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ON THE CONVERGENCE OF OPTIMIZATION PROBLEMS WITH KERNEL
DENSITY ESTIMATED PROBABILISTIC CONSTRAINTS
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Abstract. Uncertainty plays a significant role in applied mathematics and probabilistic constraints are
widely used to model uncertainty in various fields even if probabilistic constraints often demand com-
putational challenges. Kernel density estimation (KDE) provides a data-driven approach for properly
estimating probability density functions and efficiently evaluating corresponding probabilities. In this
paper, we investigate optimization problems with probabilistic constraints, where the probabilities are
approximated using a KDE approach. We establish sufficient conditions under which the solution of
the KDE approximated optimization problem converges to the solution of the original problem as the
sample size goes to infinity. The main results of this paper include three theorems: (1) For sufficiently
large sample sizes, the solution of the original problem is also a solution of the approximated problem,
if the probabilistic constraint is passive; (2) The limit of a convergent sequence of solutions of the ap-
proximated problems is a solution of the original problem, if the KDE uniformly converges; (3) We
provide sufficient conditions for the existence of a convergent sequence of solutions of the approximated
problems.
Keywords. Chance constraints; Kernel density estimation; Convergence analysis; Probabilistic con-
strained optimization; Stochastic optimization.
2020 Mathematics Subject Classification. 90C15, 62G07.

1. INTRODUCTION AND MOTIVATION

Uncertainty is always present in real world applications. Insofar it is important for decision-
makers to consider this uncertainty while making optimal choices. Mathematically, this neces-
sitates a paradigm shift from deterministic optimization towards embracing the complexities of
stochastic environments. Real-world parameters are usually not completely unknown, and they
often follow a probability distribution. In this context, probabilistic constraints (also known as
chance constraints) emerge as an excellent modelling tool to represent this uncertainty. Charnes,
Cooper, and Symonds are often mentioned as the pioneers in this area with their works in the
late 1950s on production planning; see [1, 2]. In [3] and [4] the authors provided a detailed
overview and introduction on the broad area of stochastic programming and optimization with
probabilistic constraints.
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Probabilistic constraints as modelling tools for uncertainty are now highly used in application
driven problems. In [5], the authors gave an introduction to probabilistic constraints in energy
management. Recent research results acknowledge the importance of probabilistic constraints
in applications related to energy management; see [6, 7, 8] for an application to electricity net-
works; see [9, 10, 11, 12, 13] for an application to gas networks; see [14, 15, 16] for general hy-
perbolic problems. However, it is well-recognized that evaluating probabilistic constraints may
be challenging due to high-dimensional probability distributions, or even unknown probabil-
ity distributions, and the computational demands they impose can hinder efficient optimization.
Kernel density estimation (see, e.g., [17, 18]) is a well-known and powerful statistical technique
that first arose in the early 1950s in mathematics and statistics, where [19] is often cited as a
foundational paper. Kernel density estimation provides a flexible and data-driven approach to
approximate probability density functions and thus, to evaluate probabilistic constraints. Apart
from the above mentioned books, [20] and [21] gave an excellent overview about kernel den-
sity estimation including discussions on kernel functions, bandwidth selection and convergence
analysis.

In this paper, we consider optimization problems with probabilistic constraints, where the
probabilistic constraint is approximated by a kernel density estimator (KDE). This approach
was recently applied to evaluate probabilities in the context of gas network optimization; see
[12, 13, 16]. The convergence of the KDE was highly discussed in the past; see, e.g., [19,
22] for the very early results. The convergence theory of the kernel density estimator and
the corresponding probabilistic constraints was perfectly summarized in [17] and it was well
explained in [20]. Convergence rates for the KDE were analyzed in, for example, [23, 24].
To our best knowledge, the convergence of optimization problems with KDE approximated
probabilistic constraints was not analyzed before. In this paper, we show that the solution of
optimization problems with probabilistic constraints can be approximated by the solution of
optimization problems with KDE approximated probabilistic constraints in the sense that if the
number of samples goes to infinity, then the solution of the approximated problem converges to
the solution of the exact problem.

