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Abstract. In this paper, we construct and study an inertial algorithm for solving a split feasibility problem
in real Banach spaces. The sequence generated via the algorithm is proved to be convergent strongly to
a solution of the split feasibility problem.
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1. INTRODUCTION

Let H, and H; be two real Hilbert spaces, and let C and Q be nonempty closed convex subsets
of H; and H,, respectively. The split feasibility problem is consists of finding a point g € H;
such that

geC and Ag €0, (1.1)

where A : Hy — H; is a bounded linear operator.

The split feasibility problem was introduced in 1994 by Censor and Elfving [1] in finite di-
mensional Hilbert spaces. It is now known that the split feasibility problem is applicable in
many disciplines such as image restoration, computer tomograph and radiation therapy treat-
ment planning; see, e.g., [2, 3, 4, 5] and the references therein.

If problem (1.1) has a solution, it is known that x € C solves (1.1) if and only if it solves the
following fixed point equation:

x=Pe((I—yA*(I—Py)A)x),x € C, (1.2)

where P and Py are the metric projections onto C and Q respectively, ¥ is a positive constant
and A* denotes the adjoint of A. Consequently, split feasibility problem (1.1) can be solved
via fixed point methods. Recently, the solutions of split feasibility problem (1.1) has been
extensively studied in Hilbert spaces by many authors; see, e.g., [6, 7, 8, 9] and the references
therein.

The iterative approximation of fixed points of nonlinear mappings is important in the field
of nonlinear analysis, and many convergence theorems of fixed points have been obtained in
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Hilbert and Banach spaces; see, e.g., [10, 11, 12, 13] and the references therein. For fixed points
of nonexpansive mappings, Mann [14] in 1953 introduced the following iteration process:

Xpt1 = OpXp + (1 — ) Txyp, (1.3)

where the initial guess x| € C is arbitrary and { ¢, } is a real sequence in (0, 1). It is known that
under appropriate conditions, the sequence {x, } generated by (1.3) converges weakly to a fixed
point of 7. However, even in a Hilbert space, Mann iteration may fail to converge strongly (see
[15]). In general, the convergence rate of the Mann iteration is slow. Recently, fast iterative
algorithms is now under the spotlight due to their applications.

In particular, the inertial extrapolation was first proposed by Polyak [16] as an acceleration
process is popular. In recent years, some authors constructed various fast convergent itera-
tive algorithms via inertial extrapolation techniques such as, inertial Mann algorithms, inertial
forward-backward splitting algorithm, etc; see, e.g., [17, 18, 19, 20] and the references therein.

In this paper, we construct an inertial-type algorithm for finding a common solution of a split
feasibility problem in certain real Banach spaces. We prove that the sequence generated by our
new algorithm converges strongly to solution of the feasibility problem. Finally, we apply the
obtained result to hierarchical variational inequality problems (see in Section 4). This paper is
organized as follows. In Section 2, we present preliminary results and some important defini-
tions needed for the main results of this paper. Section 3 is devoted to the main convergence
theorem and its proof. The last section, Section 4, is devoted to theoretical application of the
main result.

2. PRELIMINARIES

Throughout this paper, we assume that the Banach spaces are real. Recall that a Banach space

E is said to be strictly convex if M <lforallx,y e S(E):={ucE:||ul|=1} withx#y.
The modulus of convexity of E is defined by

_ 1
Op(€) =inf{1 - S{lx+y[: [ldf| < LIl < 1, [[x—y]| = €} (2.1)

for all € € [0,2]. The space E is said to have the Kadec-Klee property if whenever {x,} is a
sequence in E that converges weakly to xo € E and ||x,|| — ||xo||, as n — oo, then {x, } converges
strongly to xp. E is said to be uniformly convex if 6g(0) =0, and Jg(g) > 0, Ve € (0,2]. The
modulus of smoothness of E is a function: pg : [0,00) — [0, ) defined by

1
pe(t) = supis (|lx+yll+ [k —=yl[) = 1:x € S(E), |yl < 1} (2.2)

E is called uniformly smooth if pET(l) — 0 ast — 0. The spaces of Lebesgue integrable functions
Ly, p > 1 are uniformly smooth (see, e.g., [21]).
Let E* be the topological dual of E. For all x € E and x* € E*, we denote by (x*,x) the value

of x* at x. A mapping J : E — 2F" defined by

J)={x" € E*: (") = |Ix||* = [|x*| |’} x € E (2.3)
is called the normalized duality mapping. The following properties of J are very well known
(see, e.g., [21, 22, 23]).

