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Abstract. This paper considers a multiobjective fractional interval-valued optimization problem on
Hadamard manifolds. By utilizing Clarke directional derivatives and Clarke subdifferentials, we derive
the necessary and sufficient optimality conditions for weak LU-Pareto optimal solutions to the problem.
In addition, some Mond-Weir type duality theorems are also obtained.
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1. INTRODUCTION

As the complexity of the environment increases and the inherent subjectivity and ambiguity
of human thought come into play, decision-making information is often uncertain in numerical
cases. This imprecision leads to various data and economic problems in real life. To address
this, the concept of interval-valued optimization problems was introduced in [1]. Methods for
these problems in Euclidean space have been studied extensively in [2, 3, 4]. In [5], Wu explored
KKT type necessary optimality conditions for scalar differentiable interval-valued optimization
problems. In [6, 7], Wu examined Wolfe type and Lagrange duality theorems in the context
of nonlinear interval-valued scalar optimization problems. In addition, Wu investigated the
application of interval-valued objective functions in multiobjective programming and derived
sufficient optimality conditions of KKT type for multiobjective interval-valued optimization
problems under convexity assumptions in [8]. In [9], Steuer proposed three algorithms to tackle
challenges arising from interval-valued objective function coefficients in linear programming,
aiming to address the uncertainties associated with these coefficients. In [10], Urli and Nadeau
employed an interactive method to solve multiobjective stochastic linear programming under
conditions of partial uncertainty.

Recently, the geometric structure of manifolds offers a new perspective for tackling com-
plex optimization problems. By leveraging manifold structures, many difficult, constrained,
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and nonconvex optimization problems originally framed in Euclidean spaces can be reformu-
lated as simpler equivalent unconstrained convex problems within the framework of Hadamard
manifolds; see, e.g., [11]. Researchers have successfully adapted a wide range of Euclidean
optimization methods on manifolds. For instance, under the assumption of geodesic convex-
ity, the sufficient optimality conditions for multiobjective mathematical programming problems
with equilibrium constraints on Hadamard manifolds were derived (see [12]). Furthermore,
KKT type optimality conditions were derived for differentiable interval-valued optimization
problems defined on Hadamard manifolds [12]. Furthermore, Chen [13] explored KKT type
optimality conditions for optimization problems involving interval-valued objective functions
that are directionally differentiable on Hadamard manifolds. Upadhyay et.al [14, 15, 16] ex-
tended the concept of convexification from Euclidean spaces to Hadamard manifolds and stud-
ied the optimality conditions, duality theorems, and constraint rules for various types of non-
convex optimization problems. This work provides novel perspectives and powerful tools for
studying nonsmooth optimization problems on manifolds. It is noteworthy that Hosseini and
Pouryayevali [17] introduced the Clarke directional derivative and Clarke subdifferential for
locally Lipschitz functions on Hadamard manifolds, and also established their fundamental
properties. In [18], Antczak investigated nonsmooth vector optimization problems with multi-
objective interval-valued functions in Euclidean spaces, and established KKT type optimality
conditions and Mond-Weir type duality theory for such problems, thereby extending classical
vector optimization results to the interval-valued framework.

Inspired by the results mentioned above, we extend the corresponding results from Euclidean
space in [18] to the framework of Hadamard manifolds. Unlike the model in [18], we adopted
in this work is a multiobjective fractional interval-valued model. The rest of the paper is orga-
nized as follows: Section 2 presents the fundamental notations and concepts used throughout
the paper. Section 3 discusses the optimality conditions for multiobjective fractional interval-
valued optimization problems on Hadamard manifolds. Section 4 addresses the dual problems
of these optimization issues and presents the corresponding duality theorems. Finally, Section
5 provides a concluding summary to the paper.

2. PRELIMINARIES

In this section, We first present some known fundamental concepts and mathematical notation
used throughout this work, see [19].

