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Abstract. Conjugate gradient methods are considered among the most efficient methods for solving
large-scale optimization problems. Among them, the PRP variant has attracted the attention due to
its straightforward iterative process and low memory requirements. In this paper, a new inexact line
search method is proposed and the existence of a steplength that meets the new line search conditions is
obtained. The generated descent direction and the convergence properties of the PRP method are studied
under the new line search conditions, where the global convergence is proven under mild assumptions.
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1. INTRODUCTION

We consider in this work the following unconstrained optimization problem:

f ∗ = min
x∈Rn

f (x), (P)

where f : Rn→ R is continuously differentiable with gradient g(x) = ∇ f (x). Numerous prob-
lems in real-word applications can be expressed as unconstrained optimization problems that
involve differentiable cost functions [29]. Finding solutions for these problems becomes dif-
ficult as their dimensions are high. Various techniques, such as Newton’s method, quasi-
Newton methods, and conjugate gradient (CG) methods, were explored to find the most ef-
ficient way. CG method is a popular approach due to their straightforward iterative process
and low memory requirements. They are widely employed in numerous applications; see, e.g.,
[2, 6, 11, 14, 15, 28]. Starting from a point x0 ∈ Rn, the sequence of points {xk}k∈N ⊂ Rn is
generated by the following recursive scheme:

xk+1 = xk +αkdk, k ∈ N, (1.1)
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where dk is the descent direction and αk is the steplength that ensures that f (xk+1)≤ f (xk). The
determination of the steplength αk is crucial for global convergence. Usually, it is determined
using inexact line searches, which guarantee taking steps that should be neither too long nor too
short, such as the weak Wolfe line search

f (xk +αkdk)− f (xk)≤ αkδdt
kgk, g(xk +αkdk)

tdk ≥ σdt
kgk,

or the strong Wolfe line search

f (xk +αkdk)− f (xk)≤ αkδdt
kgk,

∣∣g(xk +αkdk)
tdk
∣∣≤−σdt

kgk,

where 0 < δ < σ < 1. The descent search direction dk is typically computed by the following
iterative formula

d0 =−g0; dk+1 =−gk+1 +βkdk, k ∈ N∗,
where βk ∈ R is the conjugate parameter that characterizes the various conjugate gradient vari-
ants. The most famous classical conjugate gradient methods include HS (Hestenes and Stiefel)
[12], FR (Fletcher and Reeves) [8], PRP (Polak-Ribière-Polyak) [17, 18], CD (conjugate de-
scent) [8], LS (Liu and Storey) [13], and DY (Dai and Yuan) [5], where their parameters βk are
given respectively as follows

β
HS
k =

gt
k+1yk

dt
kyk

, β
PRP
k =

gt
k+1yk

‖gk‖2 , β
LS
k =−

gt
k+1yk

gt
kdk

β
FR
k =

‖gk+1‖2

‖gk‖2 , β
CD
k =−‖gk+1‖2

gt
kdk

, β
DY
k =

‖gk+1‖2

dt
kyk

,

where yk = gk+1−gk and ‖.‖ denotes the Euclidean norm in Rn. The DY, CD and FR methods
have better theoretical convergence properties, but practically, they are less effective. Con-
versely, the LS, HS and PRP methods are more efficient in practice, but they may not always be
convergent. Over the last decade, this research topic has attracted attention and numerous stud-
ies have developed efficient conjugate gradient formulas with good numerical performance and
convergence properties. For more recent conjugate gradient methods, we refer to [3, 19, 20, 23].
Although the PRP method is considered classical, it remains competitive and robust for solving
large-scale complex problems. Despite its practical success, global convergence is uncertain for
non-convex minimization. Numerous studies discussed this drawback. Powell [16] proved the
divergence of the PRP method for non-convex minimization by giving a counterexample. More-
over, Dai [4] proved that the PRP method may generate ascent directions during the searching
process. To address these shortcomings, Gilbert and Nocedal [10] proposed a modified PRP
formula, known as the PRP+ method, in which the parameter β PRP+

k is nonnegative:

β
PRP+

k = max{0,β PRP
k }.

In recent years, several modifications of β PRP
k were developed to ameliorate the performance of

the PRP method. Wei et al. [21] introduced a modification of β PRP
k , defined by

β
WY L
k =

gT
k

(
gk− ‖gk‖

‖gk−1‖gk−1

)
‖gk−1‖2 .

