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Abstract. In this paper, we highlight the important role of dynamic systems in modelling contagion risks
within financial networks. We mainly focus on how systemic risk spreads under regulatory interventions,
using the adaptive SEIR model to show stability locally and globally. Through our simulations, we aim
to investigate more about these processes, which help guide decisions made by regulators and strengthen
the financial system. We also explore, through optimal control strategies, the best ways to manage these
risks. The results of this paper are designed to contribute to discussions about financial stability, stressing
the need for rules that can be adjusted to effectively handle potential risks.
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1. INTRODUCTION

Systemic risk in banking arises when one or more major financial institutions fail, causing
problems in the entire financial network, similar to when one virulent disease finds its way
amongst the population. The potential for this sort of risk is concerning as the stability of
economies is threatened, which has widespread effects on a large number of individuals and
businesses. The effects can be hard, including the increased unemployment, the loss of sav-
ings, and decreased economic activity more generally. Mathematical modelling has been very
helpful to understand systemic risk, as modelling makes it possible to study the interactions and
dependencies between several different financial institutions. On the other hand, the SEIR (sus-
ceptible, exposed, infected, recovered) model is very important to track the infectious disease
spread among populations in epidemiology. It defines a metric, R0 such that if R0 < 1 which
means that the transmission of the disease is limited, we are in a stable situation. However, in
the opposite, it leads to rapid growth in the epidemic [1, 2, 3, 4]. By the projection of this model
in the financial contagion propagation of the systemic risk, researchers and policymakers can
locate and measure critical contagion dynamics and assess the potential effectiveness of differ-
ent intervention strategies to reduce systemic risk. To obtain an overview of how distress moves
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through the bank network, researchers and policymakers can reinforce financial stability and
reduce the probability of crises. For example, some researchers demonstrated how connect-
edness causes systemic risk, which indicates why good regulatory frameworks are necessary
[5, 6]. Some research focused on measuring systemic risk by using network analysis and the
implications of such risks for financial stability [7, 8]. The basic model for analysing systemic
risk in the bank ecosystem was developed from a system of ordinary differential equations that
specify the connections among the different types of banks: undistressed banks (U), exposed
banks (E), distressed banks (D), recovered banks (R), and liquidated banks (L). This model rep-
resents a mathematical way to demonstrate how these categories change over time by different
forces, such as contagion risk, recovery rates, and exposure rates [9, 10, 11, 12, 13]. The model
captures the dynamics of these states, and shows how banks can transition between categories
given their interactions and provides a complete representation of systemic risk [14, 15, 16].
Our baseline model, studied in [9], is given by:

dU
dt

=−βUD+µE +θR,

dE
dt

= βUD− (µ + γ)E,

dD
dt

= γE− (γ1 + γ2)D,

dR
dt

= γ1D−θR,

dL
dt

= γ2D.

where
• U : Undistressed banks. They are currently healthy, and not distressed but remain at

some risk.
• E: Exposed banks. They had exposure to distressed institutions, and began to be con-

cerned about their performance but have not yet experienced significant loss.
• D: Distressed banks. They are in distress now, and possibly with a threat of failure.
• R: Recovered banks. They were distressed but have recovered, they are not considered

to be at risk.
• L: Liquidated banks. They are distressed and have been liquidated.

These categories are important in examining the nature of systemic risk in the banking sector
because they demonstrate how different banks behave depending on the level of distress and
recovery that they experience. This problem can be modelled in the SEIR model framework.
As a financial interpretation of the parameters, β is the rate of transition of default, or the
speed of propagation of financial distress across banks in a system, µ is the variance of the
first transition speed, which measures how fast a bank goes from being a stable bank to that of
distressed. θ , the recovery rate is how fast a distressed bank can return to stability, and γ the
observed response of banks, or the sensitivity of the banks to shock, is how much exposure the
bank will have to default. γ1, the recovery rate of distressed banks is how quickly these banks
can return to stability, while, γ2, the speed that banks leave the system after the crisis, such as
liquidation. In conclusion, these parameters can be used to model the dynamics of systemic
risk of the transition and recovery processes observed in the banking system in times of crisis.
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Lower operation extremes capture the relationship between these measurements, which produce
stabilising turbulence on the system level for the entire banking system. Let our dynamic system
be given as: 

dU
dt

=−βUD+µE +θR,

dE
dt

= βUD− (µ + γ)E,

dD
dt

= γE− (γ1 + γ2)D−
cD

b+D
,

dR
dt

= γ1D−θR+
cD

b+D
,

dL
dt

= γ2D,

(1.1)

where the initial conditions are satisfied:

U(0)≥ 0, E(0)≥ 0, D(0)≥ 0, R(0)≥ 0, L(0)≥ 0. (1.2)

FIGURE 1. Flow Chart of Regulatory Interventions on Systemic Risk Transmission

In this paper, we express cD
b+D , where c is the contagion coefficient, which measures how easy

it is for one bank’s failure to cause the failure of another bank, and b the resistance coefficient
that expresses the financial system’s ability to absorb shocks from bank failures without the
system collapsing. Thus, this term is an indication to measure systemic risk and the probability
of contagion in banks. We propose to subtract this term from the distressed banks compart-
ment D and add it to the recovered banks compartment R so that we could model the recovery
process for distressed banks. This term expresses the flow rate of distressed banks to recov-
ered banks, which indicates that recovery is based on the current state of distressed banks and
exogenous shocks existing in the model of systemic risk [17]. In explicitly modelling, this tran-
sition captures the dynamic interactions between compartments and how the distressed state of
banks influences their chances of recovery, which is key to identifying systemic risk [18]. Addi-
tionally, this adjustment ensures stability in the system and incorporates sensitivities to current
situations, as not all banks that are distressed will recover due to systemic pressure, as was done
in studies focusing on recovery behaviour of financial systems [19, 20]. The main benefit of
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this approach is to improve the realism of the model and provide a better sense of systemic risk
and recovery dynamics; the latter is essential for risk management and regulatory policies. It
is reasonable to question the integrated value of the transition term cD

