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Abstract. This paper considers a multiobjective fractional interval-valued optimization problem on
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1. INTRODUCTION

As the complexity of the environment increases and the inherent subjectivity and ambiguity
of human thought come into play, decision-making information is often uncertain in numerical
cases. This imprecision leads to various data and economic problems in real life. To address
this, the concept of interval-valued optimization problems was introduced in [1]. Methods for
these problems in Euclidean space have been studied extensively in [2, 3, 4]. In [5], Wu explored
KKT type necessary optimality conditions for scalar differentiable interval-valued optimization
problems. In [6, 7], Wu examined Wolfe type and Lagrange duality theorems in the context
of nonlinear interval-valued scalar optimization problems. In addition, Wu investigated the
application of interval-valued objective functions in multiobjective programming and derived
sufficient optimality conditions of KKT type for multiobjective interval-valued optimization
problems under convexity assumptions in [8]. In [9], Steuer proposed three algorithms to tackle
challenges arising from interval-valued objective function coefficients in linear programming,
aiming to address the uncertainties associated with these coefficients. In [10], Urli and Nadeau
employed an interactive method to solve multiobjective stochastic linear programming under
conditions of partial uncertainty.

Recently, the geometric structure of manifolds offers a new perspective for tackling com-
plex optimization problems. By leveraging manifold structures, many difficult, constrained,
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and nonconvex optimization problems originally framed in Euclidean spaces can be reformu-
lated as simpler equivalent unconstrained convex problems within the framework of Hadamard
manifolds; see, e.g., [11]. Researchers have successfully adapted a wide range of Euclidean
optimization methods on manifolds. For instance, under the assumption of geodesic convex-
ity, the sufficient optimality conditions for multiobjective mathematical programming problems
with equilibrium constraints on Hadamard manifolds were derived (see [12]). Furthermore,
KKT type optimality conditions were derived for differentiable interval-valued optimization
problems defined on Hadamard manifolds [12]. Furthermore, Chen [13] explored KKT type
optimality conditions for optimization problems involving interval-valued objective functions
that are directionally differentiable on Hadamard manifolds. Upadhyay et.al [14, 15, 16] ex-
tended the concept of convexification from Euclidean spaces to Hadamard manifolds and stud-
ied the optimality conditions, duality theorems, and constraint rules for various types of non-
convex optimization problems. This work provides novel perspectives and powerful tools for
studying nonsmooth optimization problems on manifolds. It is noteworthy that Hosseini and
Pouryayevali [17] introduced the Clarke directional derivative and Clarke subdifferential for
locally Lipschitz functions on Hadamard manifolds, and also established their fundamental
properties. In [18], Antczak investigated nonsmooth vector optimization problems with multi-
objective interval-valued functions in Euclidean spaces, and established KKT type optimality
conditions and Mond-Weir type duality theory for such problems, thereby extending classical
vector optimization results to the interval-valued framework.

Inspired by the results mentioned above, we extend the corresponding results from Euclidean
space in [18] to the framework of Hadamard manifolds. Unlike the model in [18], we adopted
in this work is a multiobjective fractional interval-valued model. The rest of the paper is orga-
nized as follows: Section 2 presents the fundamental notations and concepts used throughout
the paper. Section 3 discusses the optimality conditions for multiobjective fractional interval-
valued optimization problems on Hadamard manifolds. Section 4 addresses the dual problems
of these optimization issues and presents the corresponding duality theorems. Finally, Section
5 provides a concluding summary to the paper.

2. PRELIMINARIES

In this section, We first present some known fundamental concepts and mathematical notation
used throughout this work, see [19].

Let M be a connected m-dimensional manifold, with TxM representing the tangent space
of M at x ∈M , and TM =

⋃
x∈M TxM denoting the tangent bundle of M . If there is a

Riemannian metric 〈., .〉x defined on TxM , then M is referred to as a Riemannian manifold. As
demonstrated in [19], for all x ∈M and all u,v,w ∈ TxM ,

(1) 〈u,v〉x = 〈v,u〉x ;
(2) 〈u,av+bw〉x = a〈u,v〉x +b〈u,w〉x ,a,b ∈ R;
(3) If u = 0, then 〈u,v〉x = 0.
For any x ∈M , the exponential map is defined as expx : TxM →M . Given any two points

x and y, the unique geodesic segment joining x to y is defined by γ(t) = expx(t exp−1
x (y)) (t ∈

[0,1]) , where γ(t) is the geodesic curve passing through x. Moreover, according to the inverse
theorem, expx is a local diffeomorphism. The inverse of the exponential map is denoted as
exp−1

x .
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A complete, connected Riemannian manifold with non-positive curvature is referred to as a
Hadamard manifold. If M is a Hadamard manifold, then, for every pair of points x,y ∈M ,
there exists a unique minimum geodesic connecting x to y. Unless otherwise specified, M
refers to a Hadamard manifold in the remainder of this paper.

Definition 2.1. [17] A function f : E ⊆M → R is said to be locally Lipschitz at x̄ ∈ E if there
exists constant L > 0 such that, for any x and y located within a certain open neighborhood
around x̄, | f (x)− f (y)| ≤ Ld(x,y), where d(x,y) denotes the Riemannian distance between
points x and y. If it is locally Lipschitz for all x ∈ E, then f is said to be locally Lipschitz
function on E.

Definition 2.2. [20] A set E ⊆M is geodesic convex set if, for any geodesic γ : [0,1]→M
with γ(0) = x and γ(1) = y, γ(t) ∈ E, for all t ∈ [0,1].

Definition 2.3. [20] Let E ⊆M be non-empty open geodesic convex set. A function f : E→ R
is called geodesic convexity at x ∈ E if, for any y ∈ E, f (γ(t)) ≤ t f (y)+ (1− t) f (x) for all
t in [0,1], where γ : [0,1]→M is a geodesic satisfying γ(0) = x and γ(1) = y. If the above
inequality is strict when x 6= y, then f is called strictly geodesic convexity at x. Furthermore, if
the inequality holds for all x ∈ E, then f is referred to as geodesic convex function on E.

