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Abstract. In this paper, we introduce an iterative process, which converges strongly to the solution of a general
split fixed point problem governed by demicontractive mappings and prove strong convergence theorems in Banach
spaces.
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1. INTRODUCTION

Let C be a nonempty, closed and convex subset of a real Banach space E. Let T : C — C be
a nonlinear mapping and let the fixed point set of T be denoted by F (7). Let f : E — R be
a nonnegative lower semicontinuous (l.s.c) convex function. Recall that the general split fixed
point problem (GSFPP) is to

find x* € F(T) such that f(x*) = 0. (1.1)

The solution set of the general split fixed point problem is denoted by Q. If, in (1.1), E =
E| X E,, where E| and E, are real Banach spaces, and f: E — R and T : E — E are defined by

1
flx,y) = EHAx—Bsz and T'(x,y) = (T1x, T2y),

where A : Ey — E3 and B : E; — E3 are two bounded linear mappings, where E3 the third real
Banach space, and T : E; — E; and T, : E; — E; are nonlinear mappings. Then, we can easily
see that F(T) = F(Ty) x F(T») and problem (1.1) coincides with the split equality fixed point
problem (SEFPP) given by

find x* € F(T1) and y* € F(T3) such that Ax* = By", (1.2)

which allows asymmetric and partial relations between the variables x and y. The interest in
SEFPP is to cover many situations, for instance, fully discretized models of inverse problems,
which arise from medical image reconstruction; see, e.g., [3, 5, 6]).

*Corresponding author.
E-mail addresses: habtuzh@yahoo.com (H. Zegeye), boikanyoa@ gmail.com (O.A. Boikanyo).
Received May 12, 2020; Accepted July 1, 2020.
(©2020 Applied Set-Valued Analysis and Optimization

223



224 H.ZEGEYE, O.A. BOIKANYO

If, in (1.2), E; = E3 and B = I, the identity mapping, then split equality problem (1.2) is
reduced to the following split common fixed point problem (SCFPP) (originally introduced in
Censor and Segal [3]), which is to

find x* € F(T) such that Ax* € F(T»). (1.3)

The problem SCFPP is a core for modelling many significant real-world inverse problems, such
as, radiation therapy treatment planning, data compression, magnetic resonance imaging, neural
networks and graph matching. For more details and other examples, we refer to [2, 12] and the
references therein.

Recently, many authors proposed various methods for solving the problems related to SEFPP
and SCFPP or their particular cases; see, e.g., [2, 4, 5, 7, 8,9, 11]. However, most of them used
the iterative methods, which depend on the associated operator norms ||A|| and ||B||. This may
not be an easy task to compute in applications. To overcome this numerical drawback, many
authors further proposed some new iterative methods for solving the problems of SEFPP and
SCFPP governed by some type of nonlinear mappings without requiring any prior knowledge
of the associated operator norms; see, e.g., [12, 18, 19, 20].

Now, we give the definitions of the nonlinear mappings involved in this paper. Let C be a
nonempty subset of a real Banach space E whose dual is denoted by E*. A mapping 7 : C — E
is said to be L-Lipschitz if

ITx—=Ty|| <L[lx—yl|, Vx,yeC.
If L =1, then T is said to be nonexpansive. Recall that T is said to be quasi-nonexpansive if
F(T) # 0 and
| Tx—Tx"|| <|]x—x*||, VxeC,x*e€F(T).
T is said to be firmly quasi-nonexpansive if F(T) # @ and
|Tx—Tx*||> < |x—x*||> = ||x—Tx||?, VxeC,x*eF(T).

We observe that the class of quasi-nonexpansive mappings includes the class of nonexpansive
mappings with F(7') # 0 and the class of firmly quasi-nonexpansive mappings.