b+D in the model when the
optimal control strategies are applied. This term is important because it describes the nonlinear
dynamics of bank recovery processes and represents the real-world interactions between dis-
tressed and recovering banks. Realistic modelling of these dynamics yields meaningful results
from which we can deduce recovery rates and system behaviour characteristics, which are im-
portant for the development of effective control strategies [21]. Understanding how this term
affects the decisions made in the model, with respect to a sensitivity analysis, allows updating
the control parameters so that actions depend on various levels of systemic risk [22]. In con-
clusion, incorporating this transition term strengthens the structure of optimal control models,
then improves the financial risk management efforts and establishes them in real-world activ-
ities [23, 24, 25]. After incorporating the transition term and adding the recovery dynamics
of distressed banks into the model, it is essential to employ optimal control methods. Finan-
cial systems exhibit nonlinear interactions and time-varying parameters, requiring dynamic risk
management. Optimal control generates strategies that can dynamically respond to variations
in system parameters and prevent crises in a timely manner. Dynamic strategies that employ
robust control methods have increased the resilience of financial systems through the best possi-
ble responses under uncertainty [26, 27]. Moreover, research demonstrated that optimal control
can help improve key performance indicators for the entire system, allowing policymakers to
deal with complex interrelationships of risk within financial networks [28]. Therefore, optimal
control is necessary for future systemic risk management.

The model is based on several important assumptions from the theoretical basis of the stan-
dard SEIR model.
1) The total value of the banking sector assumes that it is one closed system, and any global
value changes will not be considered. So, the total capacity of the banking network N is a con-
stant value over time.
2) At that time t = 0, every bank is considered undistressed and has a default exposure, except
the first bank, which is considered distressed since it is in a state of default.
3) We take the model to be homogeneous. The totals are homogeneous banks of different types
of financial institutions.
4) Any recovered bank can lose immunity and become undistressed again.

Our paper is divided into four sections. Section 2 focuses on the analysis of the model, where
we study both local, global stability and sensitivity analysis. Section 3 is devoted to finding a
solution by using optimal control strategies. In Section 4, we present the numerical method to
obtain a numerical solution. Finally, Section 5 verifies the theoretical analysis.

2. ANALYSIS OF THE MODEL

2.1. Positivity and boundedness of solutions.

Theorem 2.1. Let system (1.1) be given, and let initial conditions U(0), E(0), D(0), R(0),
and L(0) satisfy (1.2). Then, this system admits a unique solution. Moreover, this solution is
bounded and positive for all t ≥ 0.
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Proof. Define the state vector X(t) =
(
U(t),E(t),D(t),R(t),L(t)

)T , and consider the function
F : R5→ R5, defined as

F(X) =


−βUD+µE +θR
βUD− (µ + γ)E

γE− (γ1 + γ2)D− cD
b+D

γ1D−θR+ cD
b+D

γ2D

 .

So, our dynamic system can be written as{
Ẋ(t) = F(X),

X(t0) = X(0).
(2.1)

This is an autonomous differential equation.
On the other hand, function F is continuous and belongs to C1 on R5, ensuring that F is lo-

cally Lipschitz. Note that system (1.1) admits a unique solution defined on the interval [0, tmax).
Now, let F = ( f1, f2, f3, f4, f5)

T :R5 −→ R5, where

f1(X) =−βUD+µE +θR, f2(X) = βUD− (µ + γ)E,

f3(X) = γE− (γ1 + γ2)D−
cD

b+D
, f4(X) = γ1D−θR+

cD
b+D

, f5(X) = γ2D.

We recall that R5 is an open set of R5 that contains R5
+. On the other hand, for all X =

(U,E,D,R,L)T ∈ R5
+, we have

f1(X) = µE +θR≥ 0, for U = 0,

f2(X) = βUD≥ 0, for E = 0,

f3(X) = γE ≥ 0, for D = 0,

f4(X) = γ1D+
cD

b+D
≥ 0, for R = 0,

f5(X) = γ2D≥ 0, for L = 0.

From [29, Definition 4.1], F is essentially nonnegative. By applying [29, Proposition 4.1], we
conclude that R5

+ is an invariant set with respect to (2.1). It follows from (1.2) that

U(t)≥ 0, E(t)≥ 0, D(t)≥ 0, R(t)≥ 0, L(t)≥ 0, ∀t ∈ [0, tmax).

Thus ||X(t)||=U(t)+E(t)+D(t)+R(t)+L(t).
Next, let us consider the total number of banks N(t), defined as

N(t) =U(t)+E(t)+D(t)+R(t)+L(t).

Taking the derivative of both sides of the equation, we find

dN(t)
dt

=
dU(t)

dt
+

dE(t)
dt

+
dD(t)

dt
+

dR(t)
dt

+
dL(t)

dt
.

From system (1.1), we see that dN(t)
dt = 0, which implies that

N(t) = N, ∀t ∈ [0, tmax), (2.2)
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where N represents the total initial number of banks. Thus ||X(t)|| ≤ N for all t ∈ [0, tmax). By
using this boundedness and invoking the blow-up theorem, we deduce that the maximal time of
existence is tmax =+∞, Which concludes the proof immediately. �

Remark 2.1. The feasible region for the banking population is defined as

J =
{
(U0,E0,D0,R0,L0) ∈ R5

+ : ||X(t)||=U(t)+E(t)+D(t)+R(t)+L(t) = N(t) = N,∀t ≥ 0
}
,

where N > 0 represents the total population capacity, which is positively invariant.