The WYL method is competitive and converges globally under the strong Wolfe line search.
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More recently, Yousif et al. [22] proposed another modification of the PRP method, termed
OPRP, in which the parameter β PRP

k is restricted to
(
−µ

‖gk‖2

‖dk−1‖2 ,µ
‖gk‖2

‖dk−1‖2

)
, in which the corre-

sponding coefficient β OPRP
k is defined as

β
OPRP
k =

β PRP
k if −µ

‖gk‖2

‖dk−1‖2 < β PRP
k < µ

‖gk‖2

‖dk−1‖2 ,

0 otherwise,

where µ > 2 is a given constant. This modification is computationally competitive and guaran-
tees global convergence under the strong Wolfe conditions.

Motivated by this idea, Yousif et al. [23] further proposed a new PRP-type method by com-
bining β PRP+

k and β OPRP
k whose parameter is defined as

βk =

{
β PRP

k if β PRP
k >−µ

‖gk‖2

‖dk−1‖2

0 otherwise,

where µ > 2.
Efforts to improve the performance of the PRP algorithm through modifications of its βk pa-

rameter have been made. Numerous studies focused on enhancing its efficiency and ensuring
global convergence by proposing new line search strategies. Zhou and Li [27] proved the global
convergence of the PRP method by using a modified Armijo line search technique, and their
proposed method exhibits good performance. The convergence of the PRP method under sev-
eral inexact line search techniques was analyzed in [24, 25]. Recently, Yuan et al. [26] studied
the convergence of the PRP method via a steplength αk that meets the following conditions:

f (xk +αkdk)− f (xk)≤ αkδdt
kgk +δ

α2
k

2
‖dk‖2

δ1,

g(xk +αkdk)
tdk ≥ σdt

kgk +δαk‖dk‖2
δ1,

where δ ∈ (0, 1
2), σ ∈ (δ ,1) and δ1 is a sufficiently small scalar. Their proposed modification

is competitive, and the generated search directions satisfy the sufficient descent condition.
In order to combine good practical performance and powerful convergence properties, we

adopt a new inexact line search technique that fits in with the PRP conjugate gradient parameter
and can also be useful for other gradient descent methods. The proposed approach, named PRP-
NLS (PRP with New Line Search), converges globally under mild assumptions. The algorithm
is successfully applied on a broad set of test functions (with varied analytical expressions and
structures) that ranges from the simplest to the hardest, as well as image processing.

2. THE NEW LINE SEARCH TECHNIQUE AND THE ALGORITHM

We adopt a new inexact line search technique that fits in with the PRP parameter where αk
satisfies the following conditions:

f (xk +αkdk)− f (xk)≤ αkδdt
kgk
‖gk‖2

‖dk‖2 , (2.1)

∣∣g(xk +αkdk)
tdk
∣∣≤−σdt

kgk
‖gk‖2

‖dk‖2 , (2.2)
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where σ ∈
(

0, µ−1
1.2µ2

]
, with 1 < µ < 2 and 0 < δ < σ . Since 1 < µ < 2, it follows that 0 <

δ < σ < 1. The new line search technique is a modification of the strong Wolfe one by adding
the term ‖gk‖2

‖dk‖2 (to the right side of the strong Wolfe inequalities). The new term depends on the
gradient values and the descent direction at each point xk. We adopt this line search to fit in
with the PRP parameter and ensure global convergence with good numerical performance. This
modification permits getting a steplength that is neither too long nor too short. As demonstrated
below, the proposed method exhibits good convergence properties and satisfactory performance.
The main steps of the PRP-NLS method are sketched in Algorithm 2.1 below.

Algorithm 2.1 The PRP-NLS algorithm

Step 0: (Initialization) Choose the parameters µ , δ and σ such that 0 < δ < σ < µ−1
1.2µ2 , with

1 < µ < 2. Choose a scalar ε > 0 sufficiently small to stop the algorithm. Select a
point x0 ∈ Rn, and compute f (x0). Set g0 = ∇ f (x0), d0 =−g0, and put k = 0.