(1) If E is uniformly smooth, then J is uniformly continuous on each bounded subset of E.

(2) J(x) #£0.
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(3) If E is reflexive, then J is a surjective map from E to E*.
(4) If E 1s strictly convex, then J is one to one and J is single valued if E is smooth.

Let C be a nonempty closed convex subset of E. A mapping T : C — C is said to be nonex-
pansive if
1 Tx=Tyl| <[lx=yll, VYxyeC.

A point x € C is called a fixed point of T if 7x = x. The set of fixed points of T is defined as
F(T):={xeC:Tx=x}.
A mapping T : C — C is called quasi-nonexpansive if F(T') # 0 and
| Tx—x*|| <|[]x—x"||, VxeC,x"€F(T).

It is clear that every nonexpansive mapping with nonempty set of fixed points is quasi- nonex-
pansive.

Recently, Chidume, Ikechukwu and Adam [12] introduced an inertial algorithm and proved
that their algorithm is strongly convergent to a common fixed point of a countable family of
relatively nonexpansive maps in a uniformly convex and uniformly smooth real Banach space.
To be more precise, they proved the following Theorem.

Theorem 2.1. [12] Let E be a uniformly convex and uniformly smooth real Banach space. Let
T, E —E, wherei=1,2,3,--- , be a relatively nonexpansive mapping such that N> | F(T;) # 0.
Suppose that {oy} C (0,1) and {Bi} C (0,1) are sequences such thaty;> 0 =1andT :E —E
is defined by Tx = J ' (L5, 04[BiJx+ (1 — B;)JTix]) for each x € E. Let {u"} be a sequence
generated by the following algorithm: u®,u' € E and

(C() =FE,
wh =yt + an(un _Mnfl)7
Vi =J7H((1=B)JIw" + BITw"), (2.4)

Cotr1 = {Z €Cy: W<Z>Vn) < W(Z,W")},
Wl = ¢, ,u’, Vn >0,

\

where o, € (0,1) and B € (0,1). Then, {u"} converges strongly to a point p = HF(T)MO.

Let H be a Hilbert space, and let B: H — 2H pe a set-valued operator. The variational
inclusion problem is defined as follows

findxe H:xe B (0). (2.5)

Problem (2.5) is a unified framework for many real problems in finance, economics, trans-
portation, etc. When B is a maximal monotone operator, Martinet [24] introduced the following
proximal point algorithm

Xnp1 =I5 Xn, 1> 1, (2.6)

where an is the resolvent of B associated with {A4,} C (0,e). The proximal point algorithm
was further developed by Rockafellar and many others; see, e.g., [25, 26, 27, 28].

For solving split feasibility problems and the fixed point problem of nonexpansive mappings,
Takahashi, Xu and Yao [9] introduced the following problem, which consists of finding x € H
such that

x € B~ 1(0) and Ax € F(T), (2.7)
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where B : H; — 21 is a maximal monotone operator, A : Hy — H, is a bounded linear operator
and T : H, — H» is a nonexpansive mapping. They considered the following iterative algorithm:

xt €H, Xpp1=J),(I—1A"(I-T)Ax,), Vn2>1, (2.8)

where {1, } and {7,} satisfy suitable conditions. They showed that the sequence {x, } generated
by (2.8) converges weakly to a point p € B~ (0) N F(T).

Let S:C — Cand T : Q — Q be two mappings. The so-called split common fixed point
problem (SCFP) for mappings S and 7 is to find a point

q € C suchthatg € F(S) and Aq € F(T), (2.9)

where F(S) and F(T) denote the sets of fixed points of S and 7', respectively. If F(S) and F(T)
stand for the zero sets of monotone mappings, the split common fixed point problem (SCFP)
is called split common null point problem (SCNPP). The split common fixed point problem
in Hilbert spaces was introduced by Moudafi [29] in 2010 and has been studied extensively
recently. In 2015, Takahashi [30] introduced and studied the split feasibility problem and the
split common null point problem in the setting of Banach spaces, which is more general than
the setting of Hilbert spaces. Motivated by the results of Takahashi [30], Tang et al. [31] proved
weak and strong convergence theorems for the split common fixed point problem involving a
quasi-strictly pseudo-contractive mapping and an asymptotical nonexpansive mapping in two
Banach spaces. Precisely, they proved the following theorem.