Definition 2.4. [17] Let f be a locally Lipschitz function on E. Then the generalized directional
derivative of f at x̄ ∈ E in the direction v ∈ Tx̄M is denoted by

f ◦(x̄,v) = limsup
y→x̄,t↓0

f (expy(t(Dexpx̄)exp−1
x̄ yv)− f (x̄)

t
,

where (Dexpx̄)exp−1
x̄ y denotes the differential of expx̄ at exp−1

x̄ .

Definition 2.5. [17] Let f be a locally Lipschitz function on E. Then the Clarke subdifferential
of f at a point x̄ ∈ E is defined as ∂ f (x̄) = {ζ ∈ Tx̄M | f ◦(x̄;v)≥ 〈ζ ,v〉x̄ for all v ∈ Tx̄M }.

Building upon the results established in [17], we obtain two key properties of subdifferentials
for locally Lipschitz functions.

(a) Given that f is locally Lipschitz at x̄ ∈ E, it holds for any scalar λ that ∂ (λ f )(x̄) =
λ∂ f (x̄).

(b) Suppose each fi, i = 1,2, . . . ,n, is locally Lipschitz at x̄ ∈ E, and λi ∈ R , i = 1,2, . . . ,n,
then the function f := ∑

n
i=1 λi fi is also locally Lipschitz function at x̄ ∈ E. Moreover, the

following inclusion holds: ∂ (∑n
i=1 λi fi)(x̄)⊂ ∑

n
i=1 λi∂ fi(x̄).

Lemma 2.1. [17] Let f be locally Lipschitz function on E, x̄ ∈ E. For any v ∈ Tx̄M , it holds
that f ◦(x̄;v) = max{〈ζ ,v〉x̄ : ζ ∈ ∂ f (x̄)}.

Lemma 2.2. [21] Let f be locally Lipschitz function on E. If f is geodesic convexity at x̄ ∈ E,
then, for any y ∈ E and ζ ∈ ∂ f (x̄), f (y)− f (x̄)≥ 〈ζ ,exp−1

x̄ y〉x̄.

Lemma 2.3. [21] Let fk be locally Lipschitz at x̄ ∈ E for k ∈ K = {1, . . . ,m}. Then f (x) =
maxk∈K fk(x) is also locally Lipschitz at x̄ . Furthermore ∂ f (x̄)⊆ conv{∂ fk(x̄) : k ∈ K}.

Lemma 2.4. If f and g are locally Lipschitz at x̄ ∈ E and g(x̄) 6= 0, then
(a) ∂ ( f ·g)(x̄)⊆ g(x̄) ·∂ f (x̄)+ f (x̄) ·∂g(x̄) ;
(b) ∂

(
f
g

)
(x̄)⊆ g(x̄)·∂ f (x̄)− f (x̄)·∂g(x̄)

g2(x̄) .
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Proof.

(a) ( f ·g)◦ (x̄,v) = limsup
y→x̄, t↓0

f (expy(t(Dexpx̄)exp−1
x̄ yv)) ·g(expy(t(Dexpx̄)exp−1

x̄ yv))− f (x̄)g(x̄)

t

− limsup
y→x̄, t↓0

f (x̄)g(expy(t(Dexpx̄)exp−1
x̄ yv))− f (x̄)g(expy(t(Dexpx̄)exp−1

x̄ yv))

t

= limsup
y→x̄, t↓0

[
g(expy(t(Dexpx̄)exp−1

x̄ yv)) ·
f (expy(t(Dexpx̄)exp−1

x̄ yv))− f (x̄)

t

+ f (x̄) ·
g(expy(t(Dexpx̄)exp−1

x̄ yv))−g(x̄)

t

]

≤ g(x̄) limsup
y→x̄, t↓0

f (expy(t(Dexpx̄)exp−1
x̄ yv))− f (x̄)

t

+ f (x̄) limsup
y→x̄, t↓0

g(expy(t(Dexpx̄)exp−1
x̄ yv))−g(x̄)

t

= g(x̄) f ◦(x̄,v)+ f (x̄)g◦(x̄,v).

For any ζ ∈ ∂ ( f ·g)(x̄), there exist ξ ∈ ∂ f (x̄) and η ∈ ∂g(x̄) such that

〈ζ ,v〉x̄ ≤ ( f ·g)◦ (x̄,v)≤ g(x̄) f ◦(x̄,v)+ f (x̄)g◦(x̄,v) = 〈g(x̄)ξ + f (x̄)η ,v〉x̄.

Therefore, ∂ ( f ·g)(x̄)⊆ g(x̄)∂ f (x̄)+ f (x̄)∂g(x̄).

(b)
(

f
g

)◦
(x̄,v) = limsup

y→x̄, t↓0

g(x̄) f (expy(t(Dexpx̄)exp−1
x̄ yv))− f (x̄)g(expy(t(Dexpx̄)exp−1

x̄ yv))

g(expy(t(Dexpx̄)exp−1
x̄ yv))g(x̄) · t

=
1

g2(x̄)
limsup
y→x̄, t↓0

g(x̄) f (expy(t(Dexpx̄)exp−1
x̄ yv))−g(x̄) f (x̄)

t

− 1
g2(x̄)

limsup
y→x̄, t↓0

f (x̄)g(expy(t(Dexpx̄)exp−1
x̄ yv))− f (x̄)g(x̄)

t

=
1

g2(x̄)
limsup
y→x̄, t↓0

[
g(x̄) ·

f (expy(t(Dexpx̄)exp−1
x̄ yv))− f (x̄)

t

− f (x̄) ·
g(expy(t(Dexpx̄)exp−1

x̄ yv))−g(x̄)

t

]

≤ 1
g2(x̄)

[
g(x̄) limsup

y→x̄, t↓0

f (expy(t(Dexpx̄)exp−1
x̄ yv))− f (x̄)

t

− f (x̄) limsup
y→x̄, t↓0

g(expy(t(Dexpx̄)exp−1
x̄ yv))−g(x̄)

t

]

=
1

g2(x̄)
[g(x̄) f ◦(x̄,v)− f (x̄)g◦(x̄,v)] .
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For any ζ ∈ ∂ ( f ·g)(x̄), there exist ξ ∈ ∂ f (x̄) and η ∈ ∂g(x̄) such that

〈ζ ,v〉x̄ ≤
(

f
g

)◦
(x̄,v)≤ 1

g2(x̄)
[g(x̄) f ◦(x̄,v)− f (x̄)g◦(x̄,v)] =

〈
g(x̄)ξ − f (x̄)η

g2(x̄)
,v
〉

x̄
.