Step 1: If ‖gk‖ ≤ ε , then stop; otherwise go to the next step.
Step 2: Compute the steplength αk using the new line search technique (2.1) and (2.2).
Step 3: Put xk+1 = xk +αkdk and set gk+1 = ∇ f (xk+1).
Step 4: Search direction computation: if the restart criterion of Powell |gt

k+1gk| ≥ 0.2‖gk+1‖2

holds, then set dk+1 =−gk+1; otherwise set dk+1 =−gk+1 +β PRP
k dk.

Step 5: Set k = k+1 and go back to Step 1.

3. THE SUFFICIENT DESCENT PROPERTY

We first prove the following result that is needed later.

Theorem 3.1. Let {gk}k∈N, {βk}k∈N and {dk}k∈N be the sequences generated by the PRP-NLS
Algorithm under conditions (2.1) and (2.2). Then

‖gk‖/‖dk‖ ≤ µ,∀k ∈ N. (3.1)

Proof. If the Powell condition holds, then
∣∣gt

kgk+1
∣∣ ≥ 0.2‖gk+1‖2. The search direction dk is

given by dk =−gk, and relation (3.1) holds. Now, if Powell condition does not hold. We prove
the above relation by recurrence. For k = 0, condition (3.1) holds, due to d0 = −g0. Assume
that relation (3.1) satisfied for k ≥ 1. One next proves it for k+1. For k+1, one has

dk+1 =−gk+1 +β
PRP
k dk, (3.2)

Multiplying both sides of (3.2) by gt
k+1, we have dt

k+1gk+1 =−‖gk+1‖2 +β PRP
k dt

kgk+1. On the
other hand, we have

∣∣β PRP
k
∣∣=

∣∣∣‖gk+1‖2−gt
k+1gk

∣∣∣
‖gk‖2 ≤

‖gk+1‖2 +
∣∣gt

k+1gk
∣∣

‖gk‖2 ≤ 1.2
‖gk+1‖2

‖gk‖2 . (3.3)
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Hence, it follows from condition (2.2) that

‖gk+1‖2 ≤
∣∣dt

k+1gk+1
∣∣−σ

∣∣β PRP
k
∣∣dt

kgk
‖gk‖2

‖dk‖2

≤
∣∣dt

k+1gk+1
∣∣+σ

∣∣β PRP
k
∣∣ ∣∣dt

kgk
∣∣ ‖gk‖2

‖dk‖2

≤ ‖dk+1‖‖gk+1‖+σ
∣∣β PRP

k
∣∣ ‖gk‖3

‖dk‖

≤ ‖dk+1‖‖gk+1‖+1.2σ
‖gk‖
‖dk‖

‖gk+1‖2 . (3.4)

Note that (
1−1.2σ

‖gk‖
‖dk‖

)
≥ (1−1.2σ µ)≥ (1− µ−1

µ
) =

1
µ
> 0. (3.5)

Dividing both sides of (3.4) by ‖gk+1‖ .‖dk+1‖, we see from (3.5) that

‖gk+1‖
‖dk+1‖

≤ 1(
1−1.2σ

‖gk‖
‖dk‖

) = µ.

Thus, the proof is complete �

Now, we are in the position to prove the sufficient descent condition.

Theorem 3.2. The sequences {gk}k∈N, {βk}k∈N and {dk}k∈N generated by the PRP-NLS Algo-
rithm under the new line search conditions (2.1) and (2.2) with σ ∈

(
0, µ−1

1.2µ2

]
and 1 < µ < 2

satisfy
gt

kdk 6−ξ ‖gk‖2 , ∀k ∈ N (3.6)

where ξ > 0.

Proof. It is evident that, in the case where the restart criterion of Powell holds, i.e,
∣∣gt

kgk+1
∣∣ ≥

0.2‖gk+1‖2, dk =−gk and relation (3.6) holds. If the Powell condition does not hold, we prove
the above relation by induction. For k = 0, d0 = −g0, which implies that dt

0g0 = −‖g0‖2, and
relation (3.6) holds. Suppose that (3.6) is true for k ≥ 1. For k+1, by multiplying both sides of
(3.2) by gt

k+1, we obtain

dt
k+1gk+1 ≤−‖gk+1‖2 +

∣∣β PRP∣∣ ∣∣dt
kgk+1

∣∣
≤−‖gk+1‖2 +1.2σ

‖gk+1‖2

‖gk‖2 ‖gk‖‖dk‖
‖gk‖2

‖dk‖2 (using (2.2) and (3.4))

≤−‖gk+1‖2 +1.2σ
‖gk‖
‖dk‖

‖gk+1‖2

≤−‖gk+1‖2 (1−1.2σ µ))≤− 1
µ
‖gk+1‖2 (using (3.1) and (3.5)).