Theorem 2.2. [31] Assume that

(1) E\ is a real 2- uniformly convex and 2-uniformly smooth Banach space with the Opial’s
property satisfying 0 < k < %, k is the best smoothness constant;

(2) E, is a real Banach space;

(3) A: Ey — Ej is a bounded linear operator and A* is the adjoint of A;

(4) S: E| — E; is an {{,}— asymptotically nonexpansive mapping with {{,} C (1,%) and
ly— 1and T : E;, — Ej is a T— quasi-strictly pseudocontractive mapping with F(S) # 0
and F(T) # 0 and T is demiclosed.

Let E\,E>,T,S,A and {{,} be as stated in the assumptions above. For each x| € E, let {x,} be
the sequence generated by

—1 4%
{Zn:xn+yJ1 A*Jo(T — I)Axn, .10

Xne1 = (1 —ty)zn + 0, 8" 20,V n > 1,
where {a,} C (0,1) satisfying liminf,_,. 0, (1 — o,) > 0, ¥ is a positive constant satisfying
Co1 1 : oo
0 <y < min ﬁ, HIA—HTZ}, with L = sup,~ £, and Y7 (£ — 1) < oo.
(DIfT:={veF(S):Ave F(T)} #0, then {x,} converges weakly to x* € T.
(11) If, in addition, T # 0 and S is semicompact, then {x, } converges strongly to x* € T".

In order to prove that {x, } is bounded, we observe that the authors used the following known
Lemma.

Lemma 2.1. [32] For a given r > 0, a real Banach space E is uniformly convex if and only if
there exists a continuous strictly increasing function g : R™ — R with g(0) = 0 such that

[+ (1= < el 2+ (L= )]yl * = 2(1 = 1)g(|[x —yI])
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forall x,y € E with ||x|| <r, |[y|| <rand t €[0,1].

Lemma 2.1 requires that x,y belong to a ball. Consequently, to use this Lemma, the authors
need to verify first that the sequences {z, — p} and {S"z, — p} of their work are bounded.
This was not done and so in our view, it makes the proof of their main result, Theorem 3.1
incomplete. As an appendage to the target of this manuscript,

We prove that the iterative sequence studied by Tang et al. [31] is bounded without applying
Lemma 2.1. We achieve this by using an inequality proved by Chidume (see Lemma 2.2 be-
low). Let Ej be a 2-uniformly convex and 2-uniformly smooth real Banach space with the best
smoothness constant k > 0, and let £, be a smooth, strictly convex and reflexive Banach space.
Let B: E| — 2E7 be a maximal monotone operator, and let A : E; — E, be a bounded linear
operator with adjoint A* : E5 — E{. Fori=1,2,3,---letS; : E; — Ej be a countable family of
relatively nonexpansive mappings with Sx =J 1 (¥, 8;(0i/Six+ (1 — 6;)JSix)) for each x €
E,{6;} € (0,1) and {o;} C (0,1) aresuch };>,6;=1,andlet T : E; — E; be a closed rela-
tively quasi-nonexpansive mapping with F(T) # 0.

Consider the following problem

Find x* € E; : x* € B (0)NF(S) and Ax* € F(T). (2.11)

Observe that problem (2.11) includes problems (2.5), (2.7) and (2.9) respectively.

In this paper, we construct an inertial algorithm and prove that the sequence generated by the
algorithm converges strongly to a solution of (2.11) provided that the solution set of (2.11) is
nonempty. Our result generalizes many recent results in the literature, such as, [12, 9]

Lemma 2.2. [13] Let E be a p-unifoprmly smooth Banach space iwth p > 1. Then there exists
a constant C > 0 such that

ltx+ (1 =0)y—z|lP < [1=1(p—D)]lly—2||P +1C|}x—z||P =2 (1 =P~ DC) [x— |7,
where t is a real number in (0, 1), for any x,y,z € E
Proposition 2.1. Assume that the hypotheses of Theorem 2.2 are satisfied with {4, } C (0, é)
and liminf,_,, o, (1 —Ca,) > 0, where C is the constant appearing in Lemma 2.2 and y.,, _(Cl,, —
1) <oo.
(DIfT:={veF(S):Ave F(T)} # 0, then {x,} converges weakly to p € T.
(1) If, in addition, T # 0 and S is semicompact, then {x,} converges strongly to p € T".

Proof. Fix p € I'. Following the arguments that yield (3.4) in the proof of [31, Theorem 3.1],
we obtain

2=l < b — pll (2.12)
Now, using Lemma 2.2, we get
i1 =PI = oS 20+ (1= a)za — plf?
< (1_an)‘|zn_P‘|2+O‘nCHSnZn_PHZ_O‘n(l_O‘nC)HZn_SnZnHZ
< (1= aw)|lzn— plI> + @uClallzn — plI* = (1 = 04,C)| |20 — 8"z ?
= [1+0(Cly— )] lw = p| > = 0ta(1 = & C) 20 — 8" |
< 1+ 0u(Cly = 1)] b — pl .