Recall that a mapping T : C — E 1is said to be k-strictly pseudocontractive if there exists
k € (0,1) such that

(Tx =Ty, jg(x=y)) <[l =yl =kllx—y—(Tx=Ty)||?, Vx,yeC, (1.4)
for j,(x) € J,(x), where J, is defined by
Jo) = {x" € B (xx) = I, |l = )71,

for ¢ > 1. In particular, J, = J, = J is called the normalized duality mapping. It is known that
E is smooth if and only if J, is single-valued. Furthermore, we have the following properties:

1. Jy(x) = |[x]|972J (x) for all x € E with x # 0.

2. J,(tx) =971, (x) for all x € E and 1 € [0, 0).

3. Jy(—x) = —Jy(x) forallx € E.

It is known that if £ is uniformly smooth and uniformly convex, then the duality mapping J,
from E* into 2F, where p > 1 such that %]+1—17 = 1, is one-to-one, single-valued and satisfies

J, = (Jq)’1 (see [13]). If E := H is a real Hilbert space, then ¢ =2 and J, =J = I, where [ is
the identity mapping. The duality mapping J, from a smooth Banach space E into E* is said to
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be weakly sequentially continuous generalized duality mapping if, for all {x,} C E with x,, — x,
Jq(xn) =" J4(x).
Recall that 7 is said to be demicontractive if F(T) # @ and there exists k € (0, 1) such that

(Tx—x", jg(x—x")) <|lx—x"||9 —k||x—Tx||?, forallx € C,x* € F(T).

(1.5)
We remark that in Hilbert spaces, (1.4) and (1.5) are equivalent to the inequalities
1Tx =TI < [lx = yI[2+ Kl (x—y) — (Tx— Ty)|1%, for k= (1-2k) < 1,
(1.6)
and
[|[Tx—Tx*||> < ||x —x*||* + K||x — Tx||?, for k = (1—2k) < 1, (1.7)

respectively. Clearly, every k-strictly pseudocontractive mapping 7 with a nonempty fixed point
set is demicontractive. In addition, we observe that, in Hilbert spaces, the class of demi-
contractive mappings includes the class of quasi-nonexpansive and hence the class of firmly
quasi-nonexpansive mappings. In [18, 19], the authors obtained weak convergence results to
a solution of the split equality fixed point problem (1.2) governed by quasi-nonexpansive op-
erators. On the other hand, Zhao and Zhang [20] proved a strong convergence result under
the assumption that the mapping 7 is firmly quasi-nonexpansive. More recently, Giang et al.
[10] constructed an iterative scheme for approximating solutions of the problem (1.1) governed
by quasi-nonexpansive mappings and proved the strong convergence of the scheme in Hilbert
spaces. These works lead to the following important question.

Question 1.1. Can we obtain an iterative scheme, which converges strongly to a solution of
the general split fixed point problem governed by a more general class of mappings in Banach
spaces?

In this paper, it is our purpose to construct an algorithm, which converges strongly to a
solution of the problem (1.1) governed by demicontractive self mappings without requiring any
prior knowledge of the associated operator norms in g-uniformly smooth Banach spaces. Our
theorems extend and complement the existing results in this research direction.

2. PRELIMINARIES

Let E be a real Banach Space. The modulus of smoothness of E is the function pg : [0,c0) —
[0,c0) defined by

1
pe(7) = sup{Z ([lx+y[[ +[lx=yll) = 1+ [lx[| = L. ly]| = 7}.

If pe(t) > 0 for all T > 0, then E is said to be smooth. If there exists a constant ¢ > 0 and a real
number 1 < g < oo such that pg(7) < ¢, then E is said to be g-uniformly smooth.
It is known (see, for example, [1]) that

q —uniformly smooth if 1<q<?2;

.
Ly (1p) or Wi is { 2 —uniformly smooth if q > 2.
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If E is a g-uniformly smooth real Banach space, we have from [15] the following geometric

inequality

[+ 117 < lxl|? + g (3 Jg () +cq VN1, 2.1
for all x,y € E, where ¢, > 0 is the best g-uniformly smooth constant of the space. If E =H, a
real Hilbert space, then ¢ =2 and ¢, = 1.