Indeed, X(t,X0)=X0+
∫ t

0 F(η ,X(η))dη . Let X0 ∈R5 and the map be define by ϕ(t) : X0−→
X(t,X0). Then ϕ(0)(X0) = X(0,X0) = X0. Let t,s ≥ 0 and Z(t) = ϕ(t + s)(X0) = X(t + s,X0).
Then Z′(t) = F(Z(t)) and Z(0) = X(s,X0), which yield Z(t) = X(t,X(s,X0)). Finally, X(t +
s)(X0) = X(t,X(s,X0)), which concludes ϕ(t + s)(X0) = ϕ(t)(ϕ(s))(X0). On the other hand,
we have ϕ(t)(X0+Y0) 6= ϕ(t)(X0)+ϕ(t)(Y0), which concludes that (1.1) generates a nonlinear
semigroup on R5. By (2.2) and the invariance of R5

+, for all X0 ∈J , ϕ(t)(X0) ∈J , system
(1.1) is well posed in J .

2.1.1. Equilibrium state without systemic risk. The equilibrium state without systemic risk
refers to the condition within a financial system where all financial institutions operate without
any distress or risk contagion. In this equilibrium state, the distressed banks satisfy (D=E = 0),
which means that there are no financial instabilities or vulnerabilities present. Mathematical
model (1.1) admits a unique Risk-Free Equilibrium (RFE), denoted by P0. This equilibrium
satisfies the following system of equations:

−βUD+µE +θ(N−U−E−D) = 0,

βUD− (µ + γ)E = 0,

γE− (γ1 + γ2)D−
cD

b+D
= 0,

γ1D−θR+
cD

b+D
= 0.

(2.3)

By the conditions of the risk-free equilibrium E = D = 0, we deduce U = N. Consequently, the
risk-free equilibrium is given by P0 = (N,0,0,0,0).

2.1.2. Basic reproduction number of the UEDR framework for systemic risk (R0).

Remark 2.2. The basic reproduction number, denoted by R0 [9, 30], is a critical metric adapted
to assess systemic risk within financial networks. Quantifies the average number of secondary
distressed banks that can appear from a single distressed bank interacting with a population of
undistressed banks.

Let us calculate R0. In our dynamic system, we have two compartments of distress E and D.
Thus

F =

(
βUD

0

)
,V =

(
(µ + γ)E

(γ1 + γ2)D+ cD
b+D − γE

)
.

It follows that

F =

(
0 βΛ

0 0

)
,V =

(
µ + γ 0
−γ γ1 + γ2 +

b
c

)
,
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where Λ the number of undistressed banks at the risk- free equilibrium point, F represents the
matrix of new contagion between the financial banks and V the transition matrix representing
the transition terms related to other dynamics in the financial model. Then

FV−1 =

(
γβΛ

(µ+γ)(γ1+γ2+
c
b )

βΛ

0 0

)
.

Finally,

R0 = ρ(FV−1) = max
{
|λ | | λ ∈ Sp(FV−1)

}
=

γβΛ

(µ + γ)(γ1 + γ2 +
c
b)
,

where Sp(FV−1) is the set of eigenvalues of the matrix FV−1.

2.1.3. Persistence equilibrium of distress. Refers to a state in which the network of U , E, D, R
classes are greater than zero. This equilibrium indicates that the risk continues to persist within
the bank network, with banks present in each category. It is a critical point for analysing the
dynamics of distress transmission, as it reflects ongoing interactions and recovery within the
bank’s ecosystem.

Theorem 2.2. Let U,E,D and R 6= 0. The system (2.3) admits a unique solution which is the
persistent equilibrium of distress, denoted by P∗ = (U∗,E∗,D∗,R∗).

Proof. From the system (2.3), we have βU∗D∗ = µE∗+θ(N−U∗−E∗−D∗). We substitute
this value into the second equation and we can see that µE∗+θ(N−U∗−E∗−D∗)= (µ+γ)E∗,
that is, E∗ = θ(N−U∗)−θD∗

θ+γ
.

On the other hand, we have the third equation γE∗− (γ1 + γ2)D∗− cD∗
b+D∗ = 0. Thus,

(γ1 + γ2)D∗2 +[(γ1 + γ2)b+ c− γE∗]D∗− γE∗b = 0.

Substituting the value of E∗ in this equation, we have

(γ +θ)(γ1 + γ2)D∗2 +[(θ + γ)((γ1 + γ2)b+ c)− (θ + γθ(N−U∗))]D∗−bγθ(N−U∗) = 0.

The discriminant of this equation is given by

∆ = [(θ + γ)((γ1 + γ2)b+ c)− (θ + γθ(N−U∗))]2 +4(γ +θ)(γ1 + γ2)bγθ(N−U∗),

which is positive. Then this equation has two solutions:

D∗1 =
− [(θ + γ)((γ1 + γ2)b+ c)− (θ + γθ(N−U∗))]−

√
∆

2(γ +θ)(γ1 + γ2)
,

and

D∗2 =
− [(θ + γ)((γ1 + γ2)b+ c)− (θ + γθ(N−U∗))]+

√
∆

2(γ +θ)(γ1 + γ2)
.

Note that D∗1D∗2 =
−bγθ(N−U∗)
(γ+θ)(γ1+γ2)

< 0. D∗2 > 0 yields

D∗ =
− [(θ + γ)((γ1 + γ2)b+ c)− (θ + γθ(N−U∗))]+

√
∆

2(γ +θ)(γ1 + γ2)
.

We further have

D∗ =
2bθγΛ(R0−1)

[(θ + γ)((γ1 + γ2)b+ c)− (θ + γθ(N−U∗))]+
√

∆
.
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Finally,

E∗ =
θΛ(R0−1)

[
[(θ + γ)((γ1 + γ2)b+ c)− (θ + γθ(N−U∗))]+

√
∆−2bθ

]
(θ + γ)

[
[(θ + γ)((γ1 + γ2)b+ c)− (θ + γθ(N−U∗))]+

√
∆

] ,

R∗ =
2bθγΛ(R0−1)

θ

[(
(θ + γ)

(
(γ1 + γ2)b+ c

)
−
(
θ + γθ(N−U∗)

))
+
√

∆

]

×
[

γ1 +

c
[(
(θ + γ)

(
(γ1 + γ2)b+ c

)
−
(
θ + γθ(N−U∗)

))
+
√

∆

]
b
[(
(θ + γ)

(
(γ1 + γ2)b+ c

)
−
(
θ + γθ(N−U∗)

))
+
√

∆

]
+2bθγΛ(R0−1)

]
,

and

U∗ =
(µ + γ)E∗

βD∗
.