Let .# be a connected m-dimensional manifold, with 7;.# representing the tangent space
of # atxe€ A, and T.# = U,c 4 Ti-# denoting the tangent bundle of .# . If there is a
Riemannian metric (.,.), defined on 7,.#, then .# is referred to as a Riemannian manifold. As
demonstrated in [19], for all x € .# and all u,v,w € T . ,

(D <”?v>x = (v, u>x;

(2) (u,av+bw), =au,v), +b(u,w),,a,b€Rr;

(3) If u=0, then (u,v), =0.

For any x € .#, the exponential map is defined as exp, : T,.# — .# . Given any two points
x and y, the unique geodesic segment joining x to y is defined by y(¢) = exp, (texp, ' (v)) (¢ €
[0,1]) , where y(¢) is the geodesic curve passing through x. Moreover, according to the inverse
theorem, exp, is a local diffeomorphism. The inverse of the exponential map is denoted as
exp; .
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A complete, connected Riemannian manifold with non-positive curvature is referred to as a
Hadamard manifold. If .# is a Hadamard manifold, then, for every pair of points x,y € .Z,
there exists a unique minimum geodesic connecting x to y. Unless otherwise specified, .#
refers to a Hadamard manifold in the remainder of this paper.

Definition 2.1. [17] A function f: E C .# — R is said to be locally Lipschitz at X € E if there
exists constant L > 0 such that, for any x and y located within a certain open neighborhood
around %, |f(x)— f(y)| < Ld(x,y), where d(x,y) denotes the Riemannian distance between
points x and y. If it is locally Lipschitz for all x € E, then f is said to be locally Lipschitz
function on E.

Definition 2.2. [20] A set E C ./ is geodesic convex set if, for any geodesic y: [0,1] — .#
with y(0) =xand y(1) =y, y(t) € E, forall ¢ € [0, 1].

Definition 2.3. [20] Let E C .# be non-empty open geodesic convex set. A function f : E — R
is called geodesic convexity at x € E if, for any y € E, f(y(t)) <tf(y)+ (1 —1)f(x) for all
t in [0,1], where y: [0,1] — .# is a geodesic satisfying y(0) = x and y(1) = y. If the above
inequality is strict when x #£ y, then f is called strictly geodesic convexity at x. Furthermore, if
the inequality holds for all x € E, then f is referred to as geodesic convex function on E.

Definition 2.4. [17] Let f be a locally Lipschitz function on E. Then the generalized directional
derivative of f at X € E in the direction v € Tz is denoted by
f(exp, (t(Dexpg)oy,-1,v) — (%)
f°(%,v) = limsup Y i B ,
7,10 t

where (Dexp;) denotes the differential of exp; at exp; .

exp;I y
Definition 2.5. [17] Let f be a locally Lipschitz function on E. Then the Clarke subdifferential
of fatapoint X € E is defined as df(X) = {{ € Ted” | f°(%;v) > ({,v)zforallv € Ted }.

Building upon the results established in [17], we obtain two key properties of subdifferentials
for locally Lipschitz functions.

(a) Given that f is locally Lipschitz at X € E, it holds for any scalar A that d(Af)(x) =
Adf(X).

(b) Suppose each f;, i =1,2,...,n, is locally Lipschitzat x € E,and ; € R, i=1,2,...,n,
then the function f :=Y" | A;f; is also locally Lipschitz function at X € E. Moreover, the
following inclusion holds: d (Y7, Aif;) (X) C X Aid fi(%).

Lemma 2.1. [17] Let f be locally Lipschitz function on E, X € E. For any v € Tz /4 , it holds
that £°(%;v) = max{(C,v)s: £ € AF(3)}.

Lemma 2.2. [21] Let f be locally Lipschitz function on E. If f is geodesic convexity at X € E,
then, for any y € E and § € (%), f(y) — f(%) > (§,exp; 'y)s.

Lemma 2.3. [21] Let f; be locally Lipschitz at ¥ € E for k € K = {1,...,m}. Then f(x) =
maxyeg fix(x) is also locally Lipschitz at X . Furthermore 0 f(x) C conv{d fi(X) : k € K}.