A real Banach space E is called strictly convex if, for all x,y € E, x # vy, ||x|| = ||y|| = 1,
[|[Ax+ (1 —=A)y|| < 1, VA € (0,1). The Banach space E is said to be uniformly convex if,
Ve > 0, there exists 6 > 0 such that, for all x,y € E with ||x|]| <1, |ly]| <1 and |[[x—y| > &,
H%(x—ky)H <1-0. Itis well known that L,, £, and Sobolev spaces Wh, (1 < p < ), are
uniformly convex. It is also known that E is g-uniformly smooth if and only if E* is p-uniformly
convex, where p > 1 satisfying % +611 =1 (see, e.g., [13]).

Let C be a nonempty, closed and convex subset of E. The metric projection

Pex = argmin||x—y||,x € E,
yeC
is the unique minimizer of the norm distance, which can be characterized by the following
variational inequality:
(x — Pex,Jy(z— Pcx)) <0,VYz € C. (2.2)
We next state the following lemmas, which will be used in the sequel.

Lemma 2.1. [15] Let p > 1, and r > 0 be two fixed real numbers. Then E is uniformly convex
if and only if there exists a continuous, strictly increasing and convex function

g:RT - RT g(0) =0,
such that, for all x,y € B, ={x € E : ||x|| <r} and 0 <A < 1,
[[Ax+ (1= 2)yl|” < A[[x[]7 + (1= 2)[yI)” = Wp(d)g([lx—yl]), (2.3)
where Wy(A) :=AP(1—A)+A(1—A)P.
Lemma 2.2. [17] Let E be a real g-uniformly smooth Banach space, and let C be a closed

convex subset of E. Let T : C — C be a demicontractive mapping with constant k and F (T ) # 0.
For a € (0,1), we define Tyx := (1 — a)x+ aTx, for all x € C. If o € [0,u], where u =

min{1, (Zl;)qu} then F(T) = F(Ty) and
(| Tox = Toox™[| < [ —x*[|7 — ex(gk — cqae™ )| (x — Tx) |,
(2.4)

Lemma 2.3. [15] Let E be a real normed linear space, and J, : E — 2E*,1 < g < oo, be the
generalized duality mapping. Then, for any x,y € E, the following inequality holds.

eyl < Jxl[7 + (3, g (x+3)),
forall jy(x+y) € Jy(x+y).

Lemma 2.4. [17] Let C be a nonempty, closed and convex subset of a real g-uniformly smooth
space E. Let T; : C = E, i = 1,...,N, be Aj—strictly pseudocontractive mappings such that
MW F(T;) #0. Let T := 0Ty + 6, Tr + ... + OnTy with 01+ 6+ ...+ 6Oy = 1. Then T is A-
strictly pseudocontractive with A :=min{%; : i =1,2,....,N} and F(T) = N, F(T;).
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Lemma 2.5. [21] Let E be a real uniformly convex Banach space, and let K a be nonempty
closed convex subset of E. Let T : K — K be a continuous pseudo-contractive mapping. Then,
(I —T) is demiclosed at zero, that is, for any sequence {x,} C C with {x,} converging weakly
to x*, and x, — Tx, — 0, we have x* = Tx*.

Lemma 2.6. [16] Let {a,} be a nonnegative real number sequences such that
an+1 < (1 - an)an + Ocn5n,n > ng,

where {0, } C (0,1) and {8, } C R satisfy the following conditions: limsup 6, <0and Y, | 0, =
n—yo0
oo, Then, lim a, = 0.

n—oo
Lemma 2.7. [14] Let {a,} be real number sequence such that there exists a subsequence {n;}
of {n}, which satisfies a,, < an.y1 for all i € N. Then there exists a nondecreasing sequence
{my} C N such that my — oo and the following properties are satisfied by all (sufficiently large)
numbers k € N: ap, < a1 and ay < a1 1. Indeed, my = max{j <k:a; <aji1}.