�

2.2. Stability Analysis of the Model.

2.2.1. Local stability.

Theorem 2.3. If R0 < 1, the risk-free equilibrium of distress P0 in dynamic system (1.1) is
locally asymptotically stable for all t ≥ 0, and this equilibrium is unstable in the other case.

Proof. Calculating the Jacobian matrix based on system (2.3), we have

J =


−βD−θ µ−θ −βU−θ 0

βD −(µ + γ) βU 0
0 γ −(γ1 + γ2)− cb

(b+D)2 0

0 0 γ1 +
cb

(b+D)2 −θ

 .

The characteristic polynomial associated with the risk-free equilibrium is given by

χJ(X) =

∣∣∣∣∣∣∣∣∣
X +βD+θ θ −µ βU +θ 0
−βD X +(µ + γ) −βU 0

0 −γ X +(γ1 + γ2)+
cb

(b+D)2 0

0 0 −γ1− cb
(b+D)2 X +θ

∣∣∣∣∣∣∣∣∣ .
By replacing D = 0 and U = N, we find

χP0(X) =

∣∣∣∣∣∣∣∣
X +θ θ −µ βN +θ 0

0 X +(µ + γ) −βN 0
0 −γ X +(γ1 + γ2)+

c
b 0

0 0 −γ1− c
b X +θ

∣∣∣∣∣∣∣∣ ,
where

χP0(X) = (X +θ)2
[
X2 +(µ + γ + γ1 + γ2 +

c
b
)X +(µ + γ)(γ1 + γ2 +

c
b
)− γβN

]
.
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Note that X0 =−θ is a root of the polynomial (X +θ)2 which is negative, and the polynomial
X2 +(µ + γ + γ1 + γ2 +

c
b)X +(µ + γ)(γ1 + γ2 +

c
b)− γβN admits two roots, X1 and X2 that

satisfy {
X1 +X2 =−(µ + γ + γ1 + γ2 +

c
b),

X1X2 = (µ + γ)(γ1 + γ2 +
c
b)− γβN.

In view of (µ + γ + γ1 + γ2 +
c
b) > 0, for the polynomial χP0 to be the Routh-Hurwitz (see

[31]) should be two negative roots, (µ + γ)(γ1 + γ2 +
c
b)− γβN > 0. Therefore P0 is locally

asymptotically stable if R0 < 1. �

Theorem 2.4. If R0 > 1, then the equilibrium of persistence of distress P∗ in dynamic system
(1.1) is locally asymptotically stable for all t ≥ 0, and it is unstable in the other case.

Proof. The characteristic polynomial associated with the risk-Persistence Equilibrium P∗ is

χP∗(X) =

∣∣∣∣∣∣∣∣∣
X +βD∗+θ θ −µ βU∗+θ 0
−βD∗ X +(µ + γ) −βU∗ 0

0 −γ X +(γ1 + γ2)+
cb

(b+D∗)2 0

0 0 −γ1− cb
(b+D∗)2 X +θ

∣∣∣∣∣∣∣∣∣
= (X +θ)

∣∣∣∣∣∣
X +βD∗+θ θ −µ βU∗+θ

−βD∗ X +(µ + γ) −βU∗

0 −γ X +(γ1 + γ2)+
cb

(b+D∗)2

∣∣∣∣∣∣
= (X +θ)χA (X),

where

A =

−βD∗−θ µ−θ −βU∗−θ

βD∗ −(γ +µ) βU∗

0 γ −(γ1 + γ2)− cb
(b+D∗)2

 .

Calculating χA (the characteristic polynomial of matrix A ), we have χA (X) = X3 + a1X2 +
a2X +a3, where

a1 =−Tr(A ), a2 =
1
2
(
Tr(A )2−Tr(A 2)

)
, a3 =−det(A ) (see [32]).

By calculating these values, we find

a1 = βD∗+θ + γ +µ + γ1 + γ2 +
cb

(b+D∗)2 ,

a2 = (βD∗+θ)(γ +µ)+(βD∗+θ + γ +µ)

(
γ1 + γ2 +

cb
(b+D∗)2

)
+βD∗(µ−θ)+ γβU∗,

a3 =

[
(βD∗+θ)(µ + γ)+(µ−θ)βD∗

(βD∗)

]2 (βD∗+θ)

γ
(γ1 + γ2 +

cb
(b+D∗)2 ).

Then a1 > 0 and a3 > 0, by the Routh-Hurwitz criteria, a1a2 > a3 verified if R0 ≥ 1. Finally,
it follows that χP∗ admits 4 roots Xi such that Re(Xi)< 0 for all i = 1,2,3,4, which completes
the proof. �

Tr(A ): trace of matrix A , defined as the sum of the elements on the main diagonal.
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2.2.2. Global stability. In this section, we study the global stability of the two equilibria. Let
us first recall the following lemma.

Lemma 2.1. [33] Let D ⊂ Rn be a compact set containing an equilibrium point X∗, and con-
sider the dynamical system Ẋ = f (X), defined on D. Suppose that there exists a Lyapunov
function V : D→ R such that

(1) V (X)> 0 ∀X ∈ D\{X∗}, V (X∗) = 0,
(2) V̇ (X) = 〈∇V (X), f (X)〉< 0, ∀X ∈ D\{X∗},
(3) Any trajectory starting in D remains in D. (D is invariant).

Then the equilibrium point X∗ is globally asymptotically stable on D.

Theorem 2.5. If the basic reproduction number is R0 < 1, then the risk-free equilibrium of
distress P0 in dynamic system (1.1) is globally asymptotically stable for all t ≥ 0, and this
equilibrium is unstable in the other case.

