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Abstract. This paper develops a novel computational framework for frictional interaction between
thermo-piezoelectric materials and deformable thermally and electrically conductive substrates. The
formulation integrates a generalized Coulomb friction law with regularized electrical conduction and
thermal transfer conditions at the interface. Damage evolution, governed by a nonlinear parabolic differ-
ential inclusion, is intrinsically coupled to the contact dynamics. We establish the corresponding varia-
tional formulation, proving existence and uniqueness of weak solutions. Spatial discretization employs
Galerkin methods, while temporal approximation utilizes Euler schemes, collectively yielding optimal-
order error estimates for the numerical solutions.
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1. INTRODUCTION

Mechanical contact phenomena represent critically important determinants of performance
across industrial applications, with accurate modeling essential for predicting tribological be-
havior, thermal management, and fatigue life [1]. While foundational work dates to Hertzian
contact theory, contemporary approaches employ variational inequalities and finite element
methodologies [2, 3, 4]. Despite progress in significant gaps persist in multi-physics scenarios
involving piezoelectric interactions [5, 6], thermomechanical behavior [7], viscoelastic memory
effects [8, 9], progressive damage evolution [10, 11], and the references therein.

Although contact mechanics has been extensively studied [1], mathematical analysis of thermo-
electro-viscoelastic contact with damage remains underdeveloped. Existing literature exhibits
notable limitations: simplified isothermal formulations [12], idealized friction laws [13], short-
duration interactions omitting long-memory effects [14], and small-strain approximations [15].
Recent damage models [16, 17] fail to address critical scenarios in thermo-electro-viscoelastic
systems [18, 19, 20]. More recently, Oultou et al. [21] established numerical methodologies for
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piezoelectric contact mechanics, specifically addressing thermally sensitive locking materials
exhibiting strain-dependent stiffness amplification. This framework integrates coupled electro-
thermo-mechanical formulations with finite element discretization and rigorous error analysis.
A thermo-electro-elastic contact model with temperature-dependent friction is formulated as
coupled variational inequalities. Existence and uniqueness of weak solutions was proven un-
der constitutive constraints, resolving field-interaction nonlinearities while preserving thermo-
dynamic consistency [22]. To the best of our knowledge, the quasistatic thermo-electro-elastic
frictional contact problem incorporating long-memory viscoelastic effects and progressive dam-
age evolution remains unexplored in the literature. This significant research gap motivates the
present work, which establishes the first comprehensive framework for this class of multiphysics
systems.

This study resolves these fundamental challenges through the development of an innova-
tive theoretical and computational framework for dynamic frictional contact in thermo-electro-
viscoelastic materials with damage evolution. The proposed approach makes the following key
contributions:

a) A thermodynamically consistent model unifying mechanical deformation, electric po-
tential, thermal effects, and damage propagation within a single theoretical framework;

b) A rigorous variational formulation of history-dependent constitutive relations, comple-
mented by a complete mathematical analysis proving solution existence and uniqueness;

¢) Novel numerical discretization schemes combining hybrid Eulerian approaches with
adaptive finite element methods, along with derivation of optimal a priori error estimates
for the fully discrete system.

The paper is organized as follows. Section 2 introduces the mechanical problem formulation,
including necessary preliminaries, data assumptions, and the variational framework. Section 3
establishes existence and uniqueness of solutions through Banach’s fixed point theorem com-
bined with variational and parabolic inequality theory. Section 4 develops semi-discrete spatial
approximations with associated error bounds and convergence analysis. Finally, Section 5 con-
structs a fully discrete scheme via finite element spatial discretization and hybrid Euler temporal
integration, deriving corresponding error estimates.

2. THERMO-ELECTRO-MECHANICAL CONTACT FRAMEWORK WITH FRICTIONAL
DAMAGE EVOLUTION IN PIEZOELECTRIC MATERTALS

This section presents a novel model for frictional interaction between a viscoelastic body and
a thermally and electrically conductive foundation, deriving its weak formulation under these
assumptions.

Consider a viscoelastic body occupying an open, bounded, connected domain Q@ € RY (d =
2,3) with Lipschitz boundary S, partitioned into disjoint segments S; (meas(S;) > 0), S», and
S3. For electrical constraints, S; US; is divided into measurable subsets S, (meas(S,) > 0) and
Sp. The body experiences body forces fj, volume free electric charges gg, and constant strength
heat source ¢g;. Boundary conditions include: fixed displacement on S;; surface tractions f> and
heat flux &, on S7; electrical potential @ = 0 on S,; and surface charge density g, on Sp.

The quasistatic time-dependent frictional contact occurs on I'c with a conductive foundation
maintained at potential @y and temperature 6. This contact incorporates damage effects and
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allows electric and heat transfer, with normalized gap g. The process evolves over I = [0, 7]

(T >0).