3. MAIN RESULT

For the rest of this paper, let E be a g-uniformly smooth (1 < g < o) and uniformly convex real
Banach spaces E with ¢, < 1, where ¢, is a constant in (2.1). Let f : E — R be nonnegative
I.s.c. convex function with d,, a search direction and

Pnf (xn) .
An = { [ldnllP dn 7 0;

0, otherwise,

where p, € (0,¢) and p > 1 such that é + % = 1, with the following Assumptions:
Al. (dp,xn —x") > f(xy) foralln € Nand forallx* € Q= {x € F(T) : f(z) = 0};
A2.0<A <A, <Aforalln el :={neN:d,+#0} for some A,A € R and
A3. infuer[p? ! (g— pn)] > 0.

We remark that any vector d,, € d f(x,), where d f is the subdifferential of f, is an example
of direction vector satisfying Assumption (Al). Indeed, since f(x*) =0, we have from the
definition of the subdifferential of a convex function that

0> f(xn) + (dn,x* —x). (3.1)

Thus, Assumption (A1) is satisfied.
Now, we are in a position to prove the following theorem.

Theorem 3.1. Let T : E — E be a demicontractive mapping. Assume that Q = {x* € F(T) :
f(x*) =0} # 0. For arbitrary xo,u € E, we define an iterative algorithm by

{ Un = Xn —A,,J‘;Idn,

Xnt1 = Ouu~+ (1 —0) ((1 —bp)uy —|—b,,Tu,,)), (3-2)

where by, € (c, ] C (0,1) for some ¢ >0 and u < min{l,{z—l;}q%l}for alln>0, and {a, } C
(0,1),Yn > 0. Then {x,} is bounded.
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Proof. Let x* € Q, thatis, x* € F(T) and f(x*) = 0. Now, from (3.2) and inequality (2.1), we
get

ltn —x*|9 = || (o0 —X*) — And,; ]|
1Ay | — qA8 ™" (ot —x* ) + gt — 27|
Ad||dnl P — gAd ™ (0 — x* d) + cq | — x*||
[ —x*||9 = qAd " £ () + A |||
* — f(xn)q f(xn)q
= b=l —apg
" ||dn||7 ||dn||7
f(xn)q
|| dn||7
< e =XM1, (3.4)

IN

VARVAN

+oi

= | —x"|7—pd "' (g— pn) (3.3)

Furthermore, from (3.2), Lemmas 2.1 and ??, and the definition of A,, we find

|06y (0 —x*) + (1 — ;) ((1 — b))ty + by Tuy — x*)| |4
O ||u—x*||94+ (1 — o) ||(1 — by)up + by Tuy — x*||4
it — 619+ (1 — ) [ —
_bn(qk_cqbzil)HT”n _”an]

[n 1 — 7|

IAIA

IN

O 10— x| 4 (1 = 0ta) | a — 2|7 — (1 — 0ta) pf " (g — i)
—(1 — o) by (gk — c b4 || Tuy — |7 (3.5)
From the hypothesis, we have
gk —c,b%™! > 0and inf pd~ (g —pn) > 0. (3.6)

Thus, inequality (3.5) implies that

[P =27 < o= o[+ (1 = o) [ ] — 27|, 3.7)
It follows that

[Pensr =7 < max{||u =27 []xo — 7|7}, Vn > 0,

which shows that {x,} and {u,} are bounded. This completes the proof. O

Theorem 3.2. Let E admit a weakly sequentially continuous generalized duality mapping. Let
T : E — E be a demicontractive mapping such that (I — T) is demiclosed at zero. Assume
that Q :={x* € F(T): f(x*) =0} # 0 and {o,} C (0,d] C (0,1) for some d > 0, satisfying
nlglgo o, =0, Y 0 =oo. Let the sequence {x,} be defined by (3.2). Then, {x,} converges

strongly to an element x* = Pqou € Q, where P, is the metric projection onto
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Proof. From Theorem 3.1, we have that {x,} is bounded. Let x* = Pou. Now, from (3.2),
Lemmas ??, 2.3 and (3.3), we get that