Proof. Define a function V : J −→ R by V (X) = a1E + a2D + a3
∫ D

0
cA

b+A dA, where X =

(U,E,D,R,L)T and J the region of the solution is defined in 2.1. We have V (P∗) = 0 and

V̇ (X) =

〈
0
a1

a2 +a3
cD

b+D
0
0

 ,


−βUD+µE +θR
βUD− (µ + γ)E

γE− (γ1 + γ2)D− cD
b+D

γ1D−θR+ cD
b+D

γ2D


〉

≤ a1βDΛ−a1(µ + γ)E +a2γE−a2

(
(γ1 + γ2)D+

cD
b+D

)
+a3

cD
b+D

(
γE− (γ1 + γ2)D−

cD
b+D

)
By posing a2 =

(µ+γ)a1
γ

, and a3 =
a2
bc , with a1 ≥ 0, (V (X)> 0,∀X ∈J \{P0}), we find

˙V (X)≤ a1D
(

βΛ−
(γ +µ)(γ1 + γ2 +

c
b)

γ

)
+

a1(µ + γ)

γbc
(γE− (γ1 + γ2)D) .

That is true for all X ∈J \{P0}. Taking E = 0, one has V̇ (X)< 0 if R0 < 1. By Lemma 2.1,
we conclude the result immediately. �

Theorem 2.6. The persistence equilibrium of distress P∗ of system (1.1) is globally asymptot-
ically stable for all t ≥ 0.

Proof. Let W : J −→ R be a function defined as

W (X) =

(
U−U∗−U∗ ln

(
U
U∗

))
+

(
E−E∗−E∗ ln

(
E
E∗

))
+

(
D−D∗−D∗ ln

(
D
D∗

))
,

where X = (U,E,D,R,L)T . First, We have W (U∗,E∗,D∗,R∗,L∗) = W (P∗) = 0. Let us now
verify the positivity of W . Note that, fora ll x > 0, x ≥ 1+ ln(x). By replacing x with U

U∗ , we
find U −U∗−U∗ ln

( U
U∗
)
≥ 0. Finally, by the same argument, we show that W (X) > 0, for all
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X ∈J \{P∗}. Calculate Ẇ by

Ẇ (X) =

〈
1− U∗

U
1− E∗

E
1− D∗

D
0
0

 ,


−βUD+µE +θR
βUD− (µ + γ)E

γE− (γ1 + γ2)D− cD
b+D

γ1D−θR+ cD
b+D

γ2D


〉

= (−βUD+µE +θR)−U∗

U
(−βUD+µE +θR)

+(βUD− (µ + γ)E)− E∗

E
(βUD− (µ + γ)E)

+

(
γE− (γ1 + γ2)D−

cD
b+D

)
− D∗

D

(
γE− (γ1 + γ2)D−

cD
b+D

)
.

Summing the term of system (2.3) with D (no D∗), we have βU∗D = (γ1 + γ2)D+ cD
b+D , which

implies βU∗ = (γ1 + γ2)+
c

b+D . Thus

Ẇ (X) = θR−U∗

U
(µE +θR)− E∗

E
(βUD− (µ + γ))− D∗

D

(
γE− (γ1 + γ2)D−

cD
b+D

)
.

On the other hand,

Ẇ (X) = θR−U∗

U

(
(βU∗D∗−θR∗)

E∗
E +θR

)
− E∗

E
βUD+

E∗

E
(µ + γ)− γE

D∗

D

+(γ1 + γ2 +
c

b+D
)D∗

= θR− βU∗2D∗E
UE∗

+
θR∗U∗E

UE∗
− θRU∗

U
− βUDE∗

E
+βU∗D∗− γE

D∗

D
+βU∗D∗

= βU∗D∗
(

2−U∗E
UE∗

− UDE∗

U∗D∗E

)
+θR+

θR∗U∗E
UE∗

− θU∗R
U
− γE

D∗

D

= βU∗D∗
(

2−U∗E
UE∗

− UDE∗

U∗D∗E

)
+θR

(
U−U∗

U

)
+ γE

(
U∗D−UD∗

UD

)
.

Let us denote

b1 =
U∗E
UE∗

and b2 =
UDE∗

U∗D∗E
.

If D = D∗, then, b1b2 = 1. By using the fact that b1+b2
2 ≥

√
b1b2, we find b1 +b2 ≥ 2. Finally,

Ẇ (X) = βU∗D∗ (2− (b1 +b2))+θR
(

U−U∗

U

)
+ γE

(
U∗D−UD∗

UD

)
.

For U =U∗,Ẇ < 0 and for


U =U∗,
D = D∗,
E = E∗,

Ẇ = 0, which completes the proof. �
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2.3. Sensitivity analysis. In the following analysis of the sensitivity index, we examine the
impact of parameters b and c, as well as the effects of interventions or measures on our model.
Additionally, this analysis provides important information on how these parameters can influ-
ence R0, allowing us to understand how to use them effectively for optimal results.

Definition 2.1. ([34]) The normalised sensitivity index is calculated for the variable R0 with
respect to the parameter ρ . This index is given by C R0

ρ = ∂R0
∂ρ
× ρ

R0
, where R0 is the variable

analysed and ρ is the parameter.

Parameter Sensitivity Index

γ
µ

µ+γ

µ
−µ

µ+γ

γ1
−γ1

γ1+γ2+
c
b

γ2
−γ2

γ1+γ2+
c
b

c −c
b(γ1+γ2+

c
b )

b c
b(γ1+γ2+

c
b )

β 1

TABLE 1. Sensitivity index of R0.

3. OPTIMAL CONTROL STRATEGY

In Section 2 (and Section 5.1), we describe the evaluation and measurement process for risk
transmission, identifying key stages which, in crisis situations, can act as alarms. In this section,
we aim to address our problem with real recovery possibilities based on mathematics and, in
particular, optimal control theory. This is about intervention to stop the systemic risk from
continuing with preventive actions that are effective and at a lower cost. These approaches are
especially suited for disease modelling, which is illustrated by the SEIR model. The basic idea
is to recast the model to include a strong control pair to move our system from an initial state
to a defined final state, where we can succeed to minimise this risk. Our dynamic system (1.1)
after amelioration is given as

dU
dt

=−β (1−u1(t))UD+µE +θR,

dE
dt

= β (1−u1(t))UD− (µ + γ)E,

dD
dt

= γE− (γ1 + γ2 +u2(t))D−
cD

b+D
,

dR
dt

= (γ1 +u2(t))D−θR+
cD

b+D
,

dL
dt

= γ2D.