Therefore, we obtain ∂
( f

g

)
(x̄)⊆ g(x̄)∂ f (x̄)− f (x̄)∂g(x̄)

g2(x̄) .

Next, we introduce operations related on intervals. Denote by MI the collection of all bounded
closed intervals in R, MI =

{[
xL,xU] : xL,xU ∈ R, xL ≤ xU} . Given X =

[
xL,xU], Y =

[
yL,yU]∈

MI , and a scalar λ ∈ R, we define the following operations:

X +Y =
[
xL + yL,xU + yU] , λX =

{[
λxL,λxU] , λ ≥ 0,[
λxU ,λxL] , λ < 0.

X×Y =
[
min(xLyL,xLyU ,xU yL,xU yU),max(xLyL,xLyU ,xU yL,xU yU)

]
,

X
Y

=
[
xL,xU]×[ 1

yU ,
1
yL

]
, where yL 6= 0,yU 6= 0.

The gh-difference of X ang Y is defined as[
xL,xU]	gh

[
yL,yU]= [min

{
xL− yL,xU − yU} ,max

{
xL− yL,xU − yU}] .

Definition 2.6. ([7]) For closed intervals X =
[
xL,xU] and Y =

[
yL,yU],

(a) X ≤LU Y if and only if xL ≤ yL and xU ≤ yU ;
(b) X <LU Y if and only if X ≤LU Y and X 6=Y , which can be expressed in one of the following

ways: {
aL < bL

aU ≤ bU or

{
aL ≤ bL

aU < bU or

{
aL < bL

aU < bU .

A mapping f : E ⊂M → MI is called an interval-valued function if, for every x ∈ E, f (x)
is a closed interval in R. This can be expressed as f (x) = [ f L(x), fU(x)], where f L and fU are
real-valued functions satisfying f L(x) ≤ fU(x) for every x ∈ E. The functions f L and fU are
referred to as the endpoint functions of f . By using interval operations, f

g (x) can be expressed
as (see [22])

f (x)
g(x)

=
[

f L(x), fU(x)
]
×
[

1
gU(x)

,
1

gL(x)

]
=

[
f L(x)
gU(x)

,
fU(x)
gL(x)

]
,

where gL(x)> 0 for any x ∈ E.

3. OPTIMALITY CONDITIONS

Throughout this section, we consider the multiobjective fractional interval-valued optimiza-
tion problem on Hadamard manifolds (MFIOP) outlined in [22]

min
f (x)
g(x)

=

(
f1(x)
g1(x)

, . . . ,
fm(x)
gm(x)

)
s.t. h(x) = (h1(x), . . . ,hp(x))≤LU [0,0],

where fk, gk, hs are interval-valued functions and gL
k > 0, (k∈K = {1, . . . ,m}; s∈ S= {1, . . . , p}).

Let f L
k , fU

k ,gL
k ,g

U
k ,h

L
s ,h

U
s : E ⊂M → R be locally Lipschitz functions, with E being a geodesic

convex set. Furthermore, we define D as the set of feasible solutions:

D = {x ∈ E : hs(x)≤LU [0,0],s ∈ S}.
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Definition 3.1. ([21]) A feasible point x̄ is defined as a weak LU-efficient (weak LU-Pareto)
solution to the problem (MFIOP) if no other feasible point x ∈ D satisfies, for every k ∈ K,
fk(x)
gk(x)

<LU
fk(x̄)
gk(x̄)

.

Definition 3.2. ([21]) A feasible point x̄ is called an LU-efficient (LU-Pareto) solution to the
problem (MFIOP) if no other feasible point x ∈D satisfies, for every k ∈ K, fk(x)

gk(x)
≤LU

fk(x̄)
gk(x̄)

, and

there exists at least one k ∈ K for which fk(x)
gk(x)

<LU
fk(x̄)
gk(x̄)

.

Theorem 3.1. If x̄ ∈ D is a weak LU-efficient solution to problem (MFIOP) and the Slater
condition is satisfied at x̄. Then, there exist λ L

k ,λ
U
k > 0, and µL

s ,µ
U
s ≥ 0, for k ∈ K and s ∈ S

such that

0 ∈
m

∑
k=1

λ
L
k (∂ f L

k (x̄)− zk∂gU
k (x̄))+

m

∑
k=1

λ
U
k (∂ fU

k (x̄)−ck∂gL
k (x̄))+

p

∑
s=1

µ
L
s ∂hL

s (x̄)+
p

∑
s=1

µ
U
s ∂hU

s (x̄),

µshs(x̄) = [0,0],

where zk =
f L
k

gU
k
(x̄) and ck =

fU
k

gL
k
(x̄).

Proof. Let x̄ ∈ D be a weak LU-efficient solution to the (MFIOP). We define the function
F : E ⊂M → R as follows:

F(x) = max
{
[ f L

k (x)− zkgU
k (x)]− [ f L

k (x̄)− zkgU
k (x̄)], [ f

U
k (x)− ckgL

k (x)]− [ fU
k (x̄)− ckgL

k (x̄)] ,

hL
s (x),h

U
s (x) | k ∈ K,s ∈ S

}
.