From Lemma 2.3, we have that lim,_,.. ||x, — p|| exists. Hence {x,} is bounded. The remaining
part of the convergence proof follows the same argument as that of Tang et al. [31]. U
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Let C be a nonempty, closed, and convex subset of a strictly convex and reflexive Banach E
Then the metric projection Pcx = argminycc||x —y||, Vx € E, is the unique minimizer of the
norm distance.

Let E be a smooth, reflexive, and strictly convex Banach space. Consider the functional [33]
defined by

9 (6,y) = |¥l* = 20x,J () + Y|, ¥x.y € E (2.13)
where J is the normalized duality mapping. It is clear that, in a Hilbert space H, (2.13) reduces
to ¢ (x,y) = ||x —y||?, Vx,y € H. It is obvious from the definition of ¢ that

(el = 11¥11)* < @ (x,y) < (IIxl[ +[I¥ID?, ¥ %y € E. (2.14)
¢ (x,J N ady+ (1 —a)Jz) < ap(x,y) + (1 —a)(x,2), Vx,y €E. (2.15)
and
¢ (x,y) < |Ix[[[}x = Iy[[+ [y [[}x = yl]. (2.16)
Following Alber [33], the generalized projection Il¢ : E — C is defined by
ch:argryréiéw(y,x), Vx€eE, (2.17)

that is, ITc(x) = x, where x is the unique solution to the minimization problem ¢ (%;x) =
infycc ¢ (y,x). The existence and uniqueness of the operator Il follows from the properties
of the functional ¢(x,y) and strict monotonicity of the mapping J (see, e.g., [33]). In Hilbert
space H, I1¢c = Pc.

Definition 2.1. A point p € C is said to be an asymptotic fixed point of 7 if C contains a se-
quence {x, }>>_, which converges weakly to p and lim,,_,c, ||x, — Tx,|| = 0. The set of asymptotic

A

fixed points of T is denoted by F(T). We say that a mapping 7 is relatively nonexpansive (see,
e.g., [34]) if the following conditions are satisfied

(D) F(T) # 0;

2 ¢(p,Tx) < ¢(p.x), VxeC,pe F(T);

(B)F(T)=F(T).

If T satisfies (1) and (2), then it is said to be relatively quasi-nonexpansive. It is easy to see that
the class of relatively quasi-nonexpansive mappings contains the class of relatively nonexpan-
sive mappings.

Recently, many authors studied various numerical methods for fixed points of relatively non-
expansive and relatively quasi-nonexpansive mappings; see, e.g., [35, 36, 37] and the refer-
ences therein. Clearly, in a Hilbert space H, relatively nonexpansive and relatively quasi-
nonexpansive mappings coincide with nonexpansive and quasi-nonexpansive mappings, respec-
tively due to ¢ (x,y) = ||x — ||, Vx,y € H. This implies

¢(p,Tx) < 9(p,x) = [|Tx—pl[ < [[x = pl[, ¥x € C,p € F(T).

For the examples of relatively quasi-nonexpansive mappings, we refer to [35].
In order to prove our main results, we also need the following lemmas.

Lemma 2.3. Let {a,}, {b,} and {6,} be sequences of nonnegative real numbers satisfying
any1 < (L+68y)an+Dby, Vn> 1. If Y~ 8, <ocand Y, b, < oo, then lim,_,.a, exists.
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Lemma 2.4. [22] Let E be a strictly convex, smooth, reflexive real Banach space. Let C be a
nonempty, closed, convex subset of E. Let x| € E,z € C. Then the following holds

(1) z=Fexy;

(2) <Z_y,J<X] _Z)> >0, \V/y eC.

Lemma 2.5. [32] Let E be a 2-uniformly smooth real Banach space with the best smoothness
constant k > 0. Then

e+ 3|7 < [[x]|? + (x,Jy) + 2 ky]|* Vx,y € E. (2.18)

Lemma 2.6. [33] Let E be a smooth, strictly convex, and reflexive Banach space, and let C be
nonempty, closed and convex subset of E. Then, the following conclusions hold

(1) ¢(x,Hcy) +¢(Icy,y) < ¢(x,y), x€C,y € E;

(2) ifx € E and z € C, then z =ex iff (z—y,Jx—Jz) > 0, Vy € C;

(3) forx,y €E, ¢(x,y) =0 iffx=y.