Let S¢ denote the Banach space of second-order symmetric tensors over RY. Its associated

inner product and induced norm are given by:

Y z=Yyi, ||y||Rd:<yy)1/27 VY7Z€Rd7

C-T =0T, |o|ls = (0-0)/2, Vo,1e s

Boundary components, the normal outward v and tangential 7 are defined by

Yyv=Y'V, Ye =YWV,
T\/ZTV‘V, TT:TV—T\/V.

Spatiotemporal domains are given by:

ZZ:QX]L §1:S1X]I, §2=Sz><]1,

Sy =83 x1, S, =S, x1, S, =S, x L

Now, we present the mechanical formulation for the quasistatic frictional contact problem of a

thermo-electro-viscoelastic body with long memory.

Problem 2.1. Determine the displacement field u : Q — RY, electric potential ¢ : Q R, tem-

perature field 0 : QR and damage field ¢ : QR satisfying:

o(1) =Ae(i(1)) + Fe(u(1)) +PVo(1) —M6(1)

+ [ (s eu(s)).£(5))ds
D(1) =Pe(u(1)) —BVe(1) —NO(1)
Divo(1)+ fo(1) =0
divD(1) —qo(1) =0
0(1) —divKVO(1) = —Re(u(1)) + GVe(1) +q1 (1)
E(1) =k AL(1) + 920116 (1) 3 7 (8(u(1)), £ (1))
u(l) =0
o(1).v=fa(1)
¢(1)=0

in Q
in Q,
in Q,
in Ez,

in EZ,

in £NZ,
on S,
on §2,

on S,

(2.1)

2.2)
(2.3)
(2.4)
(2.5)
(2.6)
2.7)
(2.8)
(2.9)
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D)V = gy(1) on S,
0(1)=0 on S,
q(1)-v=nhy(1) on Sy,
—0y(1) = py(uy(1) — g) on S,
lor(1)] < pr(uv(t) —g),
02(1)] < prluy(1) —g) = ir =0, on S,
|oz(1)] = pe(uy(1) —g) = 3A > 0 such that 6:(1) = —A (1),

240 (1)~ )on0(1) - ) on .
ag\(,l) =0 on 83,
u(0,x) =ugp, 6(0,x) =6y, £(0,x) =& on Q.

(2.10)
2.11)
(2.12)
(2.13)

(2.14)

(2.15)

(2.16)

2.17)

(2.18)

We now concisely describe the contact model and governing equations. The thermo-electro-
viscoelastic constitutive behavior, governed by (2.1)—(2.2), features A is the viscosity operator
and F is the elasticity operator, B represents the electric permittivity operator, P is piezoelectric
operator, M stands for the thermal expansion tensor, N is pyroelectric tensor, K is thermal
conductivity tensor, and 4 describes the relaxation tensor. Equilibrium equations in (2.3)—
(2.5) describe stress, electric displacement, and heat conduction balance, where Div ¢ and divD
denote divergence operators, while R and G characterize thermo-electromechanical coupling.
Damage evolution in (2.6) involves the microcrack diffusion constant k¥ > 0, damage source

operator ., and constraint d X[0,1] 18 given by
0 €€[0,1],
E) =
X[O’1]< ) {+°o otherwise,

with subdifferential

(—o0,0] €=0,

{0} g€ (0,1),
9%[0,11(€) = 0.4e) e=1

0 otherwise.

Here { = 1 corresponds to undamaged material, { = 0 to complete damage, and intermedi-
ate values to partial damage. Conditions (2.7)—(2.12) describe the mechanical, electrical, and
thermal boundary constraints, normal compliance contact with given py is modelled by (2.13).
Moreover, (2.14) represents the Coulomb dry friction with bound p;. The electrical and thermal

conductivity conditions are given by (2.15) and (2.16), respectively.

ou(s) {sgn(s)L ls| > L,

s Is| <L,
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where h,,h. > 0 are conductivity coefficients and L > 1 is a truncation parameter (practically
equivalent to identity for sufficiently large L). A homogeneous Neumann condition for damage
appears in (2.17) (0 /dv denotes normal derivative), with initial conditions specified in (2.18)
for displacement, temperature, and damage fields.

To deliver the weak formulation of Problem 2.1, we begin by establishing the necessary
mathematical framework. We indroduce the following spaces.

H=L*(QRY), H,={ces# :DivocecH}, Y=L*Q)
H, = {u ceH' (RN e(w) e}, H={r=(1); uj =T € Y}.
These are real Hilbert spaces endowed with the inner products
o= iz)ys haowm = ou+(€l), @),
(0,7)u = (0i;Tij)y, (0,7)m, = (0,T)m + (Divo,Div ).
The displacement field solution space is defined as
V= {VGHl(Q;Rd) |V:00n51}.