The paper is organized as follows: In Section 2, we first state our probabilistic constrained
optimization problem. We then shortly introduce the concept of kernel density estimation and
further, we state the main results of this work. The main results consist of three theorems. In
the first theorem, we state that if the probabilistic constraint is passive, then we can always
find a sufficiently large number of samples, s.t. the approximated optimization problem has
the same solution as the original problem. In the second theorem, we show that if the kernel
density estimator converges uniformly, then the limit of a convergent sequence of solutions of
the approximated problem is a solution of the original problem. In the last theorem, we state
sufficient conditions for the existence of a convergent sequence of solutions of the approximated
problem. In Section 3.1, we first prove some auxiliary lemmas that are needed for the proofs of
the main results. In Section 3.2, we state the proofs of the three main theorems.

2. MATHEMATICAL MODELLING

In this section, we introduce and motivate our probabilistic constrained optimization prob-
lem, we introduce and discuss kernel density estimation, and we approximate the probabilistic
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constraint by using a kernel density estimator (KDE) approach, in which the probability is eval-
uated by integrating the approximated probability density function.

2.1. Optimization with probabilistic constraints. We use the notation R̄ := R∪ {−∞,∞}.
Consider the constrained optimization problem

min
x∈V

f (x)

s.t. g̃i(x)≤ 0 i = 1, · · · ,m ∈ N,
x ∈X

with a Banach space V , a convex and monotonously increasing function f : V → R̄ and con-
straints g̃i : V → R for i = 1, · · · ,m ∈ N. Let /0 6= X ⊆ V be a closed set defined by further
constraints, which does not depend on the uncertainty later. In various applications like finance,
fluid transport, telecommunication, (chemical) engineering, and much more, the constraints
may be perturbed or may depend on an uncertain parameter ξ ∈ Rd , e.g., due to demographic,
meteorological, environmental and other reasons. For i = 1, · · · ,m, we define the constraints

gi : V ×Rd → R, gi : (x,ξ ) 7→ gi(x,ξ ).

Often, decisions x have to be taken before the uncertainty ξ that is sufficiently observed.
In this paper, we focus on the case where the uncertain parameter is given by a probability
distribution. Consider a random variable ξ with absolutely continuous probability distribution
function Fξ on an appropriate probability space (Ω,A ,P) with ξ (ω) ∈ Rd for ω ∈ Ω. In the
following, we write ξ instead of ξ (ω) for a realization of the random variable ξ . Note that
g(x, ·) as a vector of the gi is also a m-dimensional random variable, which we assume to be
absolutely continuous. Obviously, there is no guarantee that g(x,ξ )≤ 0 for all realizations of ξ .
Due to the fact that the distribution of ξ is known, we can evaluate the probability P

(
g(x,ξ )≤ 0

)
and we agree on a decision x, if the probability larger than some probability level α ∈ (0,1).
This leads to the probabilistic constrained optimization problem

min
x∈V

f (x),

s.t. P( g(x,ξ )≤ 0 ) ≥ α,

x ∈X .

(P∞)

The main difficulty in analyzing and solving probabilistic constrained optimization problems
like (P∞) clearly emerges when evaluating the probabilistic constraint resp. when computing the
probability. Due to the absolute continuity of ξ , a probability density function ρξ of ξ exists
and the probability depending on a decision x can be evaluated by integrating the probability
density function over the set of feasible realizations, i.e.,

P( g(x,ξ )≤ 0 ) =
∫

M(x)

ρξ (z) dz, (2.1)

where the set of feasible realizations M(x) is defined as (i = 1, · · · ,m)

M(x) :=
{

ω ∈Ω | gi(x,ξ (ω))≤ 0
}
⊆ Rd. (2.2)