Lemma 2.4. If f and g are locally Lipschitz at ¥ € E and g(x) # 0, then
(@0 (f-8)(0) C g (5)- 0F (5) + £ () 9g (3):
(b) 9 (é) (%) C g(x)'af();)z—()g(x)'ag(x)
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Proof.
F(exp (t(Dexpg) oy 1,v) - 8(expy (1(Dexpo) o, 1)) — F(D)8(D)

(@) (f-g)" (%) =limsup

Y%, 110 t

S8R, (H(DexP) e 1,)) — SIS, (DD )
— limsup

y—x, 110 t

S (expy(1(Dexpy) oy p-1,v)) — f(X)

= limsup | g(exp, (#(D expx)expgl W)

y—x, t]0 !
) g(exp, (t(D expxt)exp—l W) —8(x)
f(expy (t(Dexpg)eyy-1,V)) — (%)

< g(x)limsup
y—x, 110 t
g(expy (t (D expf)exp);l yv) ) - g (‘i)

+ f(X) limsup
Y%, 10 t

=807 (X,v) + f(X)g°(x,v).
For any { € d(f - g)(X), there exist & € df(X) and n € dg(X) such that
(Cve<(f8)" (E&v) <g®)f (&) +,(X)g°(x,v) = (g(B)E +F(B)n,v)e.
Therefore, J (f-g) (¥) € g(¥)df(x) + f(x)dg(x).
AN @ eRny (HDexD g1, ) — FDR(eRD, (H(DexD) )
(%) @ = Jmsup S(exp, (1(Dexpy) g1 V)8 7
1 SR OO0 1,0) (011
8%(%) yx,110 !
1 f(X)g(exp, (t(Dexps)q,-1,v)) — f(¥)g(X)
£ om0 r

[ @) S (expy(1(Dexpy) oy ,-1,v)) — f(X)

= ———limsup | g
g2 (x) y—x, t]0 !

g(exp, (t(Dexpg)oy,-1,v)) — g(f)]

—f(x)-

t

1 . S (expy (t(Dexpy)eyy-1,V)) — ()
= 7@ [g(x) pme t
— f(%) limsup 8(expy (1D expr)eyyr 1)) ~ 8(F) ]

Y7, 110 t

= 20 BOL @)~ f@OL V)]
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For any { € d(f - g)(X), there exist & € df(X) and n € dg(X) such that

f ’ — 1 —\ £O/= -\ O/= 8(X)§_f(x)rl
C,V‘S(— X,V S —_ g'xf X,V _f-xg .X',V - —_,V .
Therefore, we obtain o (Jgf) (x) C £891 ()?27(;;()?)35’ ®)

Next, we introduce operations related on intervals. Denote by M the collection of all bounded
closed intervals in R, M; = { [x%,xV] : x %V e R, xb <xV} . GivenX = [xLxV] Y = [yF W] e
M, and a scalar A € R, we define the following operations:

le,le} , A >0,
v axt], A <o,
X x ¥ = [min(x"y" x"yY XUyt 2UyY) max (xhyF by Uyt AUy
X 1 1
7= [xF,xY] x L—U’F] , where yF£0,yY #£0.
The gh-difference of X ang Y is defined as
[xL,xU} Ogh [yL,yU} = [min {xL —yL,xU —yU} ,max {xL —yL,xU —yU}] .
Definition 2.6. ([7]) For closed intervals X = [xL,xU} andY = [yL,yU} ,
(@) X <yy Y if and only if x* < yF and 2V <yY;
(b) X <ry Y ifandonlyif X <;y Y and X # Y, which can be expressed in one of the following

ways:
at < bt at < pt at < bt
{aU < 7 {aU <7 {aU <V,

A mapping f : E C .# — Mj is called an interval-valued function if, for every x € E, f(x)
is a closed interval in R. This can be expressed as f(x) = [fX(x), fY (x)], where f* and fV are
real-valued functions satisfying fL(x) < fU(x) for every x € E. The functions f* and fUY are
referred to as the endpoint functions of f . By using interval operations, Jgt(x) can be expressed

as (see [22])

X

X+Y = [xF+yl U +yY], Ax = {%

Fx) _ Lx), fY ()] x
P~ () x|

where g&(x) > 0 for any x € E.

w7~ o o))

3. OPTIMALITY CONDITIONS

Throughout this section, we consider the multiobjective fractional interval-valued optimiza-
tion problem on Hadamard manifolds (MFIOP) outlined in [22]

. fx) (ﬂ (x) fm(X))
e T e e
S.t. h(x) = (hl(x),...7hp(x)) <wu [0,0],
where f, gi, hy are interval-valued functions and gé >0,(keK={1,....m};seS={1,....p}H.