Equipped with the inner product (u,v)y = (¢(u), €(v))g and induced norm ||v||y = ||€(V)||m, V
constitutes a Hilbert space. Moreover, since |S;| > 0, then Korn’s inequality ensures there exists
cx = ck(Q,S81) > 0 such that k||| 1 (q.rey < [[€(V)|[m for all v € V. Applying the Sobolev
trace theorem to obtain ¢y = co(€2,53,51) > 0 such that |[v]|;2pre) < col[v|lv for all v € V.
Similarly, we introduce the following function spaces for the thermal, electrical, and damage
variables, respectively, as

©={0cH' (QR): 6=0 on S},
¥={ycH (QR): y=0 on S,},
E={peH' (QR): 0<p <1 in Q}.

We define the following inner products and associated norms on ® and WV as

(0, =(VO,VN)u, [6]5=1(6,0)e forall @, 1 € O,

(0. v)w =(Vo.Vy)u, [ols=(.0)y  forallp yew.
It follows from |S,| > 0 and the Friedrichs-Poincaré inequality that

Wl a1 o) < crlVYlu forall y € ¥,

where ¢ = cp(Q,S84) > 0. Consequently, the norms || - ||y and || - [|1(q) are equivalent on ‘¥,
making (¥, || - ||w) a real Hilbert space. Furthermore, by the Sobolev trace theorem, there exists
c1 = ¢1(Q,84,53) > 0 such that [|E]|;2(5,) < c1[|S ||y for all & € ¥. Similarly, from [S;| > 0,
we have, for all 8 € ©, [|0]|1(q.r) < cr[| V0| with cg = cr(€2,51) > 0. The norms |- || and
|-l (@) are thus equivalent on @, establishing (@, || - [|e) as a real Hilbert space. The trace
theorem additionally guarantees the existence of ¢z = ¢2(€,51,53) > 0 satisfying ||| 2(s,) <
c2||n|le for all n € @. To analyze Problem 2.1, we require the following hypotheses on the
problem data:
The operators A, F : Q x S¢ — S? and B,K : Q x R? — R? are symmetric, and satisfy
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a ere exists mp, mg, mg, mg > 0 such that
((a) Th i 0 such th
(A(x,e1) —A(x, &), € — &)u > malle) — &[54,

(F(x,&1) —F(x,&),& — &)m > mr||e1 — &34,
B(x,&1) —B(x,&),& — &) > mp||& — El[34,
(K(x,&1) —K(x,&), & — &) > mk || & — &2,
(b) There exists Ma, Mg, Mg, Mg > 0 such that (2.19)

[A(x,&1) —A(x, &)l|se <Maller— &g,
|F(x,€1) —F(x,&)[|s« <Mr|&1—&llse,
IB(x,81) —B(x,8)[|ge < MB||S1 — S2|pa,
1K (x, 81) — K(x, &) lge < Mk |81 — &2 gas

| forall e, & €89, &, & R

The tensors P: QO xS? R M: QO xR -S4 N: OQxR—-RI R: QOxS? 3R, G: QxR —
R are such that

( (a) P,M, N, R, and T are linear and bounded,

(b) There exists Mp, Mr, M1, Mg, M > 0 such that
[P(x,€1) = P(x, &))|[re < Mp|l&1 — &2]|sa,
IR(x,&1) —R(x,&))| < Mr||e1 — &g,

(2.20)
G(x,61) = G(x,&2)| < Mg |81 — G2 lle,
IM(x,¢1) = M(x, $2))[se < Mm|1 — ¢2],
INCx,¢1) = N(x, ¢2))[|[ga < Mn |1 — ¢2].
\ forall €, & € Sd, S GRd, 01,02 € R.
The relaxation operator € : Q x I x S x R — S satisfies:
(a) €(-,1,€,r) is measurable on Q foralle € ¢, r e R, 1 €11,
(b) €(x,-,&,r) is continuous on I forall x € Q, e € S, r € R, (221)
(c) There exists Ly >0 suchthatVx€ Q,1 €1, g1, & € S4, 1, € R: )
Hcg(x, l,£1,r|) —(g(x, l,Sz,rz)HSd < Lg (||81 — 82||Sd + |I’1 — I”2|).
The normal compliance functions p; : 3 x R — R, [ = v, 7 verify:
((a) pi(-,r) is measurable on S3 for all r € R,
(b) pi(x,-) is continuous on R, and p;(x,r) =0 for all x € S3, r <0,
(¢) There exists L; > 0 such that: (2.22)

|pl(x7r1)_pl(x7r2)| SLi|r1 —I’2|, for aHXES3, ry,r GR,
L(d) (pi(x,71) = pi(x,72))(r1 —r2) > O forall x € S3, 11,1 €R,

The electrical and thermal conductivity functions /; : S3 x R — R ™, (I = e, c) satisfy:
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((a) hy(-,r) is measurable on S3 for all r € R,

(b) hy(x,-) is continuous on R for all x € S3,

(¢) There exists Ly > 0 such that for all x € S3, 1, € R: (2.23)
(o, 1) = by, r2) | < Li[r =,

| (d) |hx(x,r)| < By forallx € S3, r € R, with iy, > 0.