It is obvious that F(x) ≥ 0. Due to the Slater condition being satisfied at x̄, we observe that
hs(x̄) <LU [0,0], s ∈ S. Thus F(x̄) = 0. Hence, F(x) attain its minimum at x̄. Since f L

k (x),
fU
k (x), gL

k (x), gU
k (x), hL

s (x), hU
s (x) : E ⊂M → R are all locally Lipschitz functions, we also see

that F(x) is locally Lipschitz function. Thus 0 ∈ ∂F(x̄). Since x̄ is a weak LU-efficient solution
to the problem (MFIOP), we obtain

∂ [( f L
k (x)− zkgU

k (x))− ( f L
k (x̄)− zkgU

k (x̄))] = ∂ f L
k (x)− zk∂gU

k (x), k ∈ K,

∂ [( fU
k (x)− ckgL

k (x))− ( fU
k (x̄)− ckgL

k (x̄))] = ∂ fU
k (x)− ck∂gL

k (x), k ∈ K.

Hence 0 ∈ conv
{

∂ f L
k (x̄)− zk∂gU

k (x̄),∂ fU
k (x̄)− ck∂gL

k (x̄),∂hL
s (x̄),∂hU

s (x̄),k ∈ K,s ∈ S
}
. Then

there exist λ L
k ,λ

U
k > 0,µL

s ,µ
U
s ≥ 0, k ∈ K,s ∈ S such that

0 ∈
m

∑
k=1

λ
L
k (∂ f L

k (x̄)− zk∂gU
k (x̄))+

m

∑
k=1

λ
U
k (∂ fU

k (x̄)−ck∂gL
k (x̄))+

p

∑
s=1

µ
L
s ∂hL

s (x̄)+
p

∑
s=1

µ
U
s ∂hU

s (x̄),

with ∑
m
k=1 λ L

k +∑
m
k=1 λU

k +∑
p
s=1 µL

s +∑
p
s=1 µU

s = 1. Furthermore, when hs(x̄) <LU [0,0], we
have µL

s = µU
s = 0 for those s ∈ S.

Example 3.1. Let M ⊂ R2 be defined as M := {x = (x1,x2) ∈ R2,x > 0}. Thus M is a
Riemannian manifold equipped with a certain metric. A bilinear form is defined as

〈v1,v2〉x = 〈ρ(x)v1,v2〉x,v1,v2 ∈ TxM ,x ∈M .

where ρ(x) =

(
1
x1

0
0 1

x2

)
. Thus M be termed a Hadamard manifold. For any x ∈M ,v ∈

TxM , we define the exponential map expx : TxM →M as expx(v) = (x1e
v1
x1 ,x2e

v2
x2 ) for all
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v = (v1,v2) ∈M . For any given x,y ⊂M , we have exp−1
x y =

(
x1 ln y1

x1
,x2 ln y2

x2

)
. We consider

the function f (x),g(x),h(x) : M →MI defined as follows for optimization over the Hadamard
manifold (P1):

min
f (x)
g(x)

=
[ f L(x),2 f L(x)]
[x1 +1,x1 +2]

s.t. h(x) = [x2−2,x2−3]≤LU [0,0],

where

f L(x) =

{
x2

1 + x2
2, x1 + x2 ≤ 1,

3, x1 + x2 = 1.

Given that gL(x)> 0, we can express f (x)
g(x) =


[

x2
1+x2

2
x1+2 ,

2(x2
1+x2

2)
x1+1

]
, x1 + x2 ≤ 1,[

3
x1+2 ,

6
x1+1

]
, x1 + x2 = 1.

. The function is

locally Lipschitz, and f (x) is defined by x1 + x2 = 1, which is non-volatile. We have

f (0)
g(0)

	gh
f (x)
g(x)

= [0,0]	gh
f (x)
g(x)

=


[
−2(x2

1+x2
2)

x1+1 ,−x2
1+x2

2
x1+2

]
, x1 + x2 ≤ 1[

− 6
x1+1 ,−

3
x1+2

]
, x1 + x2 = 1

≤LU [0,0].

Thus f (0)
g(0) ≤LU

f (x)
g(x) , and (0,0) is feasible for problem (P1) as a weak LU-efficient solution.

Moreover, we have h(0) <LU [0,0]. Furthermore, due to Slater’s conditions holding at (0,0),
We derive

∂ f L(0,0)− z∂gU(0,0) =
(

0
0

)
,∂ fU(0,0)− c∂gL(0,0) =

(
0
0

)
,

∂hL(0,0) =
(

0
0

)
,∂hU(0,0) =

(
0
0

)
.

By setting λ L = 1
2 ,λ

U = 1
2 ,µ

L = 0,µU = 0, We conclude that

0 ∈ λ
L(∂ f L(0,0)− z∂gU(0,0))+λ

U(∂ fU(0,0)− c∂gL(0,0))+µ
L
∂hL(0,0)+µ

U
∂hU(0,0),

µh(0,0) = [0,0].

The necessary optimality conditions describe the fundamental requirements that weak LU-
efficient solution must fulfill. However, solutions satisfying these conditions may not neces-
sarily be optimal. To rigorously verify weak LU-efficient solution, we must also consider the
sufficient optimality conditions. Under appropriate convexity assumptions, these sufficient con-
ditions offer definitive guarantees of optimality.

Theorem 3.2. Let x̄∈ E be a feasible solution to problem (MFIOP), and assume that there exist
λ L

k ,λ
U
k > 0 and µL

s ,µ
U
s ≥ 0 such that

(a) 0 ∈ ∑
m
k=1 λ L

k (∂ f L
k (x̄)− zk∂gU

k (x̄))+∑
m
k=1 λU

k (∂ fU
k (x̄)− ck∂gL

k (x̄))+∑
p
s=1 µL

s ∂hL
s (x̄)

+∑
p
s=1 µU

s ∂hU
s (x̄),

(b) µshs(x̄) = [0,0], s ∈ S;
(c) f L

k (x)− zkgU
k (x), fU

k (x)− ckgL
k (x),h

L
s (x),h

U
s (x) are all geodesic convexity at x̄,

where zk =
f L
k

gU
k
(x̄) and ck =

fU
k

gL
k
(x̄). Then, x̄ is a weak LU-efficient solution to the problem

(MFIOP).
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Proof. Using condition (a), one has ρL
k ∈ ∂ f L

k (x̄)− zk∂gU
k (x̄),ρ

U
k ∈ ∂ fU

k (x̄)− ck∂gL
k (x̄),w

L
s ∈

∂hL
s (x̄),w

U
s ∈ ∂hU

s (x̄) such that 0=∑
m
k=1 λ L

k ρL
k (x̄)+∑

m
k=1 λU

k ρU
k (x̄)+∑

p
s=1 µL

s wL
s (x̄)+∑

p
s=1 µU

s wU
s (x̄).