It is not difficult to see that evaluating this integral might causes problems, due to a high
dimension d or due to an unknown structure of the set M. In [25], the authors gave an excellent
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overview about how to efficiently integrate Gaussian distributions over polyhedral sets, but we
neither focus on Gaussian distributions nor we restrict ourselves to polyhedral sets. In fact, since
we have no restrictions on g, we can not even assume convexity of M(x). If one is able to get
sufficient information on M, then, for Gaussian distributions, in [26] the authors suggested to
apply the spheric radial decomposition (see also [27, 28]) to efficiently evaluate the probability
(2.1). Since this is usually not the case, we rewrite the probability (2.1) as

P( g(x,ξ )≤ 0 ) =
∫

(−∞,0]m

ρg(x)(z) dz, (2.3)

where ρg(x) is the probability density function of the random variable g(x, ·). So the set of
integration now is quite convenient for evaluating the probability, but the probability density
function is a priori unknown. This is where we apply kernel density estimation.

2.2. Kernel density estimation. In this section, we shortly introduce the concept of kernel
density estimation (see [18, 20]), a non-parametric method used to estimate the probability
density function of a random variable. Consider an independent and identically distributed
sample

Sξ := { y1, · · · ,yNKDE } ⊆ Rd,

of the random variable ξ . For every yi ∈ S (i ∈ {1, · · · ,NKDE}), define the vector Yi(x) :=
g(x,yi). Thus, for x ∈ V , the sample

Sg(x) := { Yi, · · · ,YNKDE } ⊆ Rm,

is an independent and identically distributed sample of the random variable g(x, ·). For a mul-
tivariate kernel function K : Rm→ R≥0 and a bandwidth matrix H ∈ Rm×m, the kernel density
estimator (KDE) is defined by

ρNKDE,g(x)(z) =
1

NKDE
√

detH

NKDE

∑
i=1

K
(

H−
1
2 (z−Yi)

)
, (2.4)

which is an approximation of the probability density function ρg(x). Note that H must be chosen
suitable such that H−1/2 exists. The corresponding probability is given by

PNKDE ( g(x,ξ )≤ 0 ) =
∫

(−∞,0]m

ρNKDE,g(x)(z) dz, (2.5)

which is an approximation of the probability (2.3). In [12] and [16] the authors applyed a
Gaussian product kernel and a diagonal bandwidth matrix, which leads to efficient numerical
evaluation of the KDE. Different kernel functions were discussed in [29, 30] and the choice of
bandwidth matrix was discussed in [31, 32].

Under slight assumptions on the bandwidth matrix (see, e.g., [17, Chapter 6, Theorem 1] and
[20, Chapter 3.4]), the KDE L1-converges P-almost surely to the exact density function if the
number of samples goes to infinity. That is,∥∥ ρNKDE,g(x)−ρg(x)

∥∥
L1(Rm)

NKDE→∞−−−−−→ 0 P− almost surely. (2.6)
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Further, due to Scheffé’s lemma (see [17, Chapter 1, Theorem 1], the approximated probabil-
ity (2.5) also converges to the exact probability (2.1). That is,∣∣ PNKDE ( g(x,ξ )≥ 0 )−P( g(x,ξ )≥ 0 )

∣∣ NKDE→∞−−−−−→ 0 P− almost surely. (2.7)

We now replace the probabilistic constraint in (P∞) with the KDE approximated probability,
and we define the approximated probabilistic constrained optimization problem

min
x∈V

f (x),

s.t. PNKDE( g(x,ξ )≤ 0 ) ≥ α,

x ∈X .

(PNKDE)

Even if the approximated probability converges to the exact probability, it is not a priori clear
that a sequence of solutions of (PNKDE) also converges to a solution of (P∞). In the next section,
we give sufficient conditions for the convergence of optimal solutions of the approximated
problem.

3. MAIN RESULTS

In this section, we present the main results of this paper. We state sufficient conditions
for the convergence of a sequence of solutions of the approximated probabilistic constrained
optimization problem (PNKDE) to a solution of the exact probabilistic constrained optimization
problem (P∞). In fact, even if the convergence of the probability was stated in (2.7), it is not a
priori clear whether the limit of a convergent sequence of solutions of (PNKDE) is a solution to
(P∞) or if a convergent sequence of solutions to (PNKDE) even exists. In [12], the author presented
a result. Under certain assumptions, for NKDE sufficiently large, the solution of (PNKDE) is close
to a solution of (P∞). In the following assumptions, under which a sequence of solutions of
(PNKDE) converges to a solution of (P∞).

