ζ h) verifying:

uh ∈C1(I;Vh), ϕ
h ∈C(I;Ψ

h), θ
h ∈W 1,2(I;Θ

h), ζ
h ∈ L2(I;H1(Ω)).

Moreover, if the initial approximations satisfy:

lim
h→0
‖u0−uh

0‖V = 0, lim
h→0
‖ϕ0−ϕ

h
0‖Ψ = 0,

lim
h→0
‖θ0−θ

h
0 ‖Θ = 0, lim

h→0
‖ζ0−ζ

h
0 ‖Y = 0,

and the exact solution has the following regularity

u ∈ H2(I;V)∩C1(I;H2(Ω)d),

ϕ ∈C(I;H2(Ω)),

θ ∈ H1(I;Y )∩C(I;H2(Ω)), θ̇ ∈ L2(I;H1(Ω)),

ζ ∈ H1(I;Y )∩C(I;H2(Ω)), ζ̇ ∈ L2(I;H1(Ω)),

then the semi-discrete solution converges strongly to the exact solution

max
ι∈I
‖u(ι)−uh(ι)‖V→ 0, max

ι∈I
‖ϕ(ι)−ϕ

h(ι)‖Ψ→ 0,

max
ι∈I
‖θ(ι)−θ

h(ι)‖Y → 0, max
ι∈I
‖ζ (ι)−ζ

h(ι)‖Y → 0 as h→ 0.
(4.9)

Proof. The existence and uniqueness solution comes from arguments similar to Theorem 3.1.
For the convergence, let (u,ϕ,θ ,ζ ) and (uh,ϕh,θ h,ζ h) be solutions to Problems 2.2 and 4.1
respectively. Define errors:

eu = u−uh, eϕ = ϕ−ϕ
h, eθ = θ −θ

h, eζ = ζ −ζ
h.
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First, we combine (2.28) and (4.1) with v = u̇h and vh = ΠV h u̇ to find

mA ‖ε(ėu)‖2
H +mF‖ε(eu)‖2

H

≤c
(
‖∇eϕ‖2

H +‖eθ‖2
Y +

∫ t

0

[
‖ε(eu(s))‖2

H +‖eζ (s)‖2
Y
]

ds

+‖u̇−ΠVh u̇‖2
V+‖u̇−ΠVh u̇‖V

)
.

Next, from (2.29) and (4.2), we obtain

mB‖∇eϕ‖2
H ≤c

(
‖ε(eu)‖2

H +‖eθ‖2
Y +‖ϕ−ΠΨhϕ‖2

Ψ +‖ϕ−ΠΨhϕ‖Ψ

)
.

From (2.30) and (4.3), we have

1
2

d
dt
‖eθ‖2

Y +mK ‖∇eθ‖2
H

≤c
(
‖ε(ėu)‖2

H +‖∇eϕ‖2
H +‖θ −ΠΘhθ‖2

Θ +‖θ −ΠΘhθ‖Θ +‖eθ‖2
Y

)
.

From (2.31) and (4.4), we obtain

1
2

d
dt
‖eζ‖2

Y +ma‖∇eζ‖2
Y ≤ c

(
‖ε(eu)‖2

H +‖eζ‖2
Y +‖ζ −ΠΞhζ‖2

Y

)
.

Combining all above estimates and using Gronwall’s inequality yield

‖eu(t)‖2
V+‖eϕ(t)‖2

Ψ +‖eθ (t)‖2
Y +‖eζ (t)‖2

Y

+
∫ t

0

[
‖ėu‖2

V+‖∇eθ‖2
H +‖∇eζ‖2

Y
]

ds

≤cecT
(
‖eu(0)‖2

V+‖eϕ(0)‖2
Ψ +‖eθ (0)‖2

Θ +‖eζ (0)‖2
Y

+
∫ T

0

[
‖u̇−ΠV h u̇‖2

V+‖ϕ−ΠΨhϕ‖2
Ψ +‖θ −ΠΘhθ‖2

Θ +‖ζ −ΠΞhζ‖2
Y
]

ds
)
.