The damage source operator .7 : Q x S x R — S¢ satisfies:

(a) Z(-,&,r) is measurable on Q for all € € S?, r € R,
(b) There exists L > 0 such that for all x € Q, &1, € S%, ri,rm €R:

(2.24)
|7 (x,€1,m1) =7 (x, 82,72 [sa < Ly (l[€1 = &2llga +[r1 —12)),
(¢) < (x,0,0) =0 for all x € Q.
The functions fy, f2, qo, q1, h2, and g;, verify:
foe CILLAH(Q:RY),  f,eC(LLA(Su:RY)), g0 e C(LLA(Q)), (225)

g1 € CLLAQ)), h eClL3(Sy),  q»<CLLA(Sy)).
The initial and boundary data satisfy:
g € L*(S3), g>0 ae.,on Sz,
@ € L2(I;L*(S3)),  OF € L2(0,T;L%(S3)), (2.26)
up €V, 0y € O, o eK.

Next, we define the symmetric bilinear form a : H!(Q) x H'(Q) — R:
a(l,c) = K/ V¢ Vedx forall £, ¢ € H'(Q). 2.27)
Q

Additionally, define the time-dependent functions f : 1 —V, h: 1 — 0O, g, : [ - W and the
mappings J: VXV 3R : VXY ¥, 0:Vx0 — 0 by:

(f(0),v)v = (fo(1),v)12(qra) + (f2(1): V) 12(5,:m0) forallv eV,
(qe(1), W)w = (q0(1), W) 12(0) — (q6(1): W) 12(s,) forall y € ¥,
(h(1),me = (q1(1), )12 < 2(1), M) 12(s,) forall n € O,

F(u,v) = /S3 pyv(uy —g)vvach—/S3 pr(ur —g)|ve|da forall u,v € V,
{t(w, 0), ¥)w = /S3 he(uy = 8)9L(¢ — o) wda forallueV,p,y eV,
(9(u,0),m)6 = /S he(ty — g)01(6 — 6F).Mda forallu €V, 6,1 € O.
3
We now derive the weak formulation of mechanical problem 2.1. Assume that (u, ¢, ¢, D, 0, g, §)

are regular functions satisfying (2.1)-(2.18), the application of Green’s formula and the bound-
ary conditions yields the following variational formulation.
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Problem 2.2. Findu:1—V, ¢:1—-W¥,0:1— 0Oand{ :1— E such that
(Ae(u(1)),e(v) —e(u(1)))m + (Fe(u(1)),e(v) —e(u1)))u + 7 (u(1),v)
+(P'V(1),e(v) — (1)) — (MO(1),€(v) — €(u(1)))u — 7 (u(t),u(t)) (2.28)
+ </Ol<5(l —s,€(u(s)), 0 (s))ds,e(v) —e((1)))u = (f(1),v—u(1))v,

(BVo(1), Vyu — (Pe(u(1)), Vy)u+ (NO(1), Vyu + (((u(1), 9(1)), ¥)w

ORI 229
(6(1), My + (KV 0(1), V 1+ (Re(u(1)), )y — (G V(1) m)y 0
+(8(u(1),0(1)),m)0 = (h(1),n)e.

(E(0),p— L)y +alf(1).p— £(1) > (#(2(u(1)). £(1)),p — L)y @31)
u(0,%) = ug , 6(0,x) = 65, £(0,%) = &. (2.32)

forallveV,ye¥Y ne®,pec& andr el

3. EXISTENCE AND UNIQUENESS RESULTS

This section is devoted to the existence and uniqueness result for Problem 2.2.

Theorem 3.1. Let hypotheses (2.19)-(2.26) hold. Then Problem 2.2 admits an only one single
solution (u, @, 0, {) with

ueCHILY), o@eCl;V),
0cC;0), ¢cwlHLY)nL>(LHY(Q)).

Proof of Theorem 3.1. The proof proceeds in several steps by using variational inequalities and
Banach fixed-point arguments [18, 19].
Step 1. Fix n € C(I; V) and consider the intermediate problem:

Problem 3.1. Find uy : I — V such that

(Ae iy (1)), €(v) — €(iin (1)) + (Fe(in (1)), €(v) — &(un (1))
+  (un(1),v) = F (un (1),1in (1)) = (f(1) =0 (1), =ity (1)) v,

un (0) = up.
forallveVandt el

Lemma 3.1. Under hypotheses (2.19), (2.22), (2.25), and (2.26), Problem 3.1 has a unique
solution up € CY(I; V) for any n € C(L; V).