It follows that
m

∑
k=1

λ
L
k 〈ρL

k ,exp−1
x (x̄)〉x +

m

∑
k=1

λ
U
k 〈ρ

U
k ,exp−1

x (x̄)〉x

+
p

∑
s=1

µ
L
s 〈wL

s ,exp−1
x (x̄)〉x +

p

∑
s=1

µ
U
s 〈wU

s ,exp−1
x (x̄)〉x = 0.

(3.1)

Assume that x̄ is not a weak LU-efficient solution to the problem(MFIOP). There exists x̃ ∈ D

such that fk(x̃)
gk(x̃)

<LU
fk(x̄)
gk(x̄)

, which implies that f L
k (x̃)

gU
k (x̃)
− f L

k (x̄)
gU

k (x̄)
< 0 and fU

k (x̃)
gL

k (x̃)
− fU

k (x̄)
gL

k (x̄)
< 0. Therefore,

we conclude

f L
k (x̃)− zkgU

k (x̃) =
[

f L
k (x̃)

gU
k (x̃)

−
f L
k (x̄)

gU
k (x̄)

]
gU

k (x̃)< 0 = f L
k (x̄)− zkgU

k (x̄).

Similarly, we can obtain fU
k (x̃)− ckgL

k (x̃)< fU
k (x̄)− ckgL

k (x̄). From λ L
k ,λ

U
k > 0, we obtain

m

∑
k=1

λ
L
k
(

f L
k (x̃)− zkgU

k (x̃)
)
<

m

∑
k=1

λ
L
k ( f L

k (x̄)− zkgU
k (x̄)),

m

∑
k=1

λ
U
k
(

fU
k (x̃)− ckgL

k (x̃)
)
<

m

∑
k=1

λ
U
k ( fU

k (x̄)− ckgL
k (x̄)),

From conditions (c), we see that[
f L
k (x̃)− zkgU

k (x̃)
]
−
[

f L
k (x̄)− zkgU

k (x̄)
]
≥ 〈ρL

k ,exp−1
x̄ (x̃)〉x̄,[

fU
k (x̃)− ckgL

k (x̃)
]
−
[

fU
k (x̄)− ckgL

k (x̄)
]
≥ 〈ρU

k ,exp−1
x̄ (x̃)〉x̄.

Hence, we have

0 >
m

∑
k=1

λ
L
k
{[

f L
k (x̃)− zkgU

k (x̃)
]
−
[

f L
k (x̄)− zkgU

k (x̄)
]}
≥

m

∑
k=1

λ
L
k 〈ρL

k ,exp−1
x̄ (x̃)〉x̄,

0 >
m

∑
k=1

λ
U
k
{[

fU
k (x̃)− ckgL

k (x̃)
]
−
[

fU
k (x̄)− ckgL

k (x̄)
]}
≥

m

∑
k=1

λ
U
k 〈ρ

U
k ,exp−1

x̄ (x̃)〉x̄.

It follows that ∑
m
k=1 λ L

k 〈ρL
k ,exp−1

x̄ (x̃)〉x̄ +∑
m
k=1 λU

k 〈ρ
U
k ,exp−1

x̄ (x̃)〉x̄ < 0. Due to ∑
p
s=1 µL

s hL
s (x̃)≤

0 and ∑
p
s=1 µU

s hU
s (x̃) ≤ 0 under conditions (b) and (c), we deduce ∑

p
s=1 µL

s 〈wL
s ,exp−1

x̄ (x̃)〉x̄ ≤ 0
and ∑

p
s=1 µU

s 〈wU
s ,exp−1

x̄ (x̃)〉x̄ ≤ 0. Thus

m

∑
k=1

λ
L
k 〈ρL

k ,exp−1
x̄ (x̃)〉x̄ +

m

∑
k=1

λ
U
k 〈ρ

U
k ,exp−1

x̄ (x̃)〉x̄

+
p

∑
s=1

µ
L
s 〈wL

s ,exp−1
x̄ (x̃)〉x̄ +

p

∑
s=1

µ
U
s 〈wU

s ,exp−1
x̄ (x̃)〉x̄ < 0.

which leads to a contradiction to (3.1). The theorem is proved.
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Example 3.2. Let M ⊂ R2 be defined as M := {x = (x1,x2) ∈ R2,x > 0}. Thus M is a
Riemannian manifold equipped with a certain metric. A bilinear form is defined by

〈v1,v2〉x = 〈ρ(x)v1,v2〉x,v1,v2 ∈ TxM ,x ∈M ,

where ρ(x)=

(
1
x1

0
0 1

x2

)
. Let M be termed a Hadamard manifold. For any x∈M ,v∈TxM , we

define the exponential map expx : TxM →M by expx(v) = (x1e
v1
x1 ,x2e

v2
x2 ) for all v = (v1,v2) ∈

M . For any given x,y⊂M , we have exp−1
x y =

(
x1 ln y1

x1
,x2 ln y2

x2

)
. Let f (x),g(x),h(x) : M →

MI be defined as functions. Consider the following optimization problem over the Hadamard
manifold (P2):

min
f (x)
g(x)

=
[|x1−1|+ x1−1, |x1−1|+ x1]

[x1,x1 +1]
s.t. h(x) = [x1−1,x1 + x2]≤LU [0,0].

Let f L
k (x), fU

k (x),gL
k (x),g

U
k (x),h

L
s (x),h

U
s (x) : E ⊂M → R be a locally Lipschitz function at

x = (1,1), and be geodesic convex. We obtain

∂ f (x) =


2x2

1, x > 1,
2x2

1t, t ∈ [0,1], x = 1,
0, x < 1.