X1 =X =[]0+ (1= 04) ((1 = b )y + bnTuy) — x|
|0t (e — x*) + (1 — 04,) (1 — by up, + by Tuy — x™)||4

< (1=oan)|[(1 —by)up+ by Tuy, — x*||4

+q 0 (u—x", Jg (X1 —x7))
< (1= o)||un — x|+ gt (u — X", g (%41 — x7))

— (1= 0,) (gk — cgbd ™" You[(I = T )uy| |
< (=0 |Jen = X¥[|7 + g0t (u — x*, Ty (X 41 — X7))

_ f(xn)d _
Pl a P (1~ @) T~ (1= ) ak— bt )b,
n
X||(I = T)uy||. (3.8)

Next, we show that the sequence {||x, —x*||} converges strongly to zero. For this, we consider
two possible cases on {||x, —x*||}.

Case 1. Suppose that there exists nyg € N such that {||x, —x*||} is decreasing for all n > ny.
In this situation, {||x, —x*[|)} is convergent. Thus, from (3.8), the hypothesis and the fact that
o, — 0, as n — oo, we obtain

q
J’C‘S"]’)q%o and ||(I—T)u,||? =0, as n — oo, (3.9)
which yields
J‘C'SC”H)%O and ||(I—T)u,|| — 0, as n — oo. (3.10)
Since0<1§/ln:pnﬁ;gfﬁz, gi,we obtain
A d p—1y _ f(xn) d p—1
n([[dnl[P~) andnH,,(ll wll”7)
_ o flw) Nl
= Pn ( =)
|ldn| 1P~ | |9=P
J(xn)
=p — 0,
" lda]]

which implies ||d,|| — 0 as n — oo. Therefore, from this and (3.10), we derive f(x,) — 0 as
n — oo, It follows from (3.2) that

|t — tnl] = || d]] = 0, as n— oo, (3.11)
and
X041 — tn]| < Ql|ut — un|| + (1 — 0) by | Tty — un|| — 0, (3.12)
as n — oo, Consequently, we have that

|| Xn+1 — Xn|| = o0, as n — co. (3.13)
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Next, we show that x, — x*. Since, the sequence {x,} C E is bounded we can extract a
subsequence {x,, } of {x,}, which converges weakly to z € E and

limsup(u —x*,J, (x, —x*)) = lim (u —x*, Jy (2, —x7)). (3.14)
n—soo k—ro0

Thus, from (3.11), we have that {u, } converges weakly to z. Now, by demiclosedness of
(I—T) and (3.9) we get that z € F(T). Furthermore, since f is nonnegative weakly l.s.c., we
obtain

0<f(z) < lilgninff(xnk) =0, (3.15)
—>00
where we have used the fact that f (xnk) — 0 as n — oo. Therefore, from the above discussions,
we obtain z € Q. From (3.14), (3.13) and inequality (2.2), we obtain that
limsup(u —x*,J, (X1 —x%)) = (u—x",J,(z—x")) <O0. (3.16)

n—oo

Therefore, it follows from (3.8), (3.16) and Lemma 2.6 that ||x, — x*|| — 0 as n — o. Conse-
quently, x,, — x* € Q.