Proof. The proof follows [8] immediately. U

Step 2. Fix y € C(I;Y). Using uy solution of Problem 3.1, we consider
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Problem 3.2. Find OYT] : I — O such that

(Byn (1), &)y + (KVByy (1), VE )+ (B (un (1), 0y (1)), W)e
=(h(1),S)e — (Ze(uy(1)),8)y +(¥(1),S)y,
97’71(0) = 907

forallé €©,1 €.

Lemma 3.2. Under assumptions (2.19), (2.20), (2.22), (2.25), and (2.26), Problem 3.2 has a
unique solution Oy, € C! (L; ®).

Proof. The proof follows the same arguments of evolution equations presented in [19, Lemma
3.3]. O

Step 3. Consider the following electrical potential problem:
Problem 3.3. Find @y, : 1 — O satisfying:

(BY @y (1), V) + (£(un (1), oy (1)), ¥)w
=(qe(1), W)w + (Pe(un (1)), Vy)u — (NOyy (1), Vy)m,

forally e Wand1 € [.

Define the operators &), and #yy as follows
(Pm(V)@.v)e =BV, Vy)u+ (((un (1), (1)), V),
W (1), W)w =(qe(1), W)w + (Pe(un (1)), V)i — (NOpy (1), V).
Therefore, Problem 3.3 can be rewritten as follows: Find @y, : I — QO such that
(P () en (1), v)w = (W (1), ¥)w forally e ¥, 1 €L

Lemma 3.3. Under conditions (2.19), (2.20), (2.23), (2.25), and (2.26), Problem 3.3 has a
unique solution @y, € C(I;'¥).

Proof. The proof follows from strong monotonicity of &y, (1) and standard variational equality
theory. 0

Step 4: Fix u € C(I;Y). Consider the damage problem:

Problem 3.4. Find {,,: 1 — H'(Q) with {,(t) € E satisfying:
(G (),0 = GuWy +a(Gu(1),p — Gu(1)) = (1(1),p — Lu (D),
€u(0) = &o.

forallp e Eand1 €l.

Lemma 3.4. Under conditions (2.19), (2.26) and (2.27), Problem 3.4 has a unique solution
Cu e WH(LY)NLALH (Q)).

Proof. The proof follows from properties of the bilinear form a(-, -), and Theorem 2.28 in [23].
0
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Step 5. Consider a space Z =V x Y x Y and define the operator
3:CcL;2) —»C(L;2)

by
3, 7,1) (1) = (S1(M, 7, 1) (1), 32(n, 7, 1)(1),33(n, 7, 1) (1)),
where
S1(M,7,1)(1) =PV, (1) =My (1) +/Ol G (1—5,€(un(s)), Cu(s))ds
32(”5%“)(1) = GV(PYT](l)a
and

33,1, ) (1) = 7 (&(un (1)), Gu(1)).

Here un, @y, Oy, Cﬂ are solutions from Problems 3.1, 3.2, 3.3, and 3.4, respectively. For pairs

(M1, 71, 141) and (12, Y2, U2, denote corresponding solutions of (uy, ¢y, 6, &) and (uy, ¢1,601,81),
respectively. Under (2.19)-(2.26), there exists ¢ > 0 such that

[S0m.71.00)(0) = S (12 2 2) 0
4
<c [ Imis) = m) s+ [ Ins) = po)fds+e [ i) - als) [ ds.

Lemma 3.5. S has a unique fixed point (n*,y*,u*) € C(I;Z).

Proof follows from fixed-point theorems [24].
Let u*, @*, 0%, and {* be solutions to Problems 3.1, 3.2, 3.3, and 3.4, respectively. Then

(u*,0*,0%,C*) solves Problem 2.2. Uniqueness follows from Banach’s fixed-point theorem.
O

4. FINITE ELEMENT APPROXIMATION

We introduce a finite element algorithm for approximating solutions to Problem 2.2. For spa-
tial discretization, assume that Q is a polygonal/polyhedral domain with {7} being a regular
family of triangular/tetrahedral meshes partitioning © compatible with boundary subdivisions.
Define finite-dimensional subspaces:

Vh:{thC(ﬁ)d:vh\TrEPl(T,)d for all T, € T", Vh:()Ol’lS]},
{l,ti €C(Q): vz eP(T,) forallT, € T, l,l/h:OonSl},
®h:{§h€C(§):§h|T,eP1(Tr) for allT, € 7", éhZOOnSmSz},
gh {phEC( ): phz, € Py(T}) forauT,eﬁh,ogphgan},

where i > 0 is the spatial discretization parameter, and [P (7,) denotes linear polynomials on
T,. Our semi-discrete approximation is as follows.
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Problem 4.1. Find u" : 1 — V" ¢": 1 —W¥" 0":1— 0" and " : 1 — =" such that
(Ae(d(1)),e(") —e(@" (1)) + (Fe(u" (1)),e(") — e(d" (1)))m
+(P'Vo"(1),e(v h)—e('h(l))m—<M9h(l>,8(vh)—8(uh(l))>H

4.1
[ 5 e0(9), 22050 ) — e (1)) v
s >—/<uh<z>,uh<l>> > () W),
BV(p Vl//h uh(l»?V‘I/h)H + <N9h(l)7vwh>H (4 2)

=(qe(1 ),ll/h%p—<€(uh(l),¢h(l)),ll/h>lp,

(6"(1),&"y + (KVO" (1), VEMH+ (Re (i (1)) — G V" (1), ")y 43
=(h(1),8") g — (¥(u"(1),0"(1)),&") 6, '

(Chl p —Ch( 1), +a(g"(1),p" - ¢" (1)) )

> (. (e ¢h)).p" =), '

u"(0) = ufl, Bh(O) =0 ¢ho)= ¢l
forall V' eV, y" c W E c @ p'cE'andall1 1.

Proposition 4.1. Under assumptions (2.19)-(2.26), the solution (u", @" 0", E") of Problem 4.1
is uniformly bounded in V x ¥ x ® x E independently of h.

Proof. Set y" = ¢" in (4.2). Using the ellipticity of B, we obtain that
mg|Vo" (1)|[f <|(Pe(u"(1)), Vo' (1))u] + | Neh ), Vo' ()]
+[(ge(1), 0" (V)w| + | (€0 (1), 9" (1)), 9" (1)) |-
By (2.19), (2.20), (2.23), and Young’s inequality, we see that
10" (1)l < co (llge()lhws + ") v+ 16" ()lo) 4.5)
Next, setting £” = 6" in (4.3) and using the ellipticity of K, we conclude that
mk V6" (1) [f </(G V" (1), 6"(1))y| + (3 (u"(1),6"(1)),6"(1))o)|
+[(h(1),6"(1))o| +|(Re(i" (1)), 6" (1))y|.
By (2.19), (2.20), and (2.23), we obtain that
10" (1)llo < e1 (I(llor + [ (W)l + 0" ()]l ) 46)
On other hand, setting ph = 01n (4.4) and using condition (2.24), we have

(C"@), ")y + x| VE )T < [(# (e (1)), ¢ (1)), £ (V) .

By (2.25) , the boundedness of ., and Poincaré’s inequality, we further have
1" (W)l (@) < calld ()] (4.7)
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Now, by taking Vi =01in (4.1), using (2.21) and (2.22), we find that
mal|e (" (1)) 3 + mel|e (" (1)) 1
<|(f(1),d" (1)) | — (MO" (1), (" (1)) — (P* V" (1), (" (1))m
— (Ae(@"(1)), e (V))m+ 7 (" (1),d" (1)) = 7 (u" (1), (1))
_ </Ol(5(l —r,S(uh(r)),Ch(r))dr,e(uh(l))

Gronwall’s inequality yields

1 1
I+l 1 < (1+ [ telRars [180Rr) @
Combining (4.5)—(4.8) and using Gronwall’s lemma yields

11| vy + 19" | =) + 16" | =@ +11C" | =211 (<)
<C Al +llgellw +lIrller)

where C depends only on the problem data. 0

H

Theorem 4.1. Lett conditions (2.19)-(2.26) hold. Then, Problem 4.1 admits a unique solution
(u, 9", 6", L") verifying:

u e CH IV, o' ecmw"), 6"ew!'?(1.0"), (¢"el*(LH'(Q)).
Moreover, if the initial approximations satisfy:
. ok _ . . h _
}lll_ﬂ% [uo —uglv =0, %E}% le0 — g llw =0,
lim [|6p — 60 ]le =0, i ¢y =0
lim {60 — €plle =0,  lim |G —&gfly =0,
and the exact solution has the following regularity
uec H*(LV)NnC (I H*(Q)9),
¢ € C(LH(Q)),
0 c H' (LY)NC(LH*(Q)), 6€lLl*(LH(Q),
{eH (LY)NCLH*(Q), elX(LH(Q),
then the semi-discrete solution converges strongly to the exact solution
max [[u(1) —u"(1)[v — 0, max|l@(1) - ¢"(1)|}e =0,
1€l 1€l