Then the proof completes for ξ = 1
µ

. �
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4. THE CONVERGENCE ANALYSIS

Before analysing the convergence of the proposed approach, we first show that it is well-
defined. In the next theorem, we prove the existence of a steplength α (0 < α < ∞) that meets
conditions (2.1) and (2.2), where 0 < δ < σ , with σ ∈ (0, µ−1

1.2µ2 ] and 1 < µ < 2.

Theorem 4.1. Let f be a twice continuously differentiable function that is bounded below. If
gt

kdk < 0, then there exists a strictly positive real value α that meets conditions (2.1) and (2.2).

Proof. Define the function h(α) = f (xk+αdk)− f (xk)−δαgt
kdk
‖gk‖2

‖dk‖2 . Using a standard Taylor
development, it follows from relation (3.1) that

h(α) = αgt
kdk−δαgt

kdk
‖gk‖2

‖dk‖2 +o(α)≤ α

(
1− µ−1

1.2

)
gt

kdk +o(α)< 0.

Since f is bounded below, it results that lim
α→+∞

h(α) = +∞ and h(0) = 0. Hence, h(.) changes

its sign, and then there exists a constant τ > 0 such that h(τ) = 0. It is clear that h(α) has a
negative sign over the interval [0,τ], and its global minimum can not occur at the endpoints,
due to h(0) = h(τ) = 0. Therefore, the exists α∗ ∈ (0,τ), such that h(α∗)< 0 and h′(α∗) = 0.

Hence h(α∗) = f (xk +α∗dk)− f (xk)−δα∗gt
kdk
‖gk‖2

‖dk‖2 < 0, so that

f (xk +α
∗dk)< f (x)+δα

∗gt
kdk
‖gk‖2

‖dk‖2 ,

and the first condition (2.1) holds. On the other hand, we have h′(α) = gt
k+1dk− δgt

kdk
‖gk‖2

‖dk‖2 .

Since h′(α∗) = 0, then

σgt
kdk
‖gk‖2

‖dk‖2 ≤ δgt
kdk
‖gk‖2

‖dk‖2 = gt
k+1dk < 0.

Thus ∣∣gt
k+1dk

∣∣≤−σgt
kdk
‖gk‖2

‖dk‖2 .

Thus (2.2) is also satisfied. �

4.1. The global convergence. The global convergence is crucial for any conjugate gradient
method. To investigate it, we need the following assumptions.

Assumption 4.1. The level set Ω = {x ∈ Rn| f (x)≤ f (x0)} is bounded for any starting point
x0.

Assumption 4.2. f is continuously differentiable whose gradient function g satisfies the Lip-
schitz condition in some closed neighbourhood N of Ω, that is, there exists L > 0 such that
‖g(x)−g(y)‖ ≤ L‖x− y‖‖ for all x,y ∈N .

The above assumptions imply the existence of a real number Γ≥ 0 such that ‖gk‖ ≤ Γ for all
x in Ω. To see the global convergence of the PRP-NLS algorithm (see Theorem 4.2 below), we
need to prove the following results.
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Lemma 4.1. Consider the sequences {gk}k∈N, {αk}k∈N and {dk}k∈N generated by the PRP-
NLS algorithm; then, for some ϖ > 0, gt

kdk ≥−ϖ ‖gk‖2.

Proof. By multiplying Equation (3.2) by gk+1, we have |dt
k+1gk+1| ≤ ‖gk+1‖2+ |β PRP

k ||dt
kgk+1|.

It follows from relation (3.1) that∣∣dt
k+1gk+1

∣∣≤ ‖gk+1‖2 +1.2σ
‖gk‖
‖dk‖

‖gk+1‖2 ≤ (1+1.2σ µ)‖gk+1‖2 ,

which means that −ϖ ‖gk+1‖2 ≤ dt
k+1gk+1 ≤ ϖ ‖gk+1‖2, where ϖ = (1+1.2σ µ). This com-

pletes the proof. �

Lemma 4.2. The sequence of steplengths {αk}k∈N generated by the PRP-NLS algorithm under
the new line search conditions (2.1) and (2.2) with σ ∈

(
0, µ−1

1.2µ2

]
and 1 < µ < 2 satisfies

αk ≥
σ‖gk‖2/‖dk‖2−1

L‖dk‖2 dt
kgk > 0, ∀k ∈ N.