∂g(x) = 1.

z =
f L(1,1)
gU(1,1)

=

(
0
0

)
, c =

fU(1,1)
gL(1,1)

=

(
1
0

)
,

∂ f L(1,1)− z∂gU(1,1) =
(

0
0

)
, ∂ fU(1,1)− c∂gL(1,1) =

(
−1
0

)
,

∂hL(1,1) =
(

1
0

)
, ∂hU(1,1) =

(
1
1

)
.

Setting λ L = 1,λU = 1,µL = 1,µU = 0, we obtain

0 ∈ λ
L(∂ f L(1,1)− z∂gU(1,1))+λ

U(∂ fU(1,1)− c∂gL(1,1))+µ
L
∂hL(1,1)+µ

U
∂hU(1,1),

µh(1,1) = [0,0].

We conclude that (1,1) is a weak LU-efficient solution to problem (P2). It is easy to verify

f (1,1)
g(1,1)

	gh
f (x)
g(x)

=

[
−|x1−1|+ x1−1

x1 +1
,−|x1−1|

x1

]
≤LU [0,0].

4. DUALITY THEORY

In this section, we define the Mond-Weir type dual problem associated with the problem
(MFIOP). We explore the connection between the primal problem (MFIOP) and its correspond-
ing dual (MWD), and prove the duality results.
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We consider the Mond-Weir type dual problem (MWD):

max
f (y)
g(y)

=

(
f1(y)
g1(y)

, . . . ,
fm(y)
gm(y)

)
,

s.t. (y,λ L
k ,λ

U
k ,µL

s ,µ
U
s ) ∈W,

W =

{
(y,λ L

k ,λ
U
k ,µL

s ,µ
U
s ) : 0 ∈

m

∑
k=1

λ
L
k (∂ f L

k (y)− zk∂gU
k (y)+

m

∑
k=1

λ
U
k (∂ fU

k (y)− ck∂gL
k (y))

+
p

∑
s=1

µ
L
s ∂hL

s (y)+
p

∑
s=1

µ
U
s ∂hU

s (y),
p

∑
s=1

µshs(y)≥ [0,0],λ L
k > 0,λU

k > 0,µL
s ≥ 0,

µ
U
s ≥ 0,k ∈ K,s ∈ S

}
,

which denotes the entire feasible region for (MWD). In addition, We also assume Y = {y ∈
E : (y,λ L

k ,λ
U
k ,µL

s ,µ
U
s ) ∈W}. (ȳ,λ L

k ,λ
U
k ,µL

s ,µ
U
s ) is a weak LU-efficient solution to problem

(MWD) if any (y,λ L
k ,λ

U
k ,µL

s ,µ
U
s ) ∈W does not satisfy fk(ȳ)

gk(ȳ)
<LU

fk(y)
gk(y)

. (ȳ,λ L
k ,λ

U
k ,µL

s ,µ
U
s ) is

an LU-efficient solution to problem (MWD) if any (y,λ L
k ,λ

U
k ,µL

s ,µ
U
s ) ∈W does not satisfy

fk(ȳ)
gk(ȳ)
≤LU

fk(y)
gk(y)

.

Theorem 4.1. (Weak Duality): Let x and (y,λ L
k ,λ

U
k ,µL

s ,µ
U
s ) represent feasible solutions to

the problems (MFIOP) and (MWD). If f L
k (x)− zkgU

k (x), fU
k (x)− ckgL

k (x),h
L
s (x),h

U
s (x) are the

geodesic convex functions on D∪Y , then it does not hold that fk(x)
gk(x)

<LU
fk(y)
gk(y)

.

Proof. Since (y,λ L
k ,λ

U
k ,µL

s ,µ
U
s ) represent feasible solutions to problems (MWD), there exist

λ L
k ,λ

U
k > 0, µL

s ,µ
U
s ≥ 0 and ρL

k ∈ ∂ f L
k (y)− zk∂gU

k (y), ρU
k ∈ ∂ fU

k (y)− ck∂gL
k (y), wL

s ∈ ∂hL
s (y),

wU
s ∈ ∂hU

s (y) such that 0 = ∑
m
k=1 λ L

k ρL
k (y)+∑

m
k=1 λU

k ρU
k (y)+∑

p
s=1 µL

s wL
s (y)+∑

p
s=1 µU

s wU
s (y).

It follows that
m

∑
k=1

λ
L
k 〈ρL

k ,exp−1
y (x)〉y +

m

∑
k=1

λ
U
k 〈ρ

U
k ,exp−1

y (x)〉y

+
p

∑
s=1

µ
L
s 〈wL

s ,exp−1
y (x)〉y +

p

∑
s=1

µ
U
s 〈wU

s ,exp−1
y (x)〉y = 0.

(4.1)

Equality x = y immediately implies that the weak duality holds. If x 6= y, we suppose fk(x)
gk(x)

<LU

fk(y)
gk(y)

, which implies that f L
k (x)

gU
k (x)
− f L

k (y)
gU

k (y)
< 0 and fU

k (x)
gL

k (x)
− fU

k (y)
gL

k (y)
< 0. Thus

f L
k (y)− zkgU

k (y) =
[

f L
k (y)

gU
k (y)

−
f L
k (x̄)

gU
k (x̄)

]
gU

k (y)> 0≥
[

f L
k (x)

gU
k (x)

−
f L
k (x̄)

gU
k (x̄)

]
gU

k (x) = f L
k (x)− zkgU

k (x).