Let ka, ka , gi, g,l(],hsL,hff : E C ./ — R be locally Lipschitz functions, with E being a geodesic
convex set. Furthermore, we define D as the set of feasible solutions:

D= {xGE:hs(x) <tu [0,0],SES}.
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Definition 3.1. ([21]) A feasible point X is defined as a weak LU-efficient (weak LU-Pareto)

solution to the problem (MFIOP) if no other feasible point x € D satisfies, for every k € K,
&) U g (3"

Definition 3.2. ([21]) A feasible point x is called an LU-efficient (LU-Pareto) solution to the

problem (MFIOP) if no other feasible point x € D satisfies, for every k € K, ; ’; 83 <w g i E Y and

there exists at least one k € K for which e <ru R

Theorem 3.1. If X € D is a weak LU-efficient solution to problem (MFIOP) and the Slater
condition is satisfied at %. Then, there exist AL, Al >0, and pL,uY >0, fork e K and s € S
such that

0 Y AH@RHE —20g! () + Y AV (07 (F) — crgh(D) + Z uLonk(x) + Z uVorY (%)
k=1

k=1
pshs (%) = [0,0],
where 7 = i & (X) and ¢ = e - (X).
gk gk

Proof. Let ¥ € D be a weak LU-efficient solution to the (MFIOP). We define the function
F :E C .# — R as follows:

F(x) = max {[f' (x) — 28y, (0)] = [fie (F) — zegt! ()], 1 (%) — cxgi (0] = [ (8) — exng (9)]
W)Y (x) [ k € K,s € S}
It is obvious that F(x) > 0. Due to the Slater condition being satisfied at ¥, we observe that
hy(x) <pu [0,0], s € S. Thus F(X) = 0. Hence, F(x) attain its minimum at %. Since f-(x),
1Y (x), gk(x), g¥ (x), hk(x), hY (x) : E C .# — R are all locally Lipschitz functions, we also see
that F(x) is locally Lipschitz function. Thus 0 € dF (X). Since X is a weak LU-efficient solution
to the problem (MFIOP), we obtain

I(fi (x) — zxg () — (fi (¥) —zxgt ()] = I fi (x) — gy (), k€K,
I () — gk () = (ff (}) — cxgi (1)) = 9 (x) —exdgi(x), keK.

Hence 0 € conv {0 fF(x) — zdg¥ (%), f (%) — ckdgk (%), 0hk(x),0hY (x),k € K,s € S} . Then
there exist AX, AV >0, ul, uY >0, k € K, s € S such that

0e Y A(afEE) —zudgl () + Y, A7 (9fF (%) — ckdgi (%)) + Z ulont(x)+ Z ulonY (x)
k=1 k=1

with Zk 1)~L+Zk A+ Y uE+¥P  ul = 1. Furthermore, when hy(¥) <,y [0,0], w

have ul = pV = 0 for those s € S.

Example 3.1. Let .# C R? be defined as .# := {x = (x1,x2) € R?,x > 0}. Thus ./Z is a
Riemannian manifold equipped with a certain metric. A bilinear form is defined as

<V17V2>x = <P(X)V17V2>xaV17V2 S 7;6'%7-x S %
1

0
where p(x) = <8 1 ) . Thus .# be termed a Hadamard manifold. For any x € .#,v €
X