Throughout the last paragraphs, we already made a few assumptions that we summarize in
the following paragraph. Consider a Banach space V , a closed and nonempty set X ⊆ V , a
continuous and monotonously increasing function f : V → R̄, a function g : V×Rd→Rm, and
a random variable ξ with probability density function ρξ on an appropriate probability space
(Ω,A ,P). Consider the probabilistic constrained optimization problem

min
x∈V

f (x),

s.t. P( g(x,ξ )≤ 0 ) ≥ α,

x ∈X ,

(P∞)

where the probability is evaluated by (2.3). Consider the approximated probabilistic constrained
optimization problem 

min
x∈V

f (x),

s.t. PNKDE( g(x,ξ )≤ 0 ) ≥ α,

x ∈X ,

(PNKDE)

where the probability is evaluated approximately by the KDE approach stated in (2.5).
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Henceforth we assume that (P∞) as well as (PNKDE) have at least one solution. The follow-
ing theorems provide new results about optimization problems with kernel density estimator
approximated probabilistic constraints:

Theorem 3.1. Let x∗ ∈ V be a solution of (P∞) with P( g(x∗,ξ )≥ 0 ) > α . Then there exists
N∗ sufficiently large, s.t. x∗ is a solution to (PNKDE) for all NKDE ≥ N∗ P-almost surely.

Theorem 3.2. If the KDE P− almost surely uniformly converges for every x ∈ X , and if
(x∗NKDE

)NKDE≥1 is a convergent sequence of solutions of (PNKDE), then its limit x∗ P-almost surely
is a solution to (P∞).

Theorem 3.3. If x∗ is a unique solution to (P∞) and if there exists a positive pair (ε,δ ) such
that, for all x ∈X \Bδ (x∗) with P( g(x,ξ )≤ 0 ) ≥ α, f (x)> f (x∗)+ ε, then there P-almost
surely exists a convergent sequence of solutions of (PNKDE).

The first theorem can be interpreted as follows: If the probabilistic constraint in the original
problem is passive, then the original problem can be seen as a deterministic problem locally
around the optimal solution. Then we can P-almost surely find a sufficiently large number
of samples such that a solution of the original problem is also a solution to the approximated
problem.

The second theorem states that uniform convergence of the KDE is sufficient such that the
limit of a convergent sequence of solutions of the approximated problems is a solution to the
original problem. Uniform convergence of the KDE is a rather weak assumption. In [33]
the authors state that the uniform convergence only depends on the kernel functions and the
bandwidth parameter if the original probability density function is uniformly continuous. Due
to the existence of a probability density function, we already assumed the absolute continuity
of the original probability distribution function. Since we have no additional restrictions on the
kernel function and the bandwidth matrix apart from the KDE convergence stated in Section
2.2, both parameters can easily be chosen to guarantee uniform convergence, e.g., a Gaussian
kernel function and a diagonal bandwidth matrix, as it was done in [16].

The third theorem gives a sufficient condition for the existence of a convergent sequence of
solutions. The assumption in Theorem 3.3 basically states that the objective value can only be
infinitesimal close to the optimal objective value in an area close to the optimal solution. Note
that the theory of convex optimization implies the assumption, i.e., the assumption is satisfied
if the admissible set of (P∞) is convex. Additionally, if the objective function is strictly convex,
then there exists a unique solution of (P∞) and thus also a convergent sequence of solutions of
the approximated problems (PNKDE).

4. PROOF OF THE MAIN RESULTS

In this section, we provide the proofs of Theorem 3.1, Theorem 3.2 and Theorem 3.3. We
further provide some auxiliary lemmas that are used for the proof. The proof of Theorem 3.2
is based on a convergence result stated in [34]. First we state some definitions regarding the
notation.

