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Abstract. In this paper, we propose a new iterative method for approximating a common solution of
pseudo-monotone equilibrium problems and common fixed point problems of Bregman quasi-nonexpansive
mappings in a p-uniformly convex and uniformly smooth Banach space. Under some weaker conditions,
we obtain a strong convergence result. A variational inequality problem is also considered. We present
numerical examples to illustrate and support our main convergence theorem.
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1. INTRODUCTION

Let C be a nonempty, convex, and closed set in a real Banach space E whose dual is denoted
by E∗. The Equilibrium Problem (EP) for a bifuntion f : C×C→ R consists of finding a point
x∗ in set C such that

f (x∗,x)≥ 0, ∀ x ∈C. (1.1)

We borrow EP( f ) to denote the solution set of problem (1.1), which was inaugurated as the
Ky Fan inequality (see [9]). It is noteworthy to mention that numerous problems in economics,
transportation, and so on can be modelled into the equilibrium problem, which include many
hot problems, such as, variational ineqaulity problems, inclusion problems, saddle point prob-
lems and so on as special cases; see, e.g., [10, 14, 26, 28, 36]. Recently, various iterations
were investigated for solutions of the equilibrium problem; see, e.g., [5, 6, 22, 37, 38] and the
references therein.

In [16], Korpelevich proposed the extragradient method (EM) for a monotone variational
inequality, which a variant of the equilibrium problem, in the framework of Euclidean spaces
as follows: {

yn = PC(xn−ρA(xn)),

xn+1 = PC(xn−ρA(yn)),
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where A is K-Lipschitz continuous and monotone and ρ ∈ (0, 1
K ). Notice that the EM needs to

evaluate two projections (onto feasible set C) in each iteration, which is a major drawback that
might affect the applications of the EM. For various modified EM, we refer to [1, 7, 12].

Inspired by the EM, Quoc, Muu, and Nguyen [27] in the framework of finite dimensional
Hilbert spaces studied the following iterative scheme for approximating a solution of pseudo-
monotone EP: 

x0 ∈C ⊂ RN ,

yn = argmin{ρ f (xn,y)+ 1
2‖y− xn‖2 : y ∈C}

xn+1 = argmin{ρ f (yn,y)+ 1
2‖y− xn‖2 : y ∈C}, n≥ 0,

(1.2)

where 0 < ρ < min{ 1
2k1

, 1
2k2
}, and k1 and k2 are Lipschitz constants of the pseudo-monotone

bifunction f . They proved that the iterative sequence generated by (1.2) converges to a solution
of (1.1). We note that Algorithm (1.2) requires solving two convex optimization programs over
feasible set C. This requirement is considered a strong assumption as it affects the efficiency
and applicability of the method in the case that feasible set C has a complex structure.

The celegrated subgradient extragradient method (SEM) is one of the methods proposed re-
cently to overcome this limitation. The SEM involves the replacement of the second projection
in the EM with a projection onto a simple, constructible half-space, which has an explicit for-
mula for computation.

In [12], Hieu extended the SEM to solve the equilibrium problem in the framework of infinite
dimensional real Hilbert spaces as follows:

yn = argmin{ρn f (xn,y)+ 1
2‖xn− y‖2 : y ∈C}

Tn = {y ∈ H : 〈xn−ρnwn− yn,y− yn〉 ≤ 0}
zn = argmin{ρn f (yn,y)+ 1

2‖xn− y‖2 : y ∈ Tn}
xn+1 = γnx0 +(1− γn)zn,

(1.3)

where wn ∈ ∂2 f (xn,yn), 0 < ρn < min{ 1
2k1

, 1
2k2
}, with k1,k2 being the Lipschitz constants of

the bifunction. Hieu proved a strong convergent result in real Hilbert spaces for approximat-
ing a solution of the pseudo-monotone equilibrium problem by using the Halpern subgradient
extragradient method (1.3). We note that the Lipschitz constants k1, k2 of the bifunction f are
often unknown or difficult to estimate, which could be a major barrier in the implementation
the algorithm.