Lemma 2.7. [38] Let E be a uniformly convex and smooth Banach space, and let {x, } and {y,}
be two sequences of E. If ¢ (xn,yn) — 0 and either {x, } or {y,} is bounded, then ||x, —y,|| — 0.

Remark 2.1. Using (2.16), it is easy to see that the converse of Lemma 2.7 is also true whenever
{x,} and {y,} are both bounded.

Lemma 2.8. [39] Let C be a nonempty, closed convex subset of a uniformly convex and uni-
formly smooth real Banach space E. Let T; : C — E, i=1,2,3--- be countably infinite family
of relatively nonexpansive mappings such that (2> | F(T;) # 0. Suppose that {o;} C (0,1) and
{Bi} € (0,1) are such ¥;> 0 =1and T : C — E is defined by
Tx=J"! ( Z oi(BiJx+ (1 — ﬂi)JTix)) foreach x € C.
i=1

Then, T is relatively nonexpansive and F (T ) = N2 F (T;)

Lemma 2.9. [11] Let E be a strictly convex and reflexive smooth Banach space. Let B : E — 2E
be a maximal monotone operator and Jf be the resolvent of B for A > 0. Then ¢(u,]fx) <
¢ (u,x), Vvuc B~1(0),x € E.

Lemma 2.10. [11] Let E be a smooth and strictly convex real Banach space, and let C be
a nonempty, closed and convex subset of E. Let T be a mapping from C into itself such that
F(T)#0and ¢(y,Tx) < ¢(y,x),¥(y,x) € F(T) x C. Then F(T) is closed and convex.

Lemma 2.11. [35] Let C be a nonempty closed convex subset of a smooth, uniformly convex
Banach space E. Let T be a closed relatively quasi-nonexpansive mapping of C into itself. Then
F(T) is closed and convex.

3. MAIN RESULTS
Now, we are ready to give our main results.

Theorem 3.1. Let E| be a 2-uniformly convex and 2-uniformly smooth real Banach space with
the best smoothness constant k > 0, and let E, be a smooth, strictly convex and reflexive Ba-
nach space. Let B : E| — 2B be a maximal monotone operator, and let A : Ey — E» be a
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bounded linear operator with the adjoint A* : E5 — E}. Fori=1,2,3,---, let S; : Ey — E| be
a countable family of relatively nonexpansive mappings with Sx = J;° ! (Z‘;":l Oi(oiJix+ (1 —
Gi)JlS,-x)) foreach x € E, {8} C (0,1) and {o;} C (0,1) are suchthat ¥> | 6; = 1, and let
T : Ey — Ej be a closed relatively quasi-nonexpansive mapping. For arbitrary xo,x; € Ey, let
the sequence {x,} be generated as follows

;

Co=Eq,

Wn = Xp+ (Xp —Xn—1),

tn = J; ' (Jiwn + YA* o (Pr(ry — DAwy,)

va = J7 (1= o) vty + 01 T8 uy), (3.1)
yu = I (1= B)J1va+ BJ1Sva),

Cur1 ={w € Cp: 9(w,yn) < @(W,v) < @(w,utn) < @(w, W)},
[ Xn+1 =Ilg,, ,x1, Vn>1,

where Jﬁ = (J1 +AA) "y, Jy is the normalized duality mapping of E1, and J, is the normalized
duality mapping of E». Suppose that T := {x* € B"'(0)NF(S) : Ax* € F(T)} # 0 and the
following conditions are satisfied:

(1) oy, € [a,1),a>0, B €(0,1);

(2)0<y< W

Then {x,} converges strongly to x* = Ilrx;.

Proof. We divide the proof into six steps. First, we note that by Lemma 2.8 that § is relatively
nonexpansive. In view of Lemma?2.11, we have that F(T) is closed and convex.

Step 1. Show that C,, is a closed and convex subset of £ for eachn > 1.
Set

Ap={weC:o(w,yn) < O(w,vy)},
By ={weC:o(w,vy) < O(w,up)},
and

D,={weC,: d(wu,) < d(w,wy,)}.
Then, C,+1 =A,NB,ND,, Vn > 1. Note that

O(wyn) < B(w,va) & 20w Iyn —Jva) < [lyall® — Ival,
dw,vn) < @(wyup) & 2(w,Jvy —Juy) < HVnH2 - ||”n”2>
dw,un) < @(wywn) & 2(w,Jup —Jwy) < ||”n||2 - ||Wn||2
Consequently, A,, B,, D, are closed and convex and so, C, is closed and convex for all n > 1.
Step 2. Show that I" C C,, for eachn > 1.
Fix p € I'. Using inequality (2.15) and Lemma 2.5, we obtain
(p.yn) =9 (p. I (1= B)J1va+BJ1Sva))
< (1=B)o(p.vn) +BO(p,Svn)
< (1=B)¢(p,vn) +BO(p;vn) = 0(p,va),
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¢ (p,vn) = ¢(p7J1_1 ((1 - an)J1”n+anJ1Jf”n))
S( _an)¢(P,un)+an¢(Pa-71qun)
< ¢(P,Mn),
and