Using interpolation estimates for ΠVh, ΠΘh, ΠΨh, ΠΞh , and [2, Ch. 3] to obtain

‖u̇−ΠVh u̇‖V ≤ ch‖u̇‖H2(Ω)d ,

‖ϕ−ΠΨhϕ‖Ψ ≤ ch‖ϕ‖H2(Ω),

‖θ −ΠΘhθ‖Θ ≤ ch‖θ‖H2(Ω),

‖ζ −ΠΞhζ‖Y ≤ ch‖ζ‖H2(Ω),

and initial error convergence, we obtain the strong convergence result (4.9). �

5. FULLY DISCRETE APPROXIMATION AND ERROR ESTIMATES

We introduce a fully discrete scheme for Problem 2.2 and derive error estimates. Using the
finite element spaces V h ⊂V , Ψh ⊂Ψ, Θh ⊂ Θ, and Ξh ⊂ Ξ defined in Section 4, we partition
[0,T ] uniformly: 0 = t0 < t1 < · · ·< tK = T with time step τ = T/K. For a continuous function
f , we denote fn = f (tn), and for a sequence {wn}K

n=0, we define the divided difference δwτ =
(wk−wk−1)/τ . The fully discrete scheme combines forward and backward Euler methods:
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Problem 5.1. Find {uh,τ
k } ⊂V h, {ϕh,τ

k } ⊂Ψh, {θ h,τ
k } ⊂Θh, {ζ h,τ

k } ⊂ Ξh such that:(
A ε(δuh,τ

k ),ε(vh)− ε(δuh,τ
k )
)

H
+
(
F ε(uh,τ

k ),ε(vh)− ε(δuh,τ
k )
)
H

+
(
PT

∇ϕ
h,τ
k−1,ε(v

h)− ε(δuh,τ
k )
)
H
−
(
M θ

h,τ
k−1,ε(v

h)− ε(δuh,τ
k )
)
H

+ J(uh,τ
k ,vh)− J(uh,τ

k ,δuh,τ
k )

≥
(

fk,vh−δuh,τ
k

)
H
−
(

τ

k

∑
j=1

C (tk− t j−1,ε(u
h,τ
j−1),ζ

h,τ
j−1),ε(v

h)− ε(δuh,τ
k )

)
H

,

(5.1)

(
B∇ϕ

h,τ
k ,∇ψ

h)
H
−
(
Pε(uh,τ

k ),∇ψ
h)

H
+
(
N θ

h,τ
k ,∇ψ

h)
H

+
(
`(uh,τ

k ,ϕh,τ
k )

=
(
qek ,ψ

h)
Ψ
,ψh)

Ψ
,

(5.2)

(
δθ

h,τ
k ,ξ h)

Y +
(
K ∇θ

h,τ
k ,∇ξ

h)
H +

(
Rε(u̇h,τ

k ),ξ h)
H−

(
N ∇ϕ

h,τ
k ,ξ h)

H

=
(
hk,ξ

h)
Θ
−
(
ϑ(uh,τ

k ,θ h,τ
k ),ξ h)

Θ
,

(5.3)

(
δζ

h,τ
k ,ρh−ζ

h,τ
k

)
Y +a(ζ h,τ

k ,ρh−ζ
h,τ
k )≥

(
S (ε(uhk

n−1),ζ
h,τ
k−1),ρ

h−ζ
h,τ
k

)
Y , (5.4)

uhk
0 = uh

0, θ
hk
0 = θ

h
0 , ζ

hk
0 = ζ

h
0 , ϕ

hk
0 = ϕ

h
0 .

for all vh ∈V h, ψ
h ∈Ψ

h, ξ
h ∈Θ

h, ∀ρh ∈ Ξ
h, and k = 1, ...,K.

Theorem 5.1. Under the hypotheses of Theorem 3.1, there exists c > 0 independent of h and τ

such that:

max
k=1,...,K

{
‖uk−uh,τ

k ‖V+‖ζk−ζ
h,τ
k ‖Y +‖θk−θ

h,τ
k ‖Θ +‖ϕk−ϕ

h,τ
k ‖Ψ

}
+ τ

K

∑
i=1
‖∇ζi−∇ζ

h,τ
i ‖Y

≤cτ

{K−1

∑
j=1

(
‖u j−uh,τ

j ‖V+‖u j−uh,τ
j−1‖V+‖ζ j−ζ

h,τ
j ‖Y +‖ζ j−ζ

h,τ
j−1‖Y

+‖ϕ j−ϕ
h,τ
j ‖Ψ +‖θ j−θ

h,τ
j ‖Θ

)
+

K

∑
i=1

(
‖ρh

j −ζ j‖Y +‖ζ̇ j−δζ j‖Y +‖θ j−δθ
h,τ
j ‖Θ +‖θ̇ j−δθ j‖Θ +‖θ j−ξ

h
j ‖Θ

)}
+ c max

k=1,...,K

{∥∥∥∫ tk

0
C (tk− s,ε(u(s)),ζ (s))ds− τ

k

∑
j=1

C (tk− t j−1,ε(u j−1),ζ j−1)
∥∥∥

H

+‖ϕk−ψ
h
k ‖Ψ +‖θk−ξ

h
k ‖Θ +‖u̇k−δuk‖V

}
+ c
{
‖ζ0−ζ

h,τ
0 ‖Y +‖u0−uh,τ

0 ‖V+‖ϕ0−ϕ
h,τ
0 ‖Ψ +‖θ0−θ

h,τ
0 ‖Θ

}
+ c
{
Iτ(u̇)+Iτ(θ̇)+Iτ(ζ̇ )

}
+ cτ

{
‖u‖W 1,∞(I;V)+‖ζ‖W 1,∞(I;Y )+‖ϕ‖C(I;Ψ)+‖θ‖W 1,∞(I;Θ)

}
,

(5.5)
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where Iτ(u̇), Iτ(u̇), and Iτ(u̇), are given as follows

Iτ(u̇) =
K

∑
j=1

∫
ι j

ι j−1

‖u̇(s)−δu j‖ds

Iτ(θ̇) =
K

∑
j=1

∫
ι j

ι j−1

‖θ̇(s)−δθ j‖ds

Iτ(ϕ̇) =
K

∑
j=1

∫
ι j

ι j−1

‖ϕ̇(s)−δϕ j‖ds.

Proof. From (5.4) and (2.31), we can see that

1
2τ

(
‖ζk−ζ

h,τ
k ‖

2
Y −‖ζk−1−ζ

h,τ
k−1‖

2
Y

)
+κ‖∇(ζk−ζ

h,τ
k )‖2

Y

≤c
(
‖ρh−ζk‖Y +‖ζk−ζ

h,τ
k−1‖

2
Y +‖uk−uh,τ

k−1‖
2
V +‖ζ̇k−δζk‖2

Y

)
.

Summing from i = 1 to k, we find

‖ζk−ζ
h,τ
k ‖

2
Y + τ

k

∑
i=1
‖∇ζi−ζ

h,τ
i )‖2

Y

≤cτ

k

∑
i=1

(
‖ζi−ζ

h,τ
i−1‖

2
Y +‖ui−uh,τ

i−1‖
2
V

)
+ c‖ζ0−ζ

hk
0 ‖2

Y

+ cτ

n

∑
i=1

(
‖ρh−ζi‖L2 +‖ζ̇i−δζi‖2

Y

)
.

(5.6)

For the temperature, we use (2.30) and (5.3) to get

1
2τ

(
‖θk−θ

h,τ
k ‖

2
Θ−‖θk−1−θ

h,τ
k−1‖

2
Θ

)
+mK ‖θk−θ

h,τ
k ‖

2
Θ

≤c
(
‖θk−δθ

h,τ
k ‖

2
Θ +‖θ̇k−δθk‖2

Θ +‖θk−ξ
h‖2

Θ +‖ϕk−ϕ
h,τ
k ‖

2
Ψ +‖uk−uh,τ

k ‖
2
V

)
.

Substituting k by i and summing from i = 1 to k, we obtain

‖θk−θ
h,τ
k ‖

2
Θ

≤cτ

k

∑
i=1

[
‖θi−δθ

h,τ
i ‖

2
Θ +‖θ̇i−δθi‖2

Θ +‖θi−ξ
h‖2

Θ +‖ϕi−ϕ
h,τ
i ‖

2
Ψ +‖ui−uh,τ

i ‖
2
V

]
+‖θ0−θ

h,τ
0 ‖

2
Θ.

(5.7)

Next, it follows from (2.29) and (5.2) that

‖ϕk−ϕ
h,τ
k ‖

2
Ψ ≤ c

(
‖uk−uh,τ

n ‖2
V+‖θk−θ

h,τ
k ‖

2
Θ +‖ϕk−ψ

h‖2
Ψ

)
. (5.8)
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To derive the displacement field error, we combine (2.28) and (5.1) to have

‖uk−uh,τ
k ‖

2
V ≤cτ

k

∑
j=1

(
‖u j−1−uh,τ

j−1‖
2
V+‖ζ j−1−ζ

h,τ
j−1‖

2
Y

)
+ c‖ϕk−ϕ

h,τ
k−1‖

2
Ψ

+
∥∥∥∫ tk

0
C (tk− s,ε(u(s)),ζ (s))ds− τ

k

∑
j=1

C (tk− t j−1,ε(u j−1),ζ j−1)
∥∥∥2

H

+‖θk−θ
h,τ
k−1‖

2
Θ +‖u̇k−δuk‖2

V.