Recently, Muangchoo [21] studied a viscosity-type scheme for solving pseudo-monotone
equilibrium problems with a step-size technique which requires prior knowledge of the Lips-
chitz constants of the bifunction. The proposed method is as follows:

yn = argmin{χn f (xn,y)+ 1
2‖xn− y‖2 : y ∈C}

εn = {z ∈ H : 〈xn−χnwn− yn,z− yn〉 ≤ 0}
zn = argmin{µχn f (yn,y)+ 1

2‖xn− y‖2 : y ∈ εn}
xn+1 = γng(xn)+(1− γn)zn,

where wn ∈ ∂2 f (xn,yn), 0 < σ < min{1, 1
2k1

, 1
2k2
}, µ ∈ (0,σ). Muangchoo a proved strong

convergence result. However, there exists few methods in the literature for solving EP without
relying on the prior knowledge of the Lipschitz constants for the bifunction f .
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The Fixed Point Problem (shortly FPP) finds plenty applications in numerous real-world
problems. Let F(D) denote the fixed point set of D, i.e., F(D) := {x̂ ∈ C : x̂ = Dx̂}, where
D : C→ C is a nonlinear mapping. Inertial methods were extensively investigated for the ac-
celeration of various numerical schemes. A discrete counterpart of a second order dissipative
dynamical system in time best describes this approach. The approach was initially in [24] for
roughly solving issues involving smooth convex minimization. In [2], Beck and Teboulle im-
proved Nesterov’s acceleration for the situation of structured convex minimization. For recent
inertial technique, we refer to [8, 11, 18–20, 32, 34] and the references therein.

In this paper, we propose and analyze a Halpern-type subgradient extragradient algorithm,
which is more general than related works done in real Hilbert spaces, for approximating a com-
mon solution of the pseudo-monotone equilibrium problem and the fixed point problem of a
finite family of Bregman quasi-nonexpansive mappings in the context of p-uniformly convex
Banach spaces. In order to improve the convergence rate of our algorithm, we also include
the inertial factor. Additionally, by choosing an appropriate self-adaptive step size that is inde-
pendent of any prior knowledge of the Lipschitz constants of the pseudo-monotone bifunction,
we are able to achieve a strong convergence theorem and our result finds associated applica-
tions in solving the classical variational inequality problem. In addition, the examination of
the strong convergence is succinct and does not rely on the typical ”Two-cases Approach” that
is frequently employed in many works to ensure strong convergence. (see, e.g., [7, 12]). The
finding in this paper mainly expands and generalizes the findings in [12, 21, 40].

The remainder of this paper is structured as follows: We review several concepts and existing
lemmas needed for the sequel in Section 2. We give our suggested method and highlight a
few of its highlights in Section 3. The strong convergence analysis is investigated in Section
4. And the variational inequality is also considered in Section 4. We present several numerical
experiments in Section 5 to evaluate the effectiveness of our method. Section 6 presents a
concluding remark.

2. PRELIMINARIES

Strong and weak convergence are indicated in the following by ”→” and ”⇀”, respectively.
By wω(xn), we represent the collection of all weak cluster points of {xn}. Assume that the unit
sphere of E is represented by U(E) := {x̂ ∈ E : ‖x̂‖ = 1}. The function βE : (0,2]→ [0,1]
represents the modulus of convexity denoted by

βE(ε) = inf
{

1− ‖x̂+ ŷ‖
2

: x̂, ŷ ∈U(E), ‖x̂− ŷ‖ ≥ ε
}
.

Recall that space E is said to be uniformly convex if βE(ε) > 0 for all ε ∈ (0,2]. E is said to
be p-uniformly convex if and only if cp > 0 such that βE(ε)≥ cpε p for all ε ∈ (0,2]. It should
be noted that all p-uniformly convex space is uniformly convex. In what follows, the function
∇E : R+ := [0,∞)→ R+ is the modulus of E described by

∇E(τ) = sup
{‖x̂+ τ ŷ‖+‖x̂− τ ŷ‖

2
−1 : x̂, ŷ ∈U(E)

}
.

The space E is known to be uniformly smooth if ∇E(τ)
τ
→ 0 as τ → 0. In the case q > 1, a

Banach space E is said to be q-uniformly smooth if zq > 0 such that ρE(τ)≤ zqτq for all τ > 0.



226 O.T. MEWOMO, E.C. GODWIN, T.O. ALAKOYA

A Banach space E is known to be p-uniformly convex if and only if its dual E∗ is q-uniformly
smooth, and p and q fulfill 1

p +
1
q = 1 (see [41]).

If g : E → (−∞,+∞] is a proper, lower semicontinuous, and convex function, then the
Frenchel conjugate of g denoted by g∗ : E∗→ (−∞,+∞] is described by g∗(v) = sup{〈x̂,v〉−
g(x̂) : x̂ ∈ E} for all v ∈ E∗. Let the domain of g be denoted by (domg) = {x̂ ∈ E : g(x̂)<+∞}.
Then, for any x̂ ∈ int(domg) and ŷ ∈ E, the right-hand derivative of g at x̂ in the direction ŷ is
defined by g0(x̂, ŷ) = limt→0+

g(x̂+tŷ)−g(x̂)
t . It is claimed that g is Gâteaux differentiable at x̂ if

limt→0+
g(x̂+tŷ)−g(x̂)

t exists for any ŷ. More precisely, g0(x̂, ŷ) intercepts with 5g(x̂) (the value
of the gradient 5g of g at x̂)). If g is Gâteaux differentiable for any x̂ ∈ int(domg), it is said
to be Gâteaux differentiable. g is said to be Fréchet differentiable at x̂, if its limit is uniformly
reached in ‖ŷ‖= 1 whereas g is said to be uniformly Fréchet differentiable on a subset C of E,
if the above limit is uniformly reached for x̂ ∈C and ‖ŷ‖= 1.