¢(p,un)
=1p|I* = 2(p,J1wn+ YA* L2 (Pr () = DAWn) + [[J1wn + YA" 2 (Pr () — 1) Aw,|
= 1pII> = 2(p,J1wn) = 2¥{p, A* o (Prpy — Awn) + || J1wn + YA* Jo (Pr(ry — 1) Aw, |
<|[pI* = 2(p,J1wn) = 2¥(p, A*J2(Pp(7) — I)Awn) + ||l >
+ 27w, A* o (Pr(7) — I)Awp) + 2K°| | YA* T2 (Pr () — ) Awy | |
=1p|1* + [[wall* = 2(p:J1wn) = 2¥(Ap — Awy, Ja(Pp (1) — 1) Awn)
+ 22V ||AIP I (Prry — DAwa| .
It follows from Lemma 2.4 that
(Ap —Awy, Jo(Pp(7y — I)Awp)
= (Ap — Pr(1)AWn + Pp(1)AWy — AW, Jo (P (1) — ) Awy)
= (Ap — Pp()Awn, ]2 (Pp(r) — DAWy) + || (Pr(r) — D Aw,|[?
= H(PF(T) —I)AWnHZ-
So,
O(p,un) < O (p,wn) — 2y(1 = IYIA]P)|(Pr(r) — D AW %,
that is, ¢ (p,un) < ¢(p,wy). Hence p € Cyyy and I" € Cp,, Vn > 1. Thus, {x,+} is well defined.

Step 3. Show that {x,} is a Cauchy sequence.
Fix v € I It follows from the definition of C, that x,, = Il¢ x; for all n > 1. In view of Lemma
2.6 (1), we have

O (xp,x1) = 0 (I, x1,x1) < O(v,x1) — o (v, I, x1) < O (v, x1),Vn > 1. (3.2)

This shows that {¢(x,,x1)} is bounded. Consequently, {wy},{u,},{vn},{yn} are all bounded.
Since x, = Il¢,x1 and x,41 = HC,,HXI € Cyy1 €C,, we have

O (X, x1) < O(xp41,%1), Vn2>1, (3.3)

which implies that {¢(x,,x;)} is nondecreasing and bounded. So lim @ (x,,x;) exists. Again

n—yoo

by Lemma 2.6 (1), we have
O (nt1,%0) = @(xnt1,1g,) < O (pp1,x1) — 9 (g, x1,x1)

— ¢(-xn+17x1)_¢(xi’laxl)7 (34)
which implies that
’112130¢(xn+17xn) :Oa (35)

which together with Lemma 2.7 shows that

r}i_r}gonnH — x| =0. (3.6)
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For arbitrary positive integers m,n with m < n, it follows from x,, = Il¢c,x; € G, and Lemma
2.6 (1) that
O (X, xn) = @ (om, e, x1) < @ (xm, x1) — @ (g, x1,x1)
= 0 (xm,x1) — O (xn,x1). (3.7)

Since lim ¢ (x,,x;) exists, it follows from (3.7) and Lemma 2.7 that
n—oo

lim |Jx, —xu| = 0.
m,n—yoo

Hence, {x,} is a cauchy sequence. Consequently, there exists x* € E| such that x, — x* as
n — oo,

Step 4. Show that lim ||u, — J;Bu,| =0, lim | (Pr(r) — I)Awy|| = 0 and lim |jv, — Sv, | = 0.
n—o0 Nn—yoo n—oo
Since {x,} is a Cauchy sequence, we obtain that ||x, 1 —x,|| = 0,1 — co. Now, ||x, —wy|| =
|10 — xn + (X0 —xn—1)|| = ||%n —xn—1|| = 0 as n — 0. It follows from Remark 2.1 that ||x,+ —

wal| < |%ns1—%n|| +||%n —wn|| = 0 as n — . Hence, @ (x,,+1,w,) — 0 as n — co. Furthermore,
since x,+1 € C,+1, we obtain