V1 V2

T, we define the exponential map exp, : T,.# — A as exp,(v) = (xje*, xzeXZ) for all
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v = (v1,v2) € .. For any given x,y C ./, we have exp; 'y = (x| Iny,x1n )yc—i) We consider
the function f(x),g(x),h(x) : .#4 — M defined as follows for optimization over the Hadamard
manifold (P1):
) 0.26M)
gx)  [xi+1,x+2]
s.t. h(x) =[x —2,x—3] <rv [0,0],

where
3, x1+x=1.
2,.,2 2,2
X]+x5 2(x1+x2)] X
) ’ 1+x < 17
Given that g&(x) > 0, we can express Lo _ J a2 atd . The function is
8(x) 36 ] X4 =1
X142 x1+1 |2 -
locally Lipschitz, and f(x) is defined by x| +x, = 1, which is non-volatile. We have
2(x24x3)  x4x3
FO) W) g f [ ] mres
€0 el N T [ e s = (0:0)
_)C1—|—17_x1+2:| ; X1 +x2 = 1

Thus % <iu %, and (0,0) is feasible for problem (P1) as a weak LU-efficient solution.
Moreover, we have h(0) <ry [0,0]. Furthermore, due to Slater’s conditions holding at (0,0),

We derive

df*(0,0) —zdg"(0,0) = (8> ,0fY(0,0) — cagk(0,0) = (8> ,

dnk(0,0) = <8> ,0hY (0,0) = <8> :

By setting AL = %, AV = %, ul =0,u? =0, We conclude that
0 € A%(9f5(0,0) — 2987 (0,0)) + A7 (9" (0,0) — cdg"(0,0)) + u"9h"(0,0) + u¥ 91 (0,0),
1h(0,0) = [0,0].

The necessary optimality conditions describe the fundamental requirements that weak LU-
efficient solution must fulfill. However, solutions satisfying these conditions may not neces-
sarily be optimal. To rigorously verify weak LU-efficient solution, we must also consider the
sufficient optimality conditions. Under appropriate convexity assumptions, these sufficient con-
ditions offer definitive guarantees of optimality.

Theorem 3.2. Let x € E be a feasible solution to problem (MFIOP), and assume that there exist
AEAY > 0and pl, nY > 0 such that

(@) 0 € X7, AL FH(E) — gl (9) + Xy AV (9 (7) — cxdgh(0) + XL bt ()
+Zf:1 nusUah_(vj()av

(b) ushs(x) =10,0], s € S;

(c) fE(x) — zkg¥ (x), £V (x) — cxgk(x), hE (x), hY (x) are all geodesic convexity at X,

L U
where zj, = ;iU()Z) and ¢ = J(;LL()E). Then, % is a weak LU-efficient solution to the problem
k k

(MFIOP).
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Proof. Using condition (a), one has pf € d fF(x) — zdgV (%), pf € fY (%) — cxdgk(x),wk €

ahL( X), Wy E&hU( ¥) suchthat0 =" 17%/)1{( )+ZZ’:1%§JPE(@+Z§:1% ( )+Z_I::1.us Wy (X)
It follows that

Z Pk anPx (%)) + Z AkU <PIE]»eXPx_1 (%))x
=l = G.1)
+ Z ul(whexp ' (®)c+ Y ul (WY expy ' (8)). = 0.

s=1 s=1
Assume that x is not a weak LU-efficient solution to the problem(MFIOP) There exists X € D
Ji(%) Sie(X) fk() fk() fk() _®
such that 2@ <LU 0@ which implies that IO < 0and P ) < 0. Therefore,

we conclude

fE® i)
g/(® gl (®

Similarly, we can obtain f (¥) — cxgk () < f (%) — cxgk(¥). From AL, AY > 0, we obtain

FE) — 28l () = [ ]g,if (8) < 0= fL(5) — ! (9).

Z %) — a8y (1) < Zlk (fEE) — zgd (8)),

¥4 (0 —eush () < 320 (Y () a9,
From conditions (c), :ve see that
@) - 2! ()] — [ — 2! ()] = (b rexns (D),
(D) — exgh ()] — [ (5) — cxgb ()] = (oF  expr! (B)s.

Hence, we have

0> kil?t/f {[fe® —agl @] - [fe @) —asgi @]} = i A& (P exps ' (9))s,

0> ki%f] {4 ® —cge®)] = [ ®) —cuge(B)] } = i A i sexpr ! ().