4.9)
ma]chO(l)—Gh(l)Hy—m, ma]I)(HC(l)—Ch(l)Hy—>0 as h— 0.
S 1S

Proof. The existence and uniqueness solution comes from arguments similar to Theorem 3.1.
For the convergence, let (u,9,0,¢) and (u", ¢" 6", ") be solutions to Problems 2.2 and 4.1
respectively. Define errors:

eld:u_uhu e(P:(P_(ph7 eeze_eha e(;‘:C_Ch
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First, we combine (2.28) and (4.1) with v = & and v* = I 41 to find
myl|e(én) |5 +mszlleted) |5
§C<||V€<p”if+ IIeeH%+/Ot [lleCeulN 5 + lle(s) 7] ds
o [t = Tyt + e~ T ).

Next, from (2.29) and (4.2), we obtain

my[Veol % <c(lleten) B+ lleall? + 19— Ty @[3+ @~ Tgnow).
From (2.30) and (4.3), we have

1d 2 2
> lleallp +m | Veol

<c(lle(@) 1% +11Veql + 116 ~ Ty 113 + 116 ~ Tgillo + leol 17 ).
From (2.31) and (4.4), we obtain

1d
S llecllf +mallVel[F < c(lle(ed)le + lecl} +116 ~T1ze 1 ).

Combining all above estimates and using Gronwall’s inequality yield
lew(@)II% + lleq () + lleo (0)]I7 + lleg (1)I7
t
+ [ [l + 1 ¥eol+ [ Ve 3] ds

<ce! <||eu(0)||%v+ leg (0)[[% +leq (0)1[& + llez (0) 7

T
+ [ D= T3+ @~ Thguplfy+ 116 ~Tlen01f3 + 1€ ~ T ] ).
Using interpolation estimates for Iy, I1gn, Iy, I1zs, and [2, Ch. 3] to obtain

[t —Thypii||v < chl|i| g2 qya,
@ — Ty @lw < chl|@]|y2(q)
16 —TgnBlle < chl| 0] 2(q),
1€ =Tz Clly < chl|Cllp2q).,

and initial error convergence, we obtain the strong convergence result (4.9). UJ

5. FULLY DISCRETE APPROXIMATION AND ERROR ESTIMATES

We introduce a fully discrete scheme for Problem 2.2 and derive error estimates. Using the
finite element spaces Vhicv, W c ¥, ®" c ®, and E" C E defined in Section 4, we partition
[0, 7] uniformly: 0 =1y <t} < --- < tgx = T with time step T = T /K. For a continuous function
f, we denote f, = f(t,), and for a sequence {w, }X_, we define the divided difference Sw; =
(wg —wg—1)/7. The fully discrete scheme combines forward and backward Euler methods:
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Problem 5.1. Find {u}""} C V", {@/""} C W, {67} C @", {{""} C & such that:
(&78(8142’1),8011) - 8(5u2’7))% +(Fe(u)"), eV —e(8uT)) ,,
+<<@TV‘P£’—T17 e(V)—¢ (5“271))%_(J/lel?fvg("h)_S(SL‘ZJ))%
FIT VY Tl Sul T (5.1)

Z (fkavh - 6”271{-)% - <T Z Cg(tk - tj—178(u7f1)7 Cj‘lj:])ag(vh) - 6(6142’7)) )
j=1

S

(BV¢£T>V‘/’ ) o — (QS(MZ’T%V‘V}I)%ﬂL (/VQ:’TvV‘Vh)%JJF (E(MZ’Tv‘PII:J) (5.2)
(qeka ) 7 )l{l?
(567, EM), + (VO T VEN) , + (Re(i) "), &M, — (Ve EM) 53

(h:&")g (ﬁ(uzﬂeﬁf),éh)@,
(85070 = %), +al . p" = 5Ty > (L (el ), 5. 0" = §F), (5.4)

hk h hk hk h
uy =ugy, 6 :907 o :Cm P = Pp-
forall V' e Vi y" e W Ehc @ Wph e B andk=1,... K.

Theorem 5.1. Under the hypotheses of Theorem 3.1, there exists ¢ > 0 independent of h and T
such that:

h, h, h, h,
k_rlllaxK{Huk—MkT||V+HCk— Ny 16— 6,7 llo + llox — @ T||lP}

geeey

K
h
+TZ VG-V Ty
i=1

K—1
h,
<eel T (I =l o+ = b 1= L 1= €25

j=1
h, h,
+ 10— 0 Flhw + 116, - 6o

K . .
+) (||P§l— Cilly +11& —8&lly + 116, — 59,}'1’T||®+ 16; —56lle + ||9j—5f~l||®>}
i=1

+c¢ max {H/Otk%(tk—s,s(u(S))’C(S))ds—’L'Xk:%”(tk—tj—l,S(uj—l)yCj—OH

k=1,...K =

(5.5)

H
100 W+ 161~ &+ i~ S |
h, h, h,
+e{lto— &Iy +1 ~ ¢}l + 1180~ 6) o }

+o{ i) +72(8) + 7:(0) §

+CT{ [ullw =@y + 1 Sllwr=my) +[@llcaw) + ||9||W1-°°(]I;®)}a
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where 91 (1), I7(1t), and I (i), are given as follows
K 1
Sui) =Y. [ lits) ~ Sujlds
j=171j-1
- ST
2:(0) =Y. [ 160) - 56;ds
j=174-1

5@ =1 [ 160~ 0jlds.