O (Xnt1,9n) < O (Xnt1,vn) < O (X1, Un) < @ (Xpr1,wn) — 0, n— 0. (3.8)
Therefore,
r}gfgo‘l)(xnﬂ,yn) = r}i_rg‘l’(xnﬂ,vn) = r}i_fg(l)(xnﬂ,un) =0, (3.9)
and
r}gngnH —wll = r}LIl(}OHXnH —val| = r}ijlgo||xn+1 —uy|| = 0. (3.10)

Observe that

[en = yull < |xn1r =Xl + a1 —yul| =0,

e —vall < ln = X1 [+ [ [Xnt1 = val[ = 0,

xn —unl| < [l — X1 ||+ [ Xng1 — || = O, (3.11)

and hence

vn=vall < |yn—Xns1ll + a1 —val| =0,

yn—=unll < lyn = xng1 [+ [Prag1 — unl| = 0,

ttn —vall < un —xal| + |30 — va|| = O,

lun —wall < ||un —xu||+ |20 — wa|| — 0. (3.12)

It follows that
27(1 = RAIAIP) (Prcry — 1Awa|
¢(p,wn) — O (P, un)
121> +2(p, J1wa) + [ [wal [ = [1PII* = 2(p, J11ta) — ||
= 2(p,Jiwn — J1un) + HWnH2 - H”nHZ
< 2/|pll[[J1wn = Jrttn]| + [ [Wa — || (| [l + ||uen]]). (3.13)
From (3.12) and the fact that J; is uniformly continuous on bounded subsets of £, we get

Tim [[(Pp(r) —1)Aw,|| =0 (3.14)
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and then

|1V — J1ttn|| = O || Tyt — J1 51|
By the third conclusion in (3.12) and the uniform continuity of J; on bounded subsets of £, we
get limy,_ye0 |[J1 vy, — J1up|| = 0. Hence

lim ||J;uy, —JlqunH = lim Hun—qunH =0. (3.15)
n—oo n—oo

Similarly, ||J1y, —Jiva|| = @|[J1v — J1SVs||. Using condition (1) , the first conclusion in (3.12)
and the uniform continuity of J;, we have lim,_« ||J1y, —J1vy|| = 0. Hence,

lim ||Jv, — J1Sv,|| = lim ||v,, — Sv,|| = 0. (3.16)
n—soo n—oo

Step 5. Show that x,, — Ilrx;.

Since {x,} is bounded, there exists {x,, } a subsequence of {x,} such that x, — x*. By the
third conclusion of (3.11), we have that there exists a subsequence {u,, } of {u,} such that
up, — x*. From (3.15), we get

- B
1 [[itg, —JFtn, || = 0. (3.17)
From Lemma 2.9, we have x* € F(J¥) = B~!(0). Again, from the second conclusion of (3.11),

we have that there exists a subsequence {vy, } of {v,} such that v, — x*. It follows from (3.16)
that

1im ||v — v || = 0. (3.18)

Since S is relatively nonexpansive, we have x* € F(S). Next, we show that Ax* € F(T). From
Lemma 2.4, we have

1(1=Per)AX*[> = (2 (AX" = Pr(r

= (h(Ax — Pp1)) (AX") ) ,AX" — Awy) + (AX" — Pp(1) (Ax),
Awy — Pp(py) (Awy)) + (AX* — Pp(7)) (AX"), Pp(1)) (Awy)

N
BN
k*

|
>

G
N
R*
£
X*
n

S
S
+
N
R*

|
-

G
N
k*

Since A is a bounded linear operator, we have that
lim ||Aw, — Ax*|| = 0.
n—soo

Hence, it follows from (3.14) that ||(/ — Pr(r)Ax*)|| = 0. This implies that Ax* € F/(T'). There-
fore, x* €T
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We now show that x* = PF(T)xl. Let z = Prxy. Then, z € I'. Since x, = Pc,x; and I' C G, we
have ¢ (x,,x1) < ¢(z,x1). On the other hand, from lower semicontinuity of norm, we have
o x1) = |l|P 20" Jxr) + x|
< timinf ([l P —2(5, 40) + ] )

< liminf (gb(xnk,xl)) < limsup (q)(xnk,xl)) < @(z,x1). (3.19)
k—oo

k—roo

From the fact that z = Prx;, we get ¢(z,x1) < ¢(p,x1), Vp € ', which shows that ¢(z,x1) <
¢ (x*,x1). From (3.19), we have ¢(z,x1) = ¢(x*,x1). Uniqueness of Prx; gives us z = x*. Next
we show that x,, — x*. Using (3.19) again, we obtain

o(x",x1) < liminf (@ (xy,x1)) < limsup (¢ (xn,x1)) < (z,x1.)

k—roo k—oo
= ¢(x",x1).
Thus limy_se @ (X, X1) = ¢ (x*,x1). Therefore, limy_,e ||x,, || = ||x*||. By the Kadec Klee prop-
erty of Ey, we get x,, — x*, as k — oo. Since {x,} is Cauchy, we conclude that x, — x* =
Prx1, n — oo. This completes the proof. 0

When T is nonexpansive, we have the following result.