Proof. From Theorem 3.1, it results that σ
‖gk‖2

‖dk‖2 <
µ−1
1.2 < 1. In view of condition (2.2), one sees

that

0 <

(
σ
‖gk‖2

‖dk‖2 −1
)

dt
kgk < dt

k(gk+1−gk)≤ Lαk‖dk‖2.

This completes the proof. �

Lemma 4.3. Under Assumption 4.1, the sequences {gk}k∈N and {dk}k∈N produced by the PRP-
NLS algorithm satisfy

∑
k≥0

(gt
kdk)

2

‖dk‖2 <+∞. (4.1)

Proof. Using condition (2.1), we have

f (xk)− f (xk +αkdk)≥−δαkgt
kdk
‖gk‖2

‖dk‖2 ≥
δαk

ϖ

(gt
kdk)

2

‖dk‖2 .

Then δαk
ϖ

(gt
kdk)

2

‖dk‖2 ≤ f (xk)− f (xk+1). Let m = min{αk : k ∈ N}. Under Assumption 4.1, by sum-
ming this inequality from k = 0 to infinity, we arrive at

δm
ϖ

∑
k≥0

(gt
kdk)

2

‖dk‖2 ≤ ∑
k≥0

δαk

ϖ

(gt
kdk)

2

‖dk‖2 <+∞.

Thus (4.1) holds. �

Now, we are in a position to address the global convergence of the PRP-NLS algorithm.

Theorem 4.2. Under the above assumptions, the PRP-NLS algorithm converges globally in the
sense that lim

k→+∞
‖gk‖= 0.
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Proof. Assume that lim
k→+∞

‖gk‖ = 0 does not hold. Then, there exists a strictly positive value

r > 0 such that ‖gk‖> r for all k in N. Let m=min{αk : k∈N} and D=max{‖x−y‖ : x,y∈Ω}.
From relation (1.1), we see that ‖dk‖2 =

‖xk+1−xk‖2

α2
k

≤ D2

m2 . Note that

dk+1 ≤ ‖gk+1‖+
∣∣β PRP

k
∣∣‖dk‖ ≤ Γ+

(1.2Γ2

r2

)D
m

= M.

Thus ∑
k≥0

1
‖dk‖2 =+∞. From (3.6) and (4.1), we have

ξ
2r4

∑
k≥0

1

‖dk‖2 ≤ ∑
k≥0

ξ 2 ‖gk‖4

‖dk‖2 ≤ ∑
k≥0

(gt
kdk)

2

‖dk‖2 <+∞.

It follows that ∑
k≥0

1
‖dk‖2 <+∞, which yields a contradiction. This completes the proof. �

5. COMPUTATIONAL EXPERIMENTS

5.1. Applications on typical test functions. We present a series of computational perfor-
mances concerning the PRP-NLS algorithm, applied on 270 test functions taken from CUTEr
[9] and [1], as listed in Table 1, with dimensions ranging from 2 to 100000, as well as on
restoring four images with different noise levels. All the codes are written and implemented in
Matlab. In all experiments, the PRP-NLS algorithm is implemented with the setting parameters
µ = 1.6, δ = 10−4, and σ = 10−3.

To demonstrate the effectiveness of the suggested approach, we compared it with PRP [18]
(θ = 0.4), PRP+ [10] (δ = 10−4 and σ = 10−3) and PRPMWWP [26] (δ = 0.1δ ∗ = 0.05δ1 =
10−16 and σ = 0.9). For this comparison, the same initial point is assigned for each test prob-
lem, and each implementation is considered successful if a point xk, where ‖g(xk)‖∞ ≤ 10−6 is
reached within 2000 iterations, with CPU time less than 500 seconds; alternatively, the imple-
mentation is assigned as a failure.