Proof. From (5.4) and (2.31), we can see that

1 hty 2 2 N
5= (06— G716 = G5 IF) + v (G = )
h h,T 12 h, 2 : 2
<c(11" = Gelly + 116 — G5 I + o — ™13 + 11 G — 8Eel1F)-

Summing from i = 1 to k, we find

k
h, h,
HCk_ k T|)2’+TZ||VC1'_C,' T)H)z’
i=1
. h,T (12 h,T 2 hk |2
<et ) (16— G + e =5 1) +<lldo — G415 (56)
i=1

+erd (10"~ Gl + 16 - 8617,
i=1

For the temperature, we use (2.30) and (5.3) to get

1 h h
52 (16— 61715 ~ 161 — ) +me 00— 6

h ; h
SC(IIGk—cSGk’TIIéJr 16— 86kl15+ 116k — &"1I6 + [l — ;|

2
(©]

2 h,t)2
G+ e — 1)
Substituting k by i and summing from i = 1 to k, we obtain

h,
16— 6" (1

k
h A h h
<ct ) [6:- 8617 + 16— 563+ 16— &3 + g — 9/ I+ s — 73] 5.7
i=1

2

+1160— 613

Next, it follows from (2.29) and (5.2) that

h, h,
o= 071 < e (=1 + 10— 0+l o= w113 ) (5.8)
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To derive the displacement field error, we combine (2.28) and (5.1) to have

k

ha 2 h7 2 h7 2 h’ 2
o= 13 <et Y (o= 134181 — &5 ) +ellow - 05 13
j=1

Iy k
]| [ € —s o). SsNds =t ¥ E—t1.e(u-1), o)

J=1

2 (5.9
S
16k — 67 116+ g — Suae |3
Finally, combining (5.6)-(5.9) and using the following estimates yield
16— 6% 1o < ¢ (F2(6) + TBlly1-(e))
o — o1 lw < e (F2(9) + Tl @llcw))
ot = < o (2 ) + o)
with discrete Gronwall’s lemma yields the error estimate (5.5). 0
Proposition 5.1. Under Theorem 5.1 hypotheses and solution regularity:
ue WH=(LV)NC(I; H*(Q;RY)),
¢ € C(LH*(Q)),
6 c Wh(I,®) NC(I; H*(Q)),
¢ e W (LLA(Q))NL(LH*(Q)NH (LH (Q)),
with initial approximations:
T =TIglo, Ut =Tluo, 6" =Tgibo, @p° = Tyn@o,

where I1yn, Ign, Ilgn, and Ugn, are interpolation operators,

h,T h,T
—gr 6 — 0
krglfth{HCk e lly +116c— 6

h,T
@

k—uZ’THV} <c(h+1). (5.10)

Proof. By using the interpolation estimates see [3, Theorem 4.4.20], we obtain

killqaprmf ||Ck—p ||H1 <Ch||C||C]IH2 Q)

Ty

max  inf Hun—vhHV<Ch””HCHH2

k=1,...K yheV: @y (5.11)
f O, — <chl|6 '
kiqllflpi“l}n 16— &l <chl0llcrr )
f —y'||lw <ch .
k:rlllflfKW;relwhH% V' e <ch|ollcmmziq)):
and initial error estimates:
h,t
HCO_ 0
|
. (5.12)
,T
180 — 6y " [le <chl|60l|p2(q)

o —
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Moreover, it easy to see that the quadrature error satisfies

X H /Olk%(lk —s,&(u(s)),E(s))ds — Tg%(lk ~ i1 E(in), C‘”)H%ﬂ

(5.13)
<ct||C |lwi=.)-
Therefore, the time discretization errors are bounded by
K
I () < ctlliill gy, Y i —Suillv < elliill 2w,
i=1
. .. K . e
72(0) < ctBlugey Y116~ 360 < ctll6l g, (5.14)
i=1
K
(@) <ctl|dllpmwy Y10 80illw < et @l 2mw)-
i=1
Finally, we substitute estimates (5.11)-(5.14) into Theorem 5.1 to obtain (5.10). O
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