Corollary 3.1. Let H| and H; be real Hilbert spaces. Let B : Hj — 281 be a maximal mono-
tone operator, and let A : Hy — Hjy be a bounded linear operator with adjoint A* : Hy — H;.
Let S : Hy — H| a nonexpansive mapping, and let T : Hy — H, be a closed relatively quasi-
nonexpansive mapping. For arbitrary xo,x| € Hy, let the sequence {x,} be a sequence gener-
ated as follows

(Co=H,

Wy = Xp+ (Xn —Xn—1),

Uun = wy + YA* (Pp() — 1) Awy,

v = (1= )ty + 0SSt (3.20)
Yn = (1= B)vn+ BSvy,

Cor1 ={pP €Cu:|lp—ynll < llp=vall < lp —unl| < [P —wal[},

Xpy1 = Fe, %1, Vn>1

\
where J§ = (I +AA)~1. Suppose that T := {v € B-1(0)NF(S) : Av € F(T)} # 0, and the
following conditions are satisfied: (1) oy, € [a,1),a >0, B € (0,1); (2)0<y< W. Then
limy, e X, = X* = Prxy.

4. THE APPLICATION

In this subsection, we consider the application to the hierarchical variational inequality prob-
lem.

Definition 4.1. Let E be a smooth, strictly convex and real reflexive Banach space, and let K
be a nonempty, closed and convex subset of E. Let S : K — K be a nonlinear mapping with
F(S), a nonempty closed and convex subset of K, and let V : K — K be a nonlinear mapping.
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The so-called hierarchical variational inequality problem for the mapping S with respect to the
mapping V in Banach spaces is to find x* € F(S) such that

(x* —x,J(Vx* —x%)) >0, Vx € F(S). 4.1)

From Lemma 2.4, hierarchical variational inequality problem (4.1) is equivalent to the fol-
lowing fixed point equation:
.X'* = PF(T)VX*' (42)

Set C = F(S) and Q = F(Pr(S)oV) and A = I, where I denotes the identity mapping on E.
Then, the hierarchical variational inequality problem (4.1) for a mapping S with respect to a
mapping V is equivalent to the following split common fixed point problem, which consists of
finding

x* € C such that x* € Q. (4.3)

Therefore, the set of solutions I' of hierarchical variational inequality problem(4.1) is just the
set of solutions of split common fixed point problem (4.3).
From Theorem 3.1, we have the following result.

Theorem 4.1. Let E be a 2-uniformly convex and 2-uniformly smooth real Banach space with
the best smoothness constant k > 0, and let B : E — 25" be a maximal monotone operator.
Fori=1,2,---,let Sj: E — E be a countable family of relatively nonexpansive mappings
with Sx = J7 (X2, §(oiJx+ (1 — 6;)JSix)) for each x € C, {§;} C (0,1) and {o;} C (0,1)
are such that Y72 | 8; = 1. Let T : E — E be a closed relatively quasi-nonexpansive mapping.
Suppose that V : E — E is a mapping such that H := Pr(T)oV is a closed relatively quasi-
nonexpansive mapping with F(H) # 0. For arbitrary xo,x| € Ej, let the sequence {x,} be a
sequence generated as follows

(Co=E),

Wi = X+ (Xn — Xn—1),

tn = J = (I +¥I (Pr(zy — Dwa)

va =J (1 = o)y + 0 T3 uy), (4.4)
yn =J"H((1=B)Jva+ BISv,),

Cut1= {p €Cy: ¢(W7yn) < ‘P(pavn) < (P(pv”n) < ¢(p,w,,)},

Xpr1 =g, x1, Vo> 1,

\

where J4 = (J + AA)~\J with J being the normalized duality map of E. Assume that the fol-
lowing conditions are satisfied (1) a, € [a,1),a >0, B € (0,1); (2)0<y< W' If T, the
set of solutions of the hierarchical variational inequality problem (4.1), is nonempty, then {x,}

converges strongly to v = Ilrxy.
Proof. Taking E) = E, =E,A=1,H = Pr(S)oV in Theorem (3.1), and noticing that J; = J, =J,
we see that the conclusion of Theorem 4.1 follows from Theorem 3.1 immediately. U
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