Case 2. Suppose that, for each ng € N, {||x, —x*||} >, is not decreasing. Then there exists a
subsequence {n;} of {n} such that

[en = || < {1 = X7,

for all i € N. Using Lemma 2.7, we have that there exists a nondecreasing sequence {m;} C N
such that m;, — o and

[ = X[ < [0 = x7[|* and [ — 27|17 < [ b1 =277, (3.17)

for all k € N. Thus, following the method in Case 1 and the fact that o, — 0, we have that
U — T, — 0, f(xp,) = 0, ||dm, || — O as k — oo. Hence,

limsup(u — x*, Jg (xXp,+1 —x*)) < 0. (3.18)

k—roo

Furthermore, from (3.8), we get that
B =7 S (1= ) =700 (=" (1 =),
(3.19)
which implies from (3.17) and (3.19) that
O i =119 < [ =219 = g1 =194 GO0 (=2 Ty (K1 "))
< GO (u— X" Ty (X1 —X7)).
In particular, since o, > 0, we get
[P, = x| < gl =", Jg (K1 —x7)).

Then, using (3.18) we obtain that ||x,, —x*|| — 0 as k — co. This together with (3.19) gives that
|[%p,+1 —x*|| = 0 as k — oo. But

[l = 2| < {1 =271,

for all k € N. It follows that x;, — x*. Therefore, from the both cases, we can conclude that {x, }
converges strongly to a point x* = Pou. This completes the proof. U
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If, in Theorem 3.2, we assume that 7 is k-strictly pseudoconractive mapping with a nonempty
fixed point set F (T ), then I — T is demiclosed at zero. Hence we have the following result.

Corollary 3.1. Let E admit a weakly sequentially continuous duality mapping. Let T : E — E
be a k-strictly pseudocontractive mapping. Assume that Q := {x* € F(T) : f(x*) =0} # 0
and let {0y, } be a real sequence in (0,d] C (0,1) for some d > 0 such that Y, 0, = o and
lim,,_,e 0y = 0. Let {x,} be a sequence defined by (3.2). Then, {x,} converges strongly to an
element x* = Pou € Q.

If, in Theorem 3.2, T := ZﬁvzlaiT,- with Zévzlai =1, where T;,i = 1,2,...,N are k;-strictly
pseudocontractive, then we conclude from Lemma 2.4 that T is k-strictly pseudocontractive
with k = max?_, {k;}. In fact, we have the following result.

Corollary 3.2. Let E admit a weakly sequentially continuous duality mapping. Let T; : E — E,
i=1,2,...,N be a k;-strictly pseudocontractive mapping for each i. Assume that Q := {x* €
NN F(T;) : f(x*) =0} # 0. For arbitrary xo,u € E, we define an iterative algorithm by

{ Uy, = Xy, —lnlgldn,

3.20
Xpil = anu+(1—Otn)((l—bn)un+bnTun),VnZO, ( )

where T := Zf]: a1 is k-strictly pseudocontractive with Zﬁvz (ai=1, b, € (c,u], for some c >0
1
and p < min{l,{Z—I;}F}for alln >0, and {0, } C (0,d] C (0,1) such that ¥,._, &, = o and

lim,_,e0 0y = 0. Then, {x,} converges strongly to an element x* = Pou € Q.

If, in Theorem 3.2, E = H, a real Hilbert space, then ¢ = 2 and ¢, = 1. Hence we have the
following theorem in the framework of Hilbert spaces.

Theorem 3.3. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let
T : C — C be a demicontractive mapping such that [ — T is demiclosed at zero. Assume that
Q:={x* € F(T): f(x*) =0} # 0. For arbitrary xy,u € C, we define an iterative algorithm by

Up = PC(xn - ;Lndn)a
X1 = Ot + (1 — Qty) ((1 — by )uy —|—bnTun),Vn >0,

where b, € (c, ] C (0,1) for some ¢ >0 and p < min{1,2k} for alln >0, and {0, } C (0,d] C
(0,1) such that ¥ 0 = oo and lim,_. 0, = 0. Then, {x,} converges strongly to an element
x* = Pou € Q, where Pq is the metric projection onto Q.

(3.21)

Proof. Using the fact that Pc is nonexpansive and following the method in proof of Theorem
3.2, we get the desired conclusion immediately. 0

Observe that every quasi-nonexpansive mapping is demicontractive. If, in Theorem 3.3, T is
quasi-nonexpansive, then we have the following result.