We define the admissible set A∞ of optimization problem (P∞) as

A∞ := { x ∈ V | P( g(x∗,ξ )≤ 0 ) ≥ α, x ∈X },
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and we define the admissible set ANKDE of optimization problem (PNKDE) as

ANKDE := { x ∈ V | PNKDE( g(x∗,ξ )≤ 0 ) ≥ α, x ∈X }.

4.1. Auxiliary lemmas.

Lemma 4.1. Under the assumptions of Theorem 3.2, the probabilistic constraint in (PNKDE)
P− almost surely uniformly converges to the probabilistic constraint of (P∞) on X as NKDE
goes to ∞.

Proof of Lemma 4.1. Considering the probabilistic constraints GNKDE(x)≤ 0 of (PNKDE) with

GNKDE(x) := α−PNKDE( g(x,ξ )≤ 0 ),

and G(x)≤ 0 of (P∞) with G(x) := α−P( g(x,ξ )≤ 0 ), we have

lim
NKDE→∞

sup
x∈X

∣∣ GNKDE(x)−G(x)
∣∣

= lim
NKDE→∞

sup
x∈X

∣∣ P( g(x∗,ξ )≤ 0 )−PNKDE( g(x∗,ξ )≤ 0 )
∣∣

= lim
NKDE→∞

sup
x∈X

∣∣∣ ∫
(−∞,0]m

ρg(x)(z) dz−
∫

(−∞,0]m

ρg(x),NKDE(z) dz
∣∣∣

= lim
NKDE→∞

sup
x∈X

∣∣∣ ∫
(−∞,0]m

ρg(x)(z)−ρg(x),NKDE(z) dz
∣∣∣.

We use the triangular inequality to obtain

lim
NKDE→∞

sup
x∈X

∣∣∣ ∫
(−∞,0]m

ρg(x)(z)−ρg(x),NKDE(z) dz
∣∣∣

≤ lim
NKDE→∞

sup
x∈X

∫
(−∞,0]m

∣∣ ρg(x)(z)−ρg(x),NKDE(z)
∣∣ dz.

Now we swap the supremum and the integral, which leads to

lim
NKDE→∞

sup
x∈X

∫
(−∞,0]m

∣∣ ρg(x)(z)−ρg(x),NKDE(z)
∣∣ dz

≤ lim
NKDE→∞

∫
(−∞,0]m

sup
x∈X

∣∣ ρg(x)(z)−ρg(x),NKDE(z)
∣∣ dz.

Since the KDE P− almost surely uniformly converges for every x ∈X , it also uniformly con-
verges for the supremum of all x ∈X and we can swap the limit and the integral, i.e.,

lim
NKDE→∞

∫
(−∞,0]m

sup
x∈X

∣∣ ρg(x)(z)−ρg(x),NKDE(z)
∣∣ dz

=
∫

(−∞,0]m

lim
NKDE→∞

sup
x∈X

∣∣ ρg(x)(z)−ρg(x),NKDE(z)
∣∣ dz P− almost surely.
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Thus
lim

NKDE→∞
sup
x∈X

∣∣ GNKDE(x)−G(x)
∣∣ = 0 P− almost surely,

and the lemma is proven. �

Lemma 4.2. Under the assumptions of Theorem 3.2, if the number of samples NKDE goes to
infinity, then the admissible set ANKDE P-almost surely converges to A∞ in the sense that

lim
NKDE→∞

ANKDE ⊆A∞ and A∞ ⊆ lim
NKDE→∞

ANKDE .

Proof of Lemma 4.2. Consider the probabilistic constraints GNKDE(x)≤ 0 of (PNKDE) with

GNKDE(x) := α−PNKDE( g(x,ξ )≤ 0 ),

and G(x)≤ 0 of (P∞) with
G(x) := α−P( g(x,ξ )≤ 0 ).

Consider a convergent sequence xNKDE → x∗ with xNKDE ∈ANKDE . Due to Lemma 4.1, the corre-
sponding sequence GNKDE(xNKDE) P-almost surely also converges and

lim
NKDE→∞

GNKDE(xNKDE)→ G(x∗) P-almost surely.