In Figures 1-4, we compare the performance of the proposed method with PRP, PRP+ and
PRPMWWP methods by using the logarithmic performance profile of Dolan and Moré [7],
relative to the number of iterations, function evaluations, gradient evaluations and CPU-time.
For a solver s, we define the ratio

rP,s =
NP,s

min{NP,s : s ∈ S}
,

where NP,s denotes either the number of iterations, the number of function (gradient) evalua-
tions, or the CPU time required by the solver s to solve problem (P). If s does not solve Problem
(P), the ratio rP,s is assigned a large number. The logarithmic performance profile for each
solver s is defined as follows:

ρs(τ) =
number of problems where log2(rP,s)≤ τ

total number of problems
.

For each method, we plot the fraction ρs(τ) of problems for which the method has a number of
iterations (resp. number of function (gradient) evaluations and CPU time) that is within a factor
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Function Dimension n Function Dimension n

Extended Maratos 500, 700, 1000,2000,4000, 9000,
9500, 60000, 10000, 15000

Arwhead 50, 60, 80, 100, 150, 200, 800,
1000, 5000

COSINE 10, 100 , 500, 1000 SINE 10, 100 , 500, 1000

ENGVAL1 100, 600, 800, 1000, 1500,
1600,1800, 10000

Diagonal 1 2,10, 100, 1000, 10000, 100000

Generalized Tridiagonal 1 2, 10, 20,300, 500, 700, 10000 FLETCHCR 2, 4

Extended White and Holst 1000, 2000, 3000, 4000, 5000,
6000

Diagonal 2 2, 4, 10, 800, 1000, 80000

Diagonal 7 500, 700, 1000, 1500, 2000, 7000,
8000

Extended Rosenbrock 10, 20,100 ,1200, 3000, 4000, 5000

Quadratic QF2 100, 200,1000,5000, 7000, 9000,
10000, 50000

Diagonal 8 100, 200, 400, 500, 1000, 1500,
2000

Extended Freudenstein and Roth 10, 100, 1000, 4000, 9000, 10000,
20000, 50000, 60000, 80000

Diagonal 3 2, 4, 6, 10, 50, 100, 200, 400, 700

DENSCHNF 10, 100, 10000, 25000, 30000
50000, 70000, 80000, 90000

Extended Himmelblau 4, 6,10, 9000, 10000

Perturbed Quadratic 2 POWER 2

QUARTC 2 Raydan 1 2

Generalized Rosenbrock 2, 50, 800, 1000 Perturbed quadratic diagonal 2

DENSCHNB 10, 90, 100, 2000, 3000, 4000,
5000, 6000, 7000, 9000

Raydan 2 1000, 4000, 50000,80000

HIMMELBG 2000, 3000, 6000, 30000, 50000,
80000

LIARWHD 10,50, 4000,5000, 5500, 10000,
20000, 80000

Extended quadratic exponential EP1 40000, 50000, 60000, 70000 Diagonal 5 100, 200, 700, 1000, 1500, 2000,
2200, 2500

Extended BD1 4, 800, 900, 2000, 3000, 5000
20000, 40000, 60000, 70000,
80000

Extended quadratic penalty QP1 4, 6, 8, 10, 50, 100, 700, 1000, 1500

Hager 2, 4,10,50, 80, 150, 300 NONSCOMP 2, 4, 1000, 5000, 70000

HIMMELLH 10, 50, 300, 500, 10000,50000,
60000, 80000, 10000

Quadratic QF1 5000, 6000, 8000, 9000, 20000,
50000, 70000, 80000

Extended quadratic penalty QP2 40, 60, 200 Diagonal 4 20000, 30000, 40000, 50000,
60000, 70000

DIXON3DQ 2, 4, 600 Extended PSC1 2, 4, 10, 100, 1000,10000

Almost Perturbed Quadratic 2, 4, 6 Diagonal 9 10, 30,50, 60, 70, 90

Extended Tridiagonal 1 6, 10, 20,80, 90, 100, 150, 300, 500,
700, 1000, 5000, 6000

NONDIA 10, 100,500,1000,5000,100000

TABLE 1. List of test functions.

τ . The curve that is shaped on the top corresponds to the code that solves the majority of the
test problems within the given factor τ; for more details, see [7].