Corollary 3.3. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let
T : C — C be quasi-nonexpansive mapping such that I — T is demiclosed at zero. Assume that
Q:={x*€F(T): f(x*) =0} #0. Let {x,} be a sequence defined by (3.21). Then, {x,}
converges strongly to an element x* = Pou € Q.

If, in Theorem 3.2, the direction vector dj coincides with the gradient </ f, then we have the
following result.
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Corollary 3.4. Let E admit a weakly sequentially continuous duality mapping. Let f : E — R
be nonnegative differentiable convex function. Let T : E — E be a demicontractive mapping

such that I — T is demiclosed at zero. Assume that Q := {x* € F(T): f(x*) =0} # 0. For
arbitrary xo,u € E, define an iterative algorithm by

tty = Xp = And (7 f (50))
q ;
{xHJ=am+(L4%ﬂu_b@W+bﬂ%0NnZQ (3.22)

where by, € (c, U] for some ¢ >0 and p < min{l,{‘cl—];}ﬁ}for alln >0, and {a,} C (0,d] C
(0,1) such that Y, 0t = oo, limy, e 0t =0,

_Pnf ) ,
2fn = { [ f () ]|P Vf(xn> 74 0;

0, otherwise,
for infr[p, (g — pn)] > 0. Then, {x,} converges strongly to an element x* = Pou € Q.

If, in Theorem 3.2, we consider E = H| x Hp, where H; and H, are real Hilbert spaces,
T:E — E givenby T (x,y) = (T1(x), Try) is a k-strictly pseudocontractive mapping, and f(x,y)
E — Ris a function defined by f(x,y) = }||Ax— By||?, where A : H; — Hs and B : H, — Hj are
bounded linear mappings, then we observe that f is a convex and continuous function, and, for
every (x,y) € Hy x Hp, we have 7 f(x,y) = (A*(Ax — By),—B*(Ax — By)). Moreover, letting
(x0,y0) € Hy X Ha, Xy = (20, Yn)» tn = (Sn,Vn), and d,, = </ f(zn,ys) in (3.21), we obtain the
following result.

Corollary 3.5. Let H,H, and Hj be real Hilbert spaces. Let T : H — Hy and S : Hy — H» be
k-strictly pseudocontractive contractive mappings with constants ki and kj, respectively. Let
A : Hy — Hz and B : Hy — H3 be two bounded linear operators with their adjoint operators A*
and B*, respectively. Assume that Q := {(z,y) € F(T) x F(S) : Az= By} # 0. Let s,z0 € H;
and v,yy € Hy be chosen arbitrarily, and let {(z,,y,)} be a sequence defined by

Xo,u € Hy,yo,v € Hy chosen arbitrarily,

Sp =2n — )“nA*(AZﬂ - Byn)7

Zni1 = O+ (1= 04,) (1 = by)sn + buTisn), (3.23)
Vn = Yn — A B* (Byn — Azp),

Yar1 = 0y + (1= ) ((1 = bn) v+ buTivy),¥n >0,

where b, € (c, 1] for p = min{1,2k} foralln >0, and {a,, } C (0,d] C (0,1) such thaty,, 0, =
oo and lim,,_,e. 0y = 0. Then {x,} = {(zn,yn)} converges strongly to an element (z*,y*) € Q.

Remark 3.1. Our main results provide an affirmative answer to Question 1.1. Theorems 3.2
extends the results of Zhao [18, 19] in the sense that our result provides strong convergence for
the class of demicontractive mappings, which is more general than quasi-nonexpansive map-
pings. In addition, Theorem 3.2 extends the results of Zhao and Zhang [20] and Giang et al.
[10] in the sense that our strong convergence result is for the general split fixed point problem
governed by demicontractive mappings in Banach spaces instead of Hilbert spaces.
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