Since GNKDE(xNKDE)→ G(x∗) is a sequence of non positive numbers and the interval (−∞,0] is
a closed set, the limit G(x∗) is also a non positive number. Thus G(x∗)≤ 0, i.e.,

P( g(x∗,ξ )≤ 0 ) ≥ α P-almost surely,

which implies x∗ ∈A∞ P-almost surely. The other way around, for x ∈A∞, we have

α ≤ P( g(x,ξ )≤ 0 ) =
∫

(−∞,0]m

ρg(x)(z) dz.

From the convergence of the KDE, we have

α ≤
∫

(−∞,0]m

lim
NKDE→∞

ρg(x),NKDE(z) dz P-almost surely,

and from the uniform convergence of the KDE for every x ∈X , we can swap the limit and the
integral. This implies

α ≤ lim
NKDE→∞

∫
(−∞,0]m

ρg(x),NKDE(z) dz P-almost surely,

which is equivalent to

lim
NKDE→∞

PNKDE( g(x,ξ )≤ 0 ) ≥ α P-almost surely.

Thus we have x ∈ limNKDE→∞ ANKDE P-almost surely and the lemma is proven. �

Lemma 4.3. Under the assumptions of Theorem 3.2, for every x ∈ A∞, there P-almost surely
exists a convergent sequence (xNKDE)NKDE≥1 with xNKDE ∈ANKDE and xNKDE → x as NKDE→ ∞.
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Proof of Lemma 4.3. Under the assumptions of Theorem 3.2, the admissible set A∞ is non
empty. For x∗ ∈ A∞, we define the sequence (xNKDE)NKDE≥1 with xNKDE ∈ ANKDE such that the
distance between x∗ and xNKDE is minimal regarding the norm ‖ · ‖ of the Banach space, i.e.,

xNKDE := argmin
x∈ANKDE

‖x− x∗‖. (4.1)

Note that, on the one hand, xNKDE is equal to x∗ if and only if x∗ ∈ANKDE . On the other hand, it
is not important whether the arg min is unique. Assume that (xNKDE)NKDE≥1 does not converge
to x∗. Then there exists ε > 0 such that

‖xNKDE− x∗‖> ε for NKDE ≥ 1,

which is a contradiction to Lemma 4.2. Thus xNKDE → x∗ for NKDE → ∞ and the lemma is
proven. �

4.2. Proof of the Main Results.

Proof of Theorem 3.1. Let a solution x∗ ∈X with P( g(x∗,ξ ) ≤ 0 ) = α + ε for ε > 0 be
given. For ε > 0, we can find N∗ sufficiently large, s.t. P-almost surely. Then∣∣ P( g(x∗,ξ )≤ 0 )−PNKDE( g(x∗,ξ )≤ 0 )

∣∣≤ ε ∀NKDE ≥ N∗. (4.2)

This implies that PNKDE( g(x∗,ξ ) ≤ 0 ) > α for NKDE ≥ N∗ (cf. (2.6), (2.7)). Thus x∗ is
admissible for (PNKDE). Assume that for NKDE ≥ N∗ there P-almost surely exists x ∈ ANKDE

with f (x)< f (x∗). Then x /∈A∞ because otherwise this contradicts the optimality of x∗. Define

x := x+λ (x∗− x),

with λ ∈ (0,1), s.t. x ∈ ANKDE ∩A∞. Then f (x) < f (x∗) ≤ f (x), due to the optimality of x
and x∗. But this implies that the epigraph of f is not convex, which is a contradiction to the
convexity of f . Thus, for NKDE ≥ N∗, x∗ is P-almost surely a solution to (PNKDE). �

As mentioned before, for the proof of Theorem 3.2, we apply a result from [34], which
requires additional notation. Let

IL{ANKDE} := { x ∈ V | x = lim
NKDE→∞

xNKDE , where xNKDE ∈ANKDE for all but

a finite number of NKDE’s },
be the set of inner limits of ANKDE . Further let MNKDE and M∞ be the set of optimal solutions
of (PNKDE) and (P∞), respectively. For the reader’s convenience, in the following, we state the
theorem, which we apply in the proof of Theorem 3.2.