Similarly, we can obtain fU
k (y)− ckgL

k (y)> fU
k (x)− ckgL

k (x). From λ L
k ,λ

U
k > 0, we see that

m

∑
k=1

λ
L
k
(

f L
k (y)− zkgU

k (y)
)
>

m

∑
k=1

λ
L
k ( f L

k (x)− zkgU
k (x)),

m

∑
k=1

λ
U
k
(

fU
k (y)− ckgL

k (y)
)
>

m

∑
k=1

λ
U
k ( fU

k (x)− ckgL
k (x)).
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Since the functions f L
k (x)−zkgU

k (x), fU
k (x)− tkgL

k (x),h
L
s (x),h

U
s (x) are geodesic convex function

on D∪Y , Lemma 2.2 directly yields[
f L
k (x)− zkgU

k (x)
]
−
[

f L
k (y)− zkgU

k (y)
]
≥ 〈ρL

k ,exp−1
y (x)〉y, , k ∈ K,[

fU
k (x)− ckgL

k (x)
]
−
[

fU
k (y)− ckgL

k (y)
]
≥ 〈ρU

k ,exp−1
y (x)〉y, k ∈ K,

hL
s (x)−hL

s (y)≥ 〈wL
s ,exp−1

y (x)〉y, hU
s (x)−hU

s (y)≥ 〈wU
s ,exp−1

y (x)〉y, s ∈ S,

where ρL
k ∈ ∂ f L

k (x̄)− zk∂gU
k (x̄),ρ

U
k ∈ ∂ fU

k (x̄)− ck∂gL
k (x̄),w

L
s ∈ ∂hL

s (x̄),w
U
s ∈ ∂hU

s (x̄). Thus

0 >
m

∑
k=1

λ
L
k
{[

f L
k (x)− zkgU

k (x)
]
−
[

f L
k (y)− zkgU

k (y)
]}
≥

m

∑
k=1

λ
L
k 〈ρL

k ,exp−1
y (x)〉y,

0 >
m

∑
k=1

λ
U
k
{[

fU
k (x)− ckgL

k (x)
]
−
[

fU
k (y)− ckgL

k (y)
]}
≥

m

∑
k=1

λ
U
k 〈ρ

U
k ,exp−1

y (x)〉y,

p

∑
s=1

µ
L
s hL

s (x)−
p

∑
s=1

µ
L
s hL

s (y)≥
p

∑
s=1

µ
L
s 〈wL

s ,exp−1
y (x)〉y,

p

∑
s=1

µ
U
s hU

s (x)−
p

∑
s=1

µ
U
s hU

s (y)≥
p

∑
s=1

µ
U
s 〈wU

s ,exp−1
y (x)〉y.

Thus ∑
m
k=1 λ L

k 〈ρL
k ,exp−1

y (x)〉y +∑
m
k=1 λU

k 〈ρ
U
k ,exp−1

y (x)〉y < 0. Since x and (y,λ L
k ,λ

U
k ,µL

s ,µ
U
s )

are feasible solutions of problem (MFIOP) and (MWD), respectively, we have ∑
p
s=1 µL

s hL
s (x)−

∑
p
s=1 µL

s hL
s (y)≤ 0 and ∑

p
s=1 µU

s hU
s (x)−∑

p
s=1 µU

s hU
s (y)≤ 0. Hence ∑

p
s=1 µL

s 〈wL
s ,exp−1

y (x)〉y ≤ 0
and ∑

p
s=1 µU

s 〈wU
s ,exp−1

y (x)〉y ≤ 0. It follows that
m

∑
k=1

λ
L
k 〈ρL

k ,exp−1
y (x)〉y +

m

∑
k=1

λ
U
k 〈ρ

U
k ,exp−1

y (x)〉y

+
p

∑
s=1

µ
L
s 〈wL

s ,exp−1
y (x)〉y +

p

∑
s=1

µ
U
s 〈wU

s ,exp−1
y (x)〉y < 0,

which contradicts (4.1). This completes the proof.

Theorem 4.2. (Strong Duality) Let x̄ be a weak LU-efficient solution to problem (MFIOP), and
assume that the Slater constraint qualification is satisfied at x̄. Then, there exist λ̄ L

k , λ̄
U
k , µ̄L

s , µ̄
U
s

such that (ȳ, λ̄ L
k , λ̄

U
k , µ̄L

s , µ̄
U
s ) is feasible for problem (MWD), and the objective functions of

problems (MFIOP) and (MWD) coincide at x̄. If every assumption of the weak duality theorem
holds, then (x̄, λ̄ L

k , λ̄
U
k , µ̄L

s , µ̄
U
s ) is a weak LU-efficient solution to problem (MWD).

Proof. x̄ is classified as a weakly LU-efficient solution of (MFIOP). Then, there exist λ̄ L
k , λ̄

U
k > 0

and µ̄L
s , µ̄

U
s ≥ 0 for k ∈ K and s ∈ S such that µ̄shs(x̄) = [0,0] and

0 ∈
m

∑
k=1

λ̄
L
k (∂ f L

k (x̄)− zk∂gU
k (x̄))+

m

∑
k=1

λ̄
U
k (∂ fU

k (x̄)−ck∂gL
k (x̄))+

p

∑
s=1

µ̄
L
s ∂hL

s (x̄)+
p

∑
s=1

µ̄
U
s ∂hU

s (x̄).

Thus (x̄, λ̄ L
k , λ̄

U
k , µ̄L

s , µ̄
U
s ) is a feasible solution of (MWD). Thus, the objective functions of

(MFIOP) and (MWD) have the same value . According to the weak duality theorem, fk(x̄)
gk(x̄)

<LU
fk(y)
gk(y)

does not hold. Therefore, (x̄, λ̄ L
k , λ̄

U
k , µ̄L

s , µ̄
U
s ) is a weak LU-efficient solution to problem

(MWD).
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Theorem 4.3. (Inverse duality) Let (ȳ, λ̄ L
k , λ̄

U
k , µ̄L

s , µ̄
U
s ) be a weakly LU-efficient solution of the

problem (MWD), with ȳ ∈ D. If f L
k (x)− zkgU

k (x), fU
k (x)− ckgL

k (x),h
L
s (x), hU

s (x) are geodesic
convex functions on D∪Y , then ȳ is a weak LU-efficient solution of the problem (MFIOP).