(3.1)
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with the initial conditions (1.2) satisfied . So our admissible control set is

U=
{
(u1(.),u2(.)) ∈ L2(0,T )×L2(0,T ) | 0≤ u1,u2 ≤ 1, t ∈ [0,T ]

}
,

where T is the period designated for the control operation. Now let us define the objective
function as

J(u1,u2) =
∫ T

0
W1E(t)+W2D(t)+W3

u1(t)2

2
+W4

u2(t)2

2
dt.

where
-W1,W2 weight costs associated with controlling financial systemic network connection ,
-W3,W4 Weight costs related to establishing measures aimed at treating or recovering distressed
banks, which can include intervention or financial support. Then we have to determine the
optimal controls (u∗1,u

∗
2) such that{

J(u∗1,u
∗
2) = min(u1,u2)∈UJ(u1,u2),

subject to (3.1).
(3.2)

Theorem 3.1. Optimal control problem (3.2) admits a solution.

Proof. To prove this, we have to demonstrate
P1: The set of admissible controls and their corresponding state solutions must be nonempty.
P2: The admissible control set U is convex and closed in L2(0,T )×L2(0,T ).
P3: The state system’s vector field is bounded by a linear control function.
P4: The integral in the objective function denoted by L (X ,u1,u2) is required to be convex
on U. Verify the existence of constants ξ1 > 0, ξ2 > 0, j > 1 such that L (X ,u1,u2) > ξ1 +

ξ2(|u1|2 + |u2|2)
j
2 . Now, taking two functions f ,g such that f (t) = g(t) = 1

2 for all t in [0,T ],
one sees that ( f ,g) is in the admissible set U which ensures that U is not empty. Let X(t) =
(U(t),E(t),D(t),R(t),L(t))T . Our system with control (3.1) can be written as{

Ẋ(t) = F(X(t)), t ≥ 0,
X(0) = X0,

where F(X(t))=F(X(t),Z(t)) for Z(t)= (u1(t),u2(t))T , and F(X(t))=AX(t)+K(X(t)), with

A =


0 µ 0 θ 0
0 −(µ + γ) 0 0 0
0 γ −(γ1 + γ2 +u2(t)) 0 0
0 0 (γ1 +u2(t)) −θ 0
0 0 γ2 0 0


and

K(X(t)) =


−β (1−u1(t))U(t)D(t)
β (1−u1(t))U(t)D(t)

− cD(t)
b+D(t)
cD(t)

b+D(t)
0

 .
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Let X1,X2 ∈ R5
+. Then

|F(X1)−F(X2)|

≤ ‖A‖|X1−X2|+2

(
β |U1(t)D1(t)−U2(t)D2(t)|+

∣∣∣∣ cD1(t)
b+D1(t)

− cD2(t)
b+D2(t)

∣∣∣∣
)

≤ ‖A‖|X1−X2|+2

(
β

(
|D1(t)| |U1(t)−U2(t)|+ |U2(t)| |D1(t)−D2(t)|

)
+

bc |D1(t)−D2(t)|
(b+D1(t))(b+D2(t))

)

≤ ‖A‖|X1−X2|+2

(
β max(|D1(t)|, |U2(t)|)(|U1(t)−U2(t)|+ |D1(t)−D2(t)|)

+
c
b
|D1(t)−D2(t)|

)
.

Let M = 2β max(|D1(t)|, |U2(t)|) and M′ = max
(
M+ 2c

b ,‖A‖
)
. Finally, by simple verifica-

tion, we obtain |F(X1)−F(X2)| ≤ M′ |X1−X2| . Hence, F is continuous and uniformly Lip-
schitz on R5

+. Thus this system admits a unique solution. This completes the demonstra-
tion of property (P1). Let (u,v),(u′,v′) ∈ U and λ ∈ [0,1]. Then λ (u,v)+ (1−λ )(u′,v′) =
(λu+(1− λ )u′, λv+(1− λ )v′). By using the fact that L2(0,T ) is a vector space, we have
λu+(1−λ )u′ ∈ L2(0,T ).

On the other hand, 0≤ λu+(1−λ )u′≤ 1. Then, λ (u,v)+(1−λ )(u′,v′)∈U, which ensures
the convexity of U. Let us now demonstrate that U is closed. Let ((u1)n,(u2)n)n∈N be a sequence
of elements of U such that ((u1)n,(u2)n) → (u1,u2) in L2(0,T )× L2(0,T ). Then there ex-
ists a subsequence (((u1)nk ,(u2)nk))k∈N of ((u1)n,(u2)n)n∈N such that (((u1(t))nk ,(u2(t))nk))→
(u1(t),u2(t)) almost everywhere. Note that, for all n ∈ N, 0 ≤ (u1)n,(u2)n ≤ 1 almost every-
where. There exists ω ⊂ [0,T ], µ(ω) = 0, where µ represents the Borel measure (see [35]),
such that, for all t ∈ [0,T ]\ω, 0≤ u1,nk(t), u2,nk(t)≤ 1. Passing to the limit gives 0≤ u1,u2≤ 1
almost everywhere. Since L2(0,T )×L2(0,T ) is closed, (u1,u2) ∈U. Hence U is closed, which
completes the property (P2). Using the same approach, one sees the boundlessness. Thus,
the vector of the state system is still bounded by the sum of bounded state variables and input
controls. Hence, (P3) . By the expression of the integral function,

L (X ,u1,u2) =W1E(t)+W2D(t)+W3
u1(t)2

2
+W4

u2(t)2

2
,

we have Hu1,u2 =

(
W3 0
0 W4

)
, where Hu1,u2 is the Hessian matrix corresponds to L on U, that

is, positive definite. Hence L is strictly convex on U . On the other hand, we have

L (X ,u1,u2)≥ inft∈[0,T ] (W1E(t)+W2D(t))+
1
2

min(W3,W4)
(
u1(t)2 +u2(t)2) .