Theorem 4.1. (cf. [34, Theorem 2.3])
Let the following assumptions hold:

(1) The minimum sets MNKDE satisfies IL{MNKDE} ⊆A∞.
(2) If xni is in Mni for all i and xni → x for i→ ∞, where {ni} is an increasing sequence,

then liminfi→∞ f (xni)≥ f (x).
(3) For each x ∈A∞, there exist N ∈ N and a sequence {xNKDE} with xNKDE ∈ANKDE for all

NKDE ≥ N, and such that xNKDE → x and limNKDE→∞ f (xNKDE) = f (x).
Then IL{MNKDE} ⊆M∞. In addition, if IL{MNKDE} is nonempty, then the optimal values also
converge.
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Note that [34, Theorem 2.3] was adapted to our notation here. Now we can formulate the
proof of Theorem 3.2.

Proof of Theorem 3.2. For this proof, we show that the assumptions of Theorem 4.1 (cf. [34])
are satisfied. Consider a convergent sequence of solutions x∗NKDE

with limit x∗∞ and x∗NKDE
∈

MNKDE . Since X is closed, we have x∗∞ ∈X . The corresponding sequence GNKDE(x
∗
NKDE

) is a
sequence of non positive numbers. Due to the uniform convergence shown in Lemma 4.1, we
have

lim
NKDE→∞

GNKDE(x
∗
NKDE

) = G(x∗∞).

Assume that G(x∗∞)> 0. Then there exists N∗ ∈N, s.t. GNKDE(x
∗
NKDE

)> 0 for NKDE ≥N∗, which
is a contradiction to xNKDE ∈MNKDE . Thus G(x∗∞) ≤ 0 and IL{MNKDE} ⊆ A∞, that is, the first
assumption holds of Theorem 4.1 holds.

Consider the sequence (xni) from Theorem 4.1, assumption 2. Since f is continuous and
monotonously increasing, we have liminfi→∞ f (xni) = f (x). Thus the second assumption of
Theorem 4.1 holds.

For each x ∈ A∞, the existence of a convergent sequence {xNKDE} with limit x and xNKDE ∈
ANKDE for all NKDE ≥ N ∈ N follows directly from Lemma 4.3. Due to the continuity of f , we
have

lim
NKDE→∞

f (xNKDE) = f
(

lim
NKDE→∞

xNKDE

)
= f (x).

Thus the third assumption in Theorem 4.1 also holds. This implies

IL{MNKDE} ⊆M∞,

i.e., the limits of all sequences of solutions of (PNKDE) is a solution to (P∞). �

Proof of Theorem 3.3. Consider a sequence of solutions (x∗NKDE
)NKDE≥1 of (PNKDE) and recall

the assumption that there exists a positive pair (ε,δ ) such that

f (x)> f (x∗)+ ε, ∀x ∈A∞\Bδ (x
∗), (4.3)

where x∗ is the unique solution of (P∞). We first show that we can find N∗ sufficiently large, s.t.
x∗NKDE

∈Bδ (x∗) P-almost surely. Assume that x∗NKDE
/∈Bδ (x∗). Due to the continuity of f , for

ε

2 > 0 there exists δ2 > 0, s.t.

‖ f (x)− f (x∗NKDE
)‖< ε

2
, ∀x ∈Bδ2(x

∗
NKDE

). (4.4)

Further, due to Lemma 4.2, for N1 sufficiently large, we can find 0 < δ3 ≤ δ2, s.t.

Bδ (x
∗)∩Bδ3(x

∗
NKDE

) = /0, ∀NKDE ≥ N1 P− almost surely. (4.5)

This implies that (4.3) holds for x∗NKDE
with NKDE ≥ N1 P-almost surely. On the other hand, for

N2 sufficiently large, we have

Bδ3(x
∗
NKDE

)∩A∞ 6= /0 P− almost surely,

i.e., there P− almost surely exists x1 ∈Bδ3(x
∗
NKDE

)∩A∞ with x1 /∈Bδ (x∗). Due to (4.4) and
(4.5), we have

‖ f (x1)− f (x∗NKDE
)‖< ε

2
, ∀NKDE ≥max{N1,N2} P− almost surely,
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which implies

f (x∗NKDE
)> f (x∗)+

ε

2
P− almost surely. (4.6)

Next, due to the continuity of f , for ε

2 > 0, there also exists δ4 > 0, s.t.