Figures 1-4 illustrate that the PRP-NLS method outperforms the others. Notably, it is faster
for approximately 65% of the test problems and successfully solves around 96% of them, fol-
lowed by the NPRP method with 94% of test problems. The PRPMWWP method solved around
93% of test problems, whereas the PRP method solved about 88% the test problems. These
outcomes prove the competitiveness and rapid convergence of the PRP-NLS algorithm in the
majority of the test problems.
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FIGURE 1. Performance profiles plot based on CPU time.
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FIGURE 2. Performance profiles plot based on the number of iterations.

5.2. Image restoration problems. Image restoration problems aim to restore the original im-
age which was corrupted by impulse noise. For this comparison, four test images (Man.png,
Boat.png, Hill.jpg and Bridge.bmp) of size 512×512 are chosen to evaluate the effectiveness
of the hPB algorithm against the same variants used in the previous comparisons. The image
quality is assessed by two factors: the Peak Signal-to-Noise Ratio (PSNR ) and its relative error
(Err)

PSNR = 10log10
M×N×2552

∑i, j(xr
i, j− x∗i, j)2 , Err =

‖xr− x∗‖
‖x∗‖

,

where M and N are the sizes of the image, xr
i, j represents the pixel values of the restored image

and x∗i, j denotes the original pixel values. The setting parameters of the proponent algorithms
are set similarly to the previous test, and each computation will stop if any of the following
criteria are fulfilled

Iter > 300 or
| f (xk+1− f (xk)|
| f (xk)|

< 10−4.
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FIGURE 3. Performance profiles plot based on the number of function evaluations.
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FIGURE 4. Performance profiles plot based on the number of gradient evaluations.

Figures 5, 6, and 7 display the restored images by impulse 30 %, 50%, and 70 % of noise. The
performance of each algorithm is measured by the restored image quality, the elapsed time and
the number of iterations. The numerical outcomes are reported in Tables 2 - 4. The algorithm
with a high PSNR, minimal error, with less CPU time, is considered the best.

From the results in Tables 2 - 4 and Figures 5 - 7, one sees that the PRP-NLS algorithm
delivers good performance. In fact, as illustrated in Table 2 and Figure 5, we can observe that
the NPRP method fails to restore images with 30% of noise, whereas the other methods are
successful with a PSNR greater than 25, and the hPB method has the highest PSNR value for
the Man and Boat images. On the other hand, the visual outcomes of Figure 6 with 50% of noise
show that the NPRP method also fails to remove the noise with a PSNR less than 25, whereas the
PRPMWWP method fails to restore the image of Man, while the PRP and PRP-NLS methods
succeed for restoring all the images and the bold values in Table 3 indicate the superiority of
the PRP-NLS method for restoring all images. For 70% of noise, as shown in Figure 7 and
Table 4, the NPRP method fails to restore the original images; while the other methods succeed
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Original with 70% salt-and-pepper noise Original with 70% salt-and-pepper noise Original with 70% salt-and-pepper noise Original with 70% salt-and-pepper noise

PRP PRP PRP PRP

NPRP NPRP NPRP NPRP

PRPMWWP PRPMWWP PRPMWWP PRPMWWP

PRP-NLS PRP-NLS PRP-NLS PRP-NLS

FIGURE 5. The restored images with 30% salt-and-pepper by PRP, NPRP,
PRPMWWP and PRP-NLS.

Methods
Images

Man Boat Hill Bridge

Iter 11 11 16 14
PRP CPU 16.0896 14.6281 16.4851 15.5467

PSNR 31.3374 33.1674 34.7344 28.5131
Err 0.0564 0.0406 0.0381 0.0757
Iter 6 6 6 6

NPRP CPU 12.4714 12.5510 11.8639 12.1049
PSNR 15.7089 17.5182 17.0148 16.2439
Err 0.3410 0.2461 0.293465 0.3111
Iter 13 15 15 14

PRPMWWP CPU 17.8876 19.6420 16.0520 17.0935
PSNR 31.4483 32.7617 34.8471 28.5141
Err 0.055693 0.042564 0.0376 0.075770
Iter 8 8 9 8

PRP-NLS CPU 12.3206 13.9993 11.6398 12.4814
PSNR 28.5141 31.4483 34.8471 32.7617
Err 0.07577 0.055693 0.0376 0.042564

TABLE 2. The numerical outcomes of restoring images with 30% salt-and-pepper.
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Original with 50% salt-and-pepper noise Original with 50% salt-and-pepper noise Original with 50% salt-and-pepper noise Original with 50% salt-and-pepper noise

PRP PRP PRP PRP

NPRP NPRP NPRP NPRP

PRPMWWP PRPMWWP PRPMWWP PRPMWWP

PRP-NLS PRP-NLS PRP-NLS PRP-NLS

FIGURE 6. The restored images with 50% salt-and-pepper by PRP, NPRP,
PRPMWWP and PRP-NLS.