It follows that Y7, AF(pF,expz ' (£))s + Ly AY (pF ,exp; ' (%)) < 0. Due to Y2, ulnk(x) <
Oand Y7, ,uUhU( ¥) < 0 under conditions (b) and (c), we deduce Y7 uF(wk exp; ! (%)) <0
and Y7, u¥ (wY exp; ' (%))z < 0. Thus

m

Z (prexpz ! (D))x+ Y A (P exps | (7))
k=1 k=1

p )4
+ Yl wpexpr () + Y ud (w expr ! (8))x < 0.
s=1 s=1

which leads to a contradiction to (3.1). The theorem is proved.
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Example 3.2. Let .2 C R? be defined as .# := {x = (x;,x2) € R>,x > 0}. Thus .# is a
Riemannian manifold equipped with a certain metric. A bilinear form is defined by

<V17V2>x = <P(X)V17V2>x>V17V2 S E%,X € ‘%7

1
0
where p(x) = <)8 1 ) . Let ./ be termed a Hadamard manifold. Foranyx € .Z,v € T,.# , we
X2

viooon
define the exponential map exp, : T,.# — .4 by exp,(v) = (xje*1,x2e%2) for all v= (vi,») €
. For any given x,y C ./, we have exp; |y = <x1 ln)yc—:,xgln ){—;) .Let f(x),g(x),h(x): A —
M;j be defined as functions. Consider the following optimization problem over the Hadamard

manifold (P2):

—1 —1 —1
ST G I 1 e B Bt 1. Bt Bl
g(x) [x1,x1 + 1]

s.t. h(x) = [x; — Lx; +x] <rv [0,0].

Let f{(x), f¥(x),85(x),8Y (x),hk(x),hY (x) : E C .# — R be a locally Lipschitz function at
x=(1,1), and be geodesic convex. We obtain

2x%, x> 1,
Af)={23nre0,1], x=1, Jgx)=1.
0, x < 1.

== (0) (o)
dft(1,1)—za9gY(1,1) = (8), AfY(1,1) —caghk(1,1) = <_01>,

ont(1,1) = ((1)) onv(1,1) = G) .

Setting AL = 1,AY = 1,ul = 1,uY =0, we obtain

0€ AL f(1,1) = 208" (1,1) + AV (IfY (1,1) = cdgh(1, 1))+ pLant(1,1) + uU anV (1,1),
uh(1,1) = [0,0]

We conclude that (1,1) is a weak LU-efficient solution to problem (P2). It is easy to verify

f(1,1) f(x) g =1 +x1—1  |x;—1]
o — | — <0 10,0].
g(1,1) %" g(x) x+1 X1 w [0,0)

4. DUALITY THEORY

In this section, we define the Mond-Weir type dual problem associated with the problem
(MFIOP). We explore the connection between the primal problem (MFIOP) and its correspond-
ing dual (MWD), and prove the duality results.
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We consider the Mond-Weir type dual problem (MWD):

max 1O) <f1(y) fm(y))
gy \&1(») egmy)/)’

S.t. (y, )Lk 7A'k nu's Hu’s )

4 z{(y, Mo AL ulud) 0 Y AL fE) —udgl )+ Y AL (OfF (v) — ckdgi (v))
k=1 k=1
)4
+ Z ulonk(y) + Z ulon (y), Y. ushy(y) > [0,0],AF > 0,47 > 0,uf >0,

uy 20J<€K,seS},

which denotes the entire feasible region for (MWD). In addition, We also assume ¥ = {y €
E: (AL ukul)y e w (AL ALY nk ul) is a weak LU-efficient solution to problem

(MWD) if any (y, AL, A, ul,ul) € W does not satisfy ?‘k—% <w f"E % G AL ALk uY) is

an LU-efficient solution to problem (MWD) if any (y, A, A7, uk, uY) € W does not satisfy
L)« Sly)
&) =tV &)
Theorem 4.1. (Weak Duality): Let x and (y, /'LkL,),,g JuE 1Y) represent feasible solutions to
the problems (MFIOP) and (MWD). If fE(x) — zkg¥ (x), £V (x) — ckgk (x), h(x),hY (x) are the

Si(x) fy)

geodesic convex functions on DUY, then it does not hold that 2l LU g(y)"