Proof. Since (ȳ, λ̄ L
k , λ̄

U
k , µ̄L

s , µ̄
U
s ) constitutes a weakly LU-efficient solution of (MWD), we

have fk(y)
gk(y)
≤LU

fk(ȳ)
gk(ȳ)

. From Theorem 4.1, we see that fk(y)
gk(y)
≤LU

fk(x)
gk(x)

. Since ȳ ∈ D, we obtain
fk(ȳ)
gk(ȳ)
≤LU

fk(x)
gk(x)

. Therefore, ȳ is a weak LU-efficient solution of (MFIOP).

Theorem 4.4. (Restricted Inverse Duality) Let (ȳ, λ̄ L
k , λ̄

U
k , µ̄L

s , µ̄
U
s ) be a feasible solution of

(MWD). If f L
k (x)− zkgU

k (x), fU
k (x)− ckgL

k (x), hL
s (x), hU

s (x) are geodesic convex functions on
D∪Y , and there exists a point x̄ ∈ D such that fk(ȳ)

gk(ȳ)
= fk(x̄)

gk(x̄)
, then ȳ is a weak LU-efficient

solution to (MFIOP).

Proof. Suppose ȳ is not a weak LU-efficient solution of the problem (MFIOP). Then There

exists x̃ ∈ D such that fk(x̃)
gk(x̃)

<LU
fk(ȳ)
gk(ȳ)

, which implies f L
k (x̃)

gU
k (x̃)
− f L

k (ȳ)
gU

k (ȳ)
< 0 and fU

k (x̃)
gL

k (x̃)
− fU

k (ȳ)
gL

k (ȳ)
< 0.

Therefore,

f L
k (x̃)− zkgU

k (x̃) =
[

f L
k (x̃)

gU
k (x̃)

−
f L
k (ȳ)

gU
k (ȳ)

]
gU

k (x̃)< 0 = f L
k (ȳ)− zkgU

k (ȳ).

Similarly, we have fU
k (x̃)− ckgL

k (x̃)< fU
k (ȳ)− ckgL

k (ȳ). From λ L
k ,λ

U
k > 0, we obtain

m

∑
k=1

λ
L
k
(

f L
k (x̃)− zkgU

k (x̃)
)
<

m

∑
k=1

λ
L
k ( f L

k (ȳ)− zkgU
k (ȳ)),

m

∑
k=1

λ
U
k
(

fU
k (x̃)− ckgL

k (x̃)
)
<

m

∑
k=1

λ
U
k ( fU

k (ȳ)− ckgL
k (ȳ)),

Note that f L
k (x)−skgU

k (x), fU
k (x)−tkgL

k (x),h
L
s (x),h

U
s (x) are geodesic convex functions on D∪Y .

Lemma 2.2 yields[
f L
k (x̃)− zkgU

k (x̃)
]
−
[

f L
k (ȳ)− zkgU

k (ȳ)
]
≥ 〈ρL

k ,exp−1
ȳ (x̃)〉ȳ, k ∈ K,[

fU
k (x̃)− ckgL

k (x̃)
]
−
[

fU
k (ȳ)− ckgL

k (ȳ)
]
≥ 〈ρU

k ,exp−1
ȳ (x̃)〉ȳ, k ∈ K,

hL
s (x̃)−hL

s (ȳ)≥ 〈wL
s ,exp−1

ȳ (x̃)〉ȳ, hU
s (x̃)−hU

s (ȳ)≥ 〈wU
s ,exp−1

ȳ (x̃)〉ȳ, s ∈ S.

We can derive

0 >
m

∑
k=1

λ
L
k
{[

f L
k (x̃)− zkgU

k (x̃)
]
−
[

f L
k (ȳ)− zkgU

k (ȳ)
]}
≥

m

∑
k=1

λ
L
k 〈ρL

k ,exp−1
ȳ (x̃)〉ȳ,

0 >
m

∑
k=1

λ
U
k
{[

fU
k (x̃)− ckgL

k (x̃)
]
−
[

fU
k (ȳ)− ckgL

k (ȳ)
]}
≥

m

∑
k=1

λ
U
k 〈ρ

U
k ,exp−1

ȳ (x̃)〉ȳ,

p

∑
s=1

µ̄
L
s hL

s (x̃)−
p

∑
s=1

µ̄
L
s hL

s (ȳ)≥
p

∑
s=1

µ̄
L
s 〈wL

s ,exp−1
ȳ (x̃)〉ȳ,

p

∑
s=1

µ̄
U
s hU

s (x̃)−
p

∑
s=1

µ̄
U
s hU

s (ȳ)≥
p

∑
s=1

µ̄
U
s 〈wU

s ,exp−1
ȳ (x̃)〉ȳ.
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Thus ∑
m
k=1 λ L

k 〈ρL
k ,exp−1

ȳ (x̃)〉ȳ +∑
m
k=1 λU

k 〈ρ
U
k ,exp−1

ȳ (x̃)〉ȳ < 0. Since (ȳ, λ̄ L
k , λ̄

U
k , µ̄L

s , µ̄
U
s ) ∈W

and x̃ ∈ D, we have
m

∑
k=1

λ̄
L
k 〈ρL

k ,exp−1
ȳ (x̃)〉ȳ +

m

∑
k=1

λ̄
U
k 〈ρ

U
k ,exp−1

ȳ (x̃)〉ȳ

+
p

∑
s=1

µ̄
L
s 〈wL

s ,exp−1
ȳ (x̃)〉ȳ +

p

∑
s=1

µ̄
U
s 〈wU

s ,exp−1
ȳ (x̃)〉ȳ < 0.

This contradicts the constraint conditions of (MWD), thereby proving the theorem.

5. CONCLUSIONS

In this paper, we investigated multiobjective fractional interval-valued optimization problems
on Hada-mard manifolds and presented the KKT-type optimality conditions and the Mond-Weir
type duality theorems for these problems. We can transform nonconvex functions in Euclidean
space into geodesic convex functions on Hadamard manifolds. Therefore, the results presented
in this paper have a broader applicability than the results presented in [18]. Compared with [13],
our results extend the analysis from differentiable cases to nondifferentiable cases. Furthermore,
we may further investigate the optimality conditions and dual problems for nondifferentiable
second-order interval-valued optimization problems on Hadamard manifolds.
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