Methods
Images

Man Boat Hill Bridge

Iter 20 17 21 24
PRP CPU 36.9955 24.7400 30.9204 38.2190

PSNR 28.9228 30.8359 32.5124 26.4954
Err 0.0744 0.0531 0.0492 0.0955
Iter 6 6 12 5

NPRP CPU 16.0684 18.4926 20.3538 16.2163
PSNR 13.4675 15.1712 14.7113 14.1672
Err 0.441405 0.322532 0.382587 0.395223
Iter 5 17 20 16

PRPMWWP CPU 16.5329 22.4427 29.8420 21.0229
PSNR 15.3421 30.9165 32.4165 26.5201
Err 0.355716 0.052639 0.0498 0.095324
Iter 14 15 14 15

PRP-NLS CPU 15.5356 17.2738 15.325 15.2843
PSNR 29.1751 31.1843 32.6828 26.7130
Err 0.072353 0.051041 0.0483 0.093230

TABLE 3. The numerical outcomes of restoring images with 50% salt-and-pepper.
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Original with 70% salt-and-pepper noise Original with 70% salt-and-pepper noise Original with 70% salt-and-pepper noise Original with 70% salt-and-pepper noise

PRP PRP PRP PRP

NPRP NPRP NPRP NPRP

PRPMWWP PRPMWWP PRPMWWP PRPMWWP

PRP-NLS PRP-NLS PRP-NLS PRP-NLS

FIGURE 7. The restored images with 70% salt-and-pepper by PRP, NPRP,
PRPMWWP and PRP-NLS.

Methods
Images

Man Boat Hill Bridge

Iter 20 15 14 15
PRP CPU 34.7941 28.4139 32.8371 41.2126

PSNR 26.1118 27.5034 25.6558 22.0517
Err 0.1029 0.0779 0.1085 0.1594
Iter 6 6 6 6

NPRP CPU 22.5660 20.0892 19.9322 19.4860
PSNR 11.3863 13.0485 12.5420 12.1776
Err 0.560914 0.411816 0.491131 0.496963
Iter 29 24 16 21

PRPMWWP CPU 30.3015 35.5985 29.1123 35.9517
PSNR 26.1898 28.2480 29.3224 24.1335
Err 0.102028 0.071570 0.0711 0.125468
Iter 27 20 18 22

PRP-NLS CUP 28.8349 25.3926 27.1979 25.1883
PNSR 26.3222 28.2927 29.8827 24.5192
Err 0.100484 0.071202 0.0667 0.120017

TABLE 4. The numerical outcomes of restoring images with 70% salt-and-pepper.
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in restoring the images of Man, Boat and Hill, where the highest PSNR value corresponds to
the PRP-NLS method. Overall, the numerical and visual outcomes of removing 30%,50%, and
70% of noise show a satisfactory performance of the PRP-NLS algorithm. Notably, the bold
values in Tables 2 - 4 highlight the efficiency of the proposed algorithm, as it achieves higher
PSNR values and takes a short time to restore the majority of the test images.

6. CONCLUSION

This paper presents an accelerated version of the PRP conjugate gradient method by intro-
ducing a novel inexact line search technique for solving nonlinear unconstrained optimization
problems. The existence of a step length that satisfies the proposed line search conditions was
established. The convergence properties of the proposed PRP-NLS approach were analyzed un-
der the new line search conditions, and the global convergence was obtained under mild assump-
tions. To evaluate the efficiency and robustness of the suggested PRP-NLS method in practical
computations, it was compared with three similar PRP variants: PRP, PRP+, and PRPMWWP.
The comparison was conducted by using four performance criteria: the number of iterations,
CPU time, the number of function evaluations, and the number of gradient evaluations. It was
reported that the proposed method performs better than the others. Furthermore, based on some
restoring image problems, the PRP-NLS method was successfully applied for restoring orig-
inal images with higher PSNR values. These preliminary results confirm the robustness and
competitiveness of the proposed approach.
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