Hence the desired inequality with ξ1 = inft∈[0,T ] (W1E(t)+W2D(t)) and ξ2 =
1
2 min(W3,W4), j =

2 completes the demonstration of (P4). According to the Filippov-Cesari theorem [36], opti-
mal control problem (3.2) admits a solution. �
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Now, we apply a principle known as Pontryagin’s Maximum Principle [37] by defining the
following function:

H (U,E,D,R,L,λi,u)i=1...5 = L +λ1
dU
dt

+λ2
dE
dt

+λ3
dD
dt

+λ4
dR
dt

+λ5
dL
dt

.

This function is called the Hamiltonian function, where L is the Lagrangian, defined as follows:

L (E,D,u1,u2) =W1E(t)+W2D(t)+W3
u1(t)2

2
+W4

u2(t)2

2
,

where λ (·)i, i = 1, . . . ,5 are the adjoint variables verifying:

dλ1(t)
dt

=−∂H

∂U
,

dλ2(t)
dt

=−∂H

∂E
,

dλ3(t)
dt

=−∂H

∂D
,

dλ4(t)
dt

=−∂H

∂R
,

dλ5(t)
dt

=−∂H

∂L
.

Thus 

dλ1(t)
dt = D(β −u1(t))(λ1(t)−λ2(t)),

dλ2(t)
dt = γ(λ2(t)−λ3(t))+µ(λ2(t)−λ1(t))−W1,

dλ3(t)
dt = (β −u1(t))U(λ1(t)−λ2(t))+ γ2(λ3(t)−λ5(t))

+(λ3(t)−λ4(t))
(

γ1 +u2(t)+ cb
(b+D)2

)
−W2,

dλ4(t)
dt = θ(λ4(t)−λ1(t)),

dλ5(t)
dt = 0.

(3.3)

with the transversality conditions λ (T )i = 0, i = 1, . . . ,5. Regarding the control equations,
their expressions are satisfying:

dU(t)
dt

=
∂H

∂λ1
,

dE(t)
dt

=
∂H

∂λ2
,

dD(t)
dt

=
∂H

∂λ3
,

dR(t)
dt

=
∂H

∂λ4
,

dL(t)
dt

=
∂H

∂λ5
.

Theorem 3.2. ([37]) Consider control problems (3.1)- (3.2). Let (U∗op,E
∗
op,D

∗
op,R

∗
op,L

∗
op) be an

optimal solution, and λ ∗i op, i = 1, . . . ,5 be the solution of (3.3). Then the optimal control that
solves our problem is given by {

u∗1op = max(0,min(u∗1,1)) ,
u∗2op = max(0,min(u∗2,1)) ,

where {
u∗1 =

U∗opD∗op(λ2−λ1)

W3
,

u∗2 =
D∗op(λ3−λ4)

W4
.

Proof. Note that 
∂H
∂u1

∣∣∣
u=u∗1

= u∗1W3 +βU∗opD∗op(λ1−λ2) = 0,

∂H
∂u2

∣∣∣
u=u∗2

= u∗2W4 +D∗op(λ4−λ3) = 0.
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By solving this system, the control solutions u∗1 and u∗2 can be written as

u∗1op =


0,u∗1 < 0,
U∗opD∗op(λ2−λ1)

W3
,0≤ u∗1 ≤ 1,

1,u∗1 > 1,

u∗2op =


0,u∗2 < 0,
D∗op(λ3−λ4)

W4
,0≤ u∗2 ≤ 1,

1,u∗2 > 1.

By considering the boundedness of the control variable set U, we conclude the proof immediate.
�

4. THE NUMERICAL METHOD

In this section, we use a method called Euler explicit to present a numerical solution to our
control problem. The state system associated with controlled model (3.1) is solved forward
in time by using this method on a uniform temporal grid. Starting from the initial conditions,
the state variables are updated at each time step by a forward finite-difference approximation.
Once the state trajectories are obtained, the adjoint system is solved backward in time from
the prescribed terminal conditions, also using the explicit Euler scheme with a reversed time
step. The control is then updated by using the optimality condition derived from the Pontryagin
principle. This forward–backward iterative procedure is repeated until convergence of the state,
adjoint, and control variables is achieved. Let N be the number of time steps, and consider a
discretisation of time as tn = nh, for n = 0, . . . ,N. Define the state approximations

U(tn)≈Un, E(tn)≈ En, D(tn)≈ Dn, R(tn)≈ Rn, L(tn)≈ Ln,

the adjoints approximations

λ1(tn)≈ λ1,n, λ2(tn)≈ λ2,n, λ3(tn)≈ λn,3, λ4(tn)≈ λn,4, λ5(tn)≈ λn,5,

and the controls approximations u1(tn) ≈ u1,n and u2(tn) ≈ u2,n. The forwards state equations
based on Euler explicit is given by

Un+1 =Un +h
(
−β (1−u1,n)UnDn +µEn +θRn

)
,

En+1 = En +h
(
β (1−u1,n)UnDn− (µ + γ)En

)
,

Dn+1 = Dn +h
(

γEn− (γ1 + γ2 +u2,n)Dn−
cDn

b+Dn

)
, n = 0 . . .N−1,

Rn+1 = Rn +h
(
(γ1 +u2,n)Dn−θRn +

cDn

b+Dn

)
,

Ln+1 = Ln +hγ2Dn.
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Next, we write the backwards adjoint equations

λ1,n = λ1,n+1−h
(
Dn+1(β −u1,n+1)(λ1,n+1−λ2,n+1)

)
,

λ2,n = λ2,n+1−h
(
γ(λ2,n+1−λ3,n+1)+µ(λ2,n+1−λ1,n+1)−W1

)
,

λ3,n = λ3,n+1−h
(
(β −u1,n+1)Un+1(λ1,n+1−λ2,n+1)+ γ2(λ3,n+1−λ5,n+1)

+(λ3,n+1−λ4,n+1)
(

γ1 +u2,n+1 +
cb

(b+Dn+1)2

)
−W2

)
, n = N−1 . . .0,

λ4,n = λ4,n+1−h
(
θ(λ4,n+1−λ1,n+1)

)
,

λ5,n = λ1,n+5.