(5.9)

Finally, combining (5.6)-(5.9) and using the following estimates yield

‖θk−θ
hk
k−1‖Θ ≤ c

(
Iτ(θ̇)+ τ‖θ‖W 1,∞(Θ)

)
,

‖ϕk−ϕ
hk
k−1‖Ψ ≤ c

(
Iτ(ϕ̇)+ τ‖ϕ‖C(I;Ψ)

)
,

‖uk−uh,τ
k−1‖V ≤ c

(
Iτ(u̇)+ τ‖u‖W 1,∞(V)

)
,

with discrete Grönwall’s lemma yields the error estimate (5.5). �

Proposition 5.1. Under Theorem 5.1 hypotheses and solution regularity:

u ∈W 1,∞(I;V)∩C(I;H2(Ω;Rd)),

ϕ ∈C(I;H2(Ω)),

θ ∈W 1,∞(I;Θ)∩C(I;H2(Ω)),

ζ ∈W 1,∞(I;L2(Ω))∩L∞(I;H2(Ω))∩H1(I;H1(Ω)),

with initial approximations:

ζ
h,τ
0 = ΠΞhζ0, uh,τ

0 = ΠV hu0, θ
h,τ
0 = ΠΘhθ0, ϕ

h,τ
0 = ΠΨhϕ0,

where ΠV h, ΠΘh, ΠΨh, and ΠΞh , are interpolation operators,

max
k=1,...,K

{
‖ζk−ζ

h,τ
k ‖Y +‖θk−θ

h,τ
k ‖Θ +‖ϕk−ϕ

h,τ
k ‖Ψ +‖uk−uh,τ

k ‖V
}
≤ c(h+ τ). (5.10)

Proof. By using the interpolation estimates see [3, Theorem 4.4.20], we obtain

max
k=1,...,K

inf
ρh∈Ξh

‖ζk−ρ
h‖H1(Ω) ≤ch‖ζ‖C(I;H2(Ω)),

max
k=1,...,K

inf
vh∈Vh

‖un− vh‖V ≤ch‖u‖C(I;H2(Ω)),

max
k=1,...,K

inf
ξ h∈Θh

‖θk−ξ
h‖Θ ≤ch‖θ‖C(I;H2(Ω)),

max
k=1,...,K

inf
ψh∈Ψh

‖ϕk−ψ
h‖Ψ ≤ch‖ϕ‖C(I;H2(Ω)),

(5.11)

and initial error estimates:

‖ζ0−ζ
h,τ
0 ‖Y ≤ch‖ζ0‖H2(Ω),

‖u0−uh,τ
0 ‖V ≤ch‖u0‖H2(Ω),

‖θ0−θ
h,τ
0 ‖Θ ≤ch‖θ0‖H2(Ω),

‖ϕ0−ϕ
h,τ
0 ‖Ψ ≤ch‖ϕ0‖H2(Ω).

(5.12)
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Moreover, it easy to see that the quadrature error satisfies

max
k=1,...,K

∥∥∥∫ ιk

0
C (ιk− s,ε(u(s)),ζ (s))ds− τ

k

∑
i=1

C (ιk− ιi−1,ε(ui−1),ζi−1)
∥∥∥

H

≤cτ‖C ‖W 1,∞(I;H ).

(5.13)

Therefore, the time discretization errors are bounded by

Iτ(u̇)≤ cτ‖ü‖L1(I;V),
K

∑
i=1
‖u̇i−δui‖V ≤ cτ‖ü‖L2(I;V),

Iτ(θ̇)≤ cτ‖θ̈‖L1(I;Θ),
K

∑
i=1
‖θ̇i−δθi‖Θ ≤ cτ‖θ̈‖L2(I;V),

Iτ(ϕ̇)≤ cτ‖ϕ̈‖L1(I;Ψ),
K

∑
i=1
‖ϕ̇i−δϕi‖Ψ ≤ cτ‖ϕ̈‖L2(I;Ψ).

(5.14)

Finally, we substitute estimates (5.11)-(5.14) into Theorem 5.1 to obtain (5.10). �
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