Proof. Since (y, 7LkL,7LkU 1k, 1Y) represent feasible solutions to problems (MWD), there exist
M >0, pl pl > 0and pf € dfE(y) — 2dgl (v), Y € If (v) — exdg(v), wh € Ih(y),
w? € ohl (y) such that 0 = Y3, ALpf (V) + X7 A oY (0) + Xy wiwk(v) + Loy ¥ (v).
It follows that

Z pk JGXpy )>y+ Z )ngj <p,€j,eXp;1(X)>y
k=1 k=1

» » 4.1)
Z stexpy )>y+ Zu?(w?,exp;%x)b =0.
s=1 s=1
Equality x = y immediately implies that the weak duality holds. If x # y, we suppose ?78 <LU
fily) , which implies that f"( X _ L) < 0and LW _ S0 < 0. Thus
FAOK V(x) &Yy gx) gy

FH0)— gl () = [ﬁ<> ﬂ@q U505 [ﬁ() fE®)

0 g m) Y @

Similarly, we can obtain £V (y) — cxgk(y) > £ (x) — cxgh(x). From AL, AV > 0, we see that

f%wmﬂdwbﬁ%wwﬂdwx
=1 ~

}dm:ﬁw—wﬂw

340 (0 0) - exsh0) > LAY () - ush0).
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Since the functions fF(x) — zxgV (x), f¥ (x) — txgk (x), hk (x),hY (x) are geodesic convex function
on DUY , Lemma 2.2 directly yields

£ (0) =28t (0] = [fe0) —zgd 0)] = (picexpy ' (x))y,, k€K,
[f () =gk ()] = [ O )—Ckgi(y)] (o sexpy ! (x))y, k€K,

hg (%) = b (v) = (wyexpy (1)), B () =g (9) = (wycexpy ' (x))y, s €S,
where pf € 9 fF(x) — zdg! (%),pY € dfY (%) — ckdgk(x),wh € dhk(x),wY € dnY (%). Thus

0> kf;l M) —zgl (0] = [fF0) —ael )]} > kzl Aok exp ! (1),
0> killé’ {0 =g @] = [ ) —ergi )] } = i 22 (oY jexpy (1)),
Z uh ) Z HEHE) > Y ik expy (1),

=1

A
P
Zuf’hU Zus"hU ) =Y (wdexpy  (x)y-
s=1 s=1

Thus Y7 AL, expy ! (x))y + X4 xU<pk,expy1< x))y < 0. Since x and (y, A%, A, uk, uY)
are feasible solutions of problem (MFIOP) and (MWD) respectively, we have Y2, uFnk(x) —
) luLhL( )<0and2” L1 B () = X B (v) < 0. Hence £Y_ ) i (wi,expy ! (x))y <0
and Y7 u¥ (W exp; ! (x))y < 0. It follows that

Y A pcsexpy (0)y+ 3 A (o expy (1)
k=1 k=1

14 )4
+ Y ui(whexp (0 + Y uY (W exp; t(x)), <0,
s=1 s=1

which contradicts (4.1). This completes the proof.

Theorem 4.2. (Strong Duality) Let X be a weak LU-efficient solution to problem (MFIOP), and
assume that the Slater constraint qualification is satisfied at X. Then, there exist ikL , /TLkU NN
such that (3, Z,CL,?LU,[,Lf,/JYU ) is feasible for problem (MWD), and the objective functions of
problems (MFIOP) and ( MWD) coincide at x. If every assumption of the weak duality theorem
holds, then (X, lkLJLk AL 1Y) is a weak LU-efficient solution to problem (MWD).

Proof. i is classified as a weakly LU-efficient solution of (MFIOP). Then, there exist Z,f , Z,g >0
and il iV > 0 for k € K and s € S such that fizhy(x) = [0,0] and

m m D p
0€ Y A (0fc () —adgi (8)+ ) A (9f (%) — exdgi (%) Z s Ohs(X)+ ) By Oy (%).