Finally, we obtain the controls updates

u1,n+1 =max
(

0,min
(

UnDn(λ2,n−λ1,n)

W3
,1
))

, u2,n+1 =max
(

0,min
(

Dn(λ3,n−λ4,n)

W4
,1
))

.

5. NUMERICAL SIMULATION

5.1. Asymptotic behaviour. In this section, we choose a significant number in a banking net-
work, set N=140, with initial conditions given by U(0) = 50,E(0) = 40,D(0) = 30 and R(0) =
20, and consider the cases described in the following table

Parameter R0 < 1 R0 > 1

Case 1 Case 2 Case 1 Case 2

µ 0.2 0.3 0.025 0.025

β 0.002 0.002 0.06 0.05

γ 0.03 0.03 0.02 0.03

γ1 0.05 0.05 0.02 0.04

γ2 0.001 0.001 0.0001 0.0001

θ 0.3233 0.0233 0.05 0.06

b 0.17 0.05 0.05 0.09

c 0.004 0.004 0.08 0.06

TABLE 2. Parameter values for various scenarios of R0

In Figure 2, the bar chart of the parameter indices shows the relative influence of each model
parameter on the dynamical system. However, in Figure 3, we outline the substantial roles
played by the parameters c and b in this study and their impact on R0. Moreover, Figure 4
presents a contour plot illustrating how the basic reproduction number varies with respect to γ1
and γ2. In addition, Figure 5 provides further insight into the sensitivity of the model by varying
the parameters γ and µ . Finally, we examine the role of b and c by combining them with other
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parameters, as shown in Figure 6 and Figure 7, which also offers insight into their functionality
under continuous parameter variations within the model.

The sensitivity indices show that these parameters are some of the most influential parameters
in R0, and the analysis demonstrates how the modification of these parameters can significantly
vary the behaviour of the system. This suggests that it is important to monitor c and b closely
in order to appreciate our understanding of how they each contribute to the model as well as
to maintain control of the dynamics of the system. We will conduct simulations using Python
3.12 on a Windows system AMD Ryzen 7 5700U processor with 12GB of RAM and an inte-
grated AMD RadeonTM Graphics GPU. The aim is to measure the dynamic risk by varying the
parameters c and b.

The following simulations allow us to analyse how changes in these parameters influence the
dynamics of the banking system and the propagation of systemic risk within the network. By
observing the results, we can gain a better understanding of the interactions between different
categories of banks and assess the potential impact of various scenarios on overall financial
stability. Figure 8 described at two different values of R0 < 1; R0 = 0.5 and R0 = 0.2, the risk-
free equilibrium P0 = (140,0,0,0) is globally asymptotically stable, and the solution tends to
this equilibrium, as shown in the illustration. In the other case R0 > 1, Figure 9(a) shows that
the risk persistence equilibrium point P∗ = (0.7,55.1,59.7,22.5) in the first case is globally
asymptotically stable. For the second case, Figure 9(b) where R0 = 5.4, the solution converges
and P∗ is in this situation P∗ = (0.67,41.3,67.2,25.2). In this step, as illustrated in Figure 10,
even when varying the values of b, which means increasing resilience to risk to a high value,
the term cD

b+D takes on small values. This suggests that, even as the level of risk increases, the
effect of its transmission remains limited. On the other hand, if the values of c are decreased,
it indicates that even if defaults transpire, their propagation is constrained. This reinforces the
stability of the system, as banks are less likely to be affected by the defaults of others.

Finally, Figure 11 shows that a low c and a high b in the term make the banking system more
susceptible to crises.

FIGURE 2. Illustration of parameters sensitivity indices associated with R0.
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FIGURE 3. Visualization of the basic reproduction number R0 with respect to b and c.

FIGURE 4. Visualization of the basic reproduction number R0 with respect to
γ1 and γ2.

FIGURE 5. Visualization of the basic reproduction number R0 with respect to γ

and µ .
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FIGURE 6. Visualization of the basic reproduction number R0 with respect to
β and b.

FIGURE 7. Visualization of the basic reproduction number R0 with respect to β and c.

(A) R0 = 0.5 (B) R0 = 0.2

FIGURE 8. Illustration of bank network system for R0 < 1.
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(A) R0 = 2.3 (B) R0 = 5.4

FIGURE 9. Illustration of bank network system for R0 > 1.

(A) (B)

(C) (D)

FIGURE 10. Capture of each category in the network under evaluation by vary-
ing b and c in the case of R0 < 1
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(A) (B)

(C) (D)

FIGURE 11. Capture of each category in the network under evaluation by vary-
ing b and c in the case of R0 > 1

5.2. Optimal control simulations. In this step, we choose the instability-critical measured
situation given in the instability case. Using our numerical Euler explicit method, we develop
the real-world problem solved in the financial network as obtained in the simulation. Figure 12a
shows that our control strategy can optimally curb the distress by stopping the contagion effect
between banks and applying the liquidity principle. We succeeded in diminishing the number
of distressed banks quickly during the first days of the distress outbreak, as shown in Figure
12c.

On the other hand, our intervention strategy gives good results in recovering the banks that
are in distress, as illustrated in Figure 12d. In Figure 12, we show through these simulations
how this strategy can quickly and optimally stop the propagation of systemic risk between the
categories of the UEDRL dynamic system.
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(A) (B)

(C) (D)

FIGURE 12. Impact of control measures on different categories of banks: a
comparative simulation with and without control
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