‖ f (x)− f (x∗)‖< ε

2
, ∀x ∈Bδ4(x

∗). (4.7)

Again, due to Lemma 4.2, for N3 sufficiently large, we can find 0 < δ5 ≤ δ4, s.t.

ANKDE ∩Bδ5
(x∗) 6= /0 P− almost surely,

i.e., there P− almost surely exists x2 ∈ANKDE ∩Bδ5
(x∗). Due to the continuity (4.7), we have

f (x2)< f (x∗)+
ε

2
P− almost surely,

and consequently (cf. (4.6))

f (x2)< f (x∗NKDE
) P− almost surely,

which is a contradiction to the optimality of x∗NKDE
. Thus, for N∗ := max{N1,N2,N3}, we have

x∗NKDE
∈Bδ (x

∗), ∀NKDE ≥ N∗ P− almost surely.

This implies that, for all δ ∗ ≥ δ ,

‖x∗n− x∗m‖< 2δ , ∀n,m≥ N∗ P− almost surely.

Due to the optimality of x∗, for all 0 < δ ∗ ≤ δ , we can find ε∗ > 0, s.t. f (x) > f (x∗)+ ε∗ for
all x ∈A∞\Bδ ∗(x∗). With the same argument as above, we can find N∗ sufficiently large, s.t.

x∗NKDE
∈Bδ ∗(x

∗), ∀NKDE > N∗ P− almost surely,

and thus
‖x∗n− x∗m‖ ≤ 2δ

∗, ∀n,m > N∗ P− almost surely.
Hence, the sequence of solutions (x∗NKDE

)NKDE≥1 of (PNKDE) is a Cauchy sequence and the theo-
rem is proven. �

5. CONCLUSIONS

In this paper, we analyzed the convergence of probabilistic constrained optimization prob-
lems, where the probabilities were approximated by a kernel density estimator approach. We
shown that, under sufficient conditions, the solution of the KDE approximated optimization
problems converges to the solution of the original optimization problem as the number of sam-
ples goes to infinity. Our three main results demonstrated that the KDE based approach can
effectively approximate the probabilistic constraints. First we showed that, for sufficiently large
sample sizes, the solution of the original probabilistic constrained optimization problem is also
a solution to the KDE approximated probabilistic constrained optimization problem, if the prob-
abilistic constraint is passive. Further we shown that the uniform convergence of the KDE is
sufficient such that the limit of a convergent sequence of solutions of the approximated prob-
lems is a solution to the original problem. As third main result, we given sufficient conditions
for the existence of a convergent sequence of solutions of the approximated problems.

Our theoretical framework is based on general assumptions for the optimization problems
that are well-known in optimization theory. The assumptions on the KDE are rather weak and
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flexible, allowing for practical applications in a wide range of stochastic environments. Specif-
ically, the kernel functions and bandwidth parameters can be chosen to ensure smooth and con-
tinuously differentiable approximations of the probability, which, in contrast to methods like a
Monte Carlo evaluation of the probability, allow the application of e.g. a gradient method. Thus
combining the KDE and optimization problems with probabilistic constraints is a promising
approach for solving these class of optimization problems numerically efficient.

Future research should focus on the convergence speed of optimization problems with KDE
approximated probabilistic constraints. While considerable research exists on the convergence
rates of the KDE itself, the connection between KDE convergence speed and convergence speed
of KDE approximated optimization problems has not been analyzed yet. This relation could
yield important insights into an optimal choice of kernel functions and bandwidth parameters,
as well as improving the efficiency of KDE approximated probabilistic constraints in various
practical applications.
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