Thus (¥, AL AV, gL, al) is a feasible solution of (MWD). Thus, the objective functions of

(MFIOP) and (MWD) have the same value . According to the weak duality theorem, Jilx "E g <wu

i: "E % does not hold. Therefore, (% /IkL,lk ALk, iY) is a weak LU-efficient solution to problem
(MWD).
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Theorem 4.3. (Inverse duality) Let (3, ),kL,th AL, 1Y) be a weakly LU-efficient solution of the
problem (MWD), with § € D. If fF(x) — zg¥ (x), f¥ (x) — cxgh (x),hE(x), hY (x) are geodesic
convex functions on DUY, then y is a weak LU-efficient solution of the problem (MFIOP).

Proof. Since (7,AF, AU, ik, i¥) constitutes a weakly LU-efficient solution of (MWD), we

have g Eyg <wv ggy% From Theorem 4.1, we see that f"gy; <iu g’;g g Since y € D, we obtain

5i(3) Jilx) g
G <ru )" Therefore, y is a weak LU-efficient solution of (MFIOP).

Theorem 4.4. (Restricted Inverse Duality) Let (3, ZkL,}L,? ,,L_LSL,[LSU ) be a feasible solution of
(MWD,). If fE(x) — 28V (x), f¥(x) — ckgk(x), hk(x), hY (x) are geodesic convex functions on
DUY, and there exists a point X € D such that Jily kEy% ; ’;8, then y is a weak LU-efficient
solution to (MFIOP).

Proof. Suppose y is not a weak LU-efficient solution of the problem (MFIOP). Then There

fe®) fi9) fE® RO ® fk ()
exists X € D such that () <ru ()’ which implies =% ® " 0) < 0 and @ e < 0.

Therefore,

R~E  fG)

@ el

Similarl h U(%) — crgh (% U(5) — crol (5 L AU ~
y, we have f/ (%) — cxgi (%) < fi () — cxgy (9). From A/, A7 > 0, we obtain

FEG) — 28l () = [ ]évwwzﬁw—wﬁw

Y AL (FE@®) — gl () < Z MFEG) — gl (7)),

k=1 k=
Y AL (Y (%) - ergh(®) < Z A 3) = crgi (7)),
k=1

Note that f(x) —sigV (x), f¥ (x) — tegk (x), hE (x), hg (x) are geodesic convex functions on DUY .
Lemma 2.2 yields

(%) — gl (%)) = [FEG) —asl )] = (pfexp; ' (B)y, kEK,
(Y (%) — gk ()] — [ 5) — gk )] > (of exp; ' (%))5, k€K,
(%) — hE(9) > (wWhexpy ! (2)y, A () —hY (5) = (W sexp; ' (%))5, s €S,

We can derive

0> i A LfE®) —zigd (0] — [fEG) — gl ()] } > i Ao exp; ! %))y,

k=1 k=1

0> kﬁlﬂ%’ {[H @) —crgr(®)] = [ O)— i ()]} = kikkl’ (o exp; ! (%))5,
Y BLHHE) - Y A > Y A (e expy (D).
s=1 s=1 s=1

©
I
—
©
Il
—_
©
I
—_
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Thus Zk ]AL<pk>eXpy ( )> +Zk I)LU<pk ,expy ( )> < O Sll’lCe (yalkvl]g;ﬁhvl‘?ﬂg]) S W
and X € D, we have

m m
Z pk aexpy Z kU PlganPy'_l(f»i
k=1 k=1

)4
Z (wk,exp; ! (2))5+ Z i (Wi exp; ! (2))y < 0.
s=1 s=1

This contradicts the constraint conditions of (MWD), thereby proving the theorem.

5. CONCLUSIONS

In this paper, we investigated multiobjective fractional interval-valued optimization problems
on Hada-mard manifolds and presented the KKT-type optimality conditions and the Mond-Weir
type duality theorems for these problems. We can transform nonconvex functions in Euclidean
space into geodesic convex functions on Hadamard manifolds. Therefore, the results presented
in this paper have a broader applicability than the results presented in [18]. Compared with [13],
our results extend the analysis from differentiable cases to nondifferentiable cases. Furthermore,
we may further investigate the optimality conditions and dual problems for nondifferentiable
second-order interval-valued optimization problems on Hadamard manifolds.
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