A function g is said to be Legendre if it satisfies the following conditions:
(1) The interior of the domain of g, int(domg) is nonempty, g is Gâteaux differentiable on

int(domg) and dom5g = int(domg).
(2) The interior of the domain of g∗, int(domg∗) is nonempty, g∗ is Gâteaux differentiable on

int(domg∗) and dom5g∗ = int(domg∗).

Definition 2.1. [3] Let g : E→ (−∞,+∞] be a convex and Gâteaux differentiable function. The
function ∆g : E×E → [0,+∞) defined by ∆g(x̂, ŷ) := g(x̂)−g(ŷ)−〈5g(ŷ), x̂− ŷ〉 is called the
Bregman distance with respect to g.

The Bregman distance possess the following interesting properties:

(i) ∆g(x̂, x̂) = 0, but ∆g(x̂, ŷ) = 0 does not necessarily imply that x̂ = ŷ,
(ii) for x̂ ∈ domg and ŷ, ẑ ∈ int(domg), ∆g(x̂, ŷ)+∆g(ŷ, ẑ)−∆g(x̂, ẑ)≤ 〈5g(ẑ)−5g(ŷ), x̂−

ŷ〉,
(iii) for each ẑ ∈ E, {xi}N

i=1 and {αn}N
i=1 ⊂ (0,1) with ∑

N
i=1 αi = 1, such that

∆g

(
ẑ,∇g∗

(
N

∑
i=1

αi∇g(xi)

))
≤

N

∑
i=1

αi∆g(ẑ,xi).

It is a known fact that the Bregman distance ∆g is not a metric because it fails to satisfy
the symmetric and triangular inequality properties. Moreover, it is well known that the duality
mapping JE

p is the sub-differential of the functional gp(.) =
1
p‖.‖

p for p > 1; see [4]. The
Bregman distance ∆p is defined with respect to gp as follows:

∆p(x,y) =
1
p
‖x‖p− 1

p
‖y‖p−〈Jp

Ey,x− y〉= 1
p
‖x‖p−〈Jp

Ey,x〉+ 1
q
‖y‖p

=
1
q
‖y‖p− 1

q
‖x‖p−〈Jp

Ey− Jp
Ex,x〉.

Definition 2.2. Let C be a nonempty, closed, and convex subset of a real Banach space E, and
let D : C→C be a nonlinear map. The mapping I−D is said to be demiclosed at zero if, for
any sequence {xn} ⊂C, xn ⇀ x and (I−D)xn→ 0 =⇒ x ∈ F(D).

Let D : C→ int(domg) be a nonlinear mapping. Then
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(i) a point p ∈ C is called an asymptotic fixed point of D, if C contains a sequence {xn}
which converges weakly to p and limn→∞ ‖Dxn− xn‖ = 0. We denote by F̂(D) the set
of asymptotic fixed points of D.

(ii) D is called Bregman firmly nonexpansive if 〈∆g(Dx)−∆g(Dy),Dx−Dy〉 ≤ 〈∆g(x)−
∆g(y),Dx−Dy〉 for all x,y ∈C.

(iii) D is called Bregman strongly nonexpansive if ∆g(p,Dx)≤ ∆g(p,x) for all p∈ F̂(D) and
x ∈C.

(iv) D is called Bregman quasi-nonexpansive if F(D) 6= /0 and ∆g(p,Dx) ≤ ∆g(p,x) for all
x ∈C and p ∈ F(D).

To solve EP (1.1), the following assumptions are also needed:

Assumption 2.1.
(A1) f is pseudomonotone, that is, for every x,y∈C, f (x,y)≥ 0⇒ f (y,x)≤ 0 and f (x,x) =

0, for all x ∈C.
(A2) The Bregman-Lipschitz type condition on C is satisfied by f , that is, there are two

positive constants c1 and c2 such that

f (x,y)+ f (y,z)≥ f (x,z)− c1∆g(y,x)− c2∆g(y,z), ∀ x,y,z ∈C,

where g : E→ (−∞,+∞] is a Legendre function. With respect to g, c1 and c2 are referred
to as Bregman-Lipschitz coefficients.

(A3) f (x, .) is convex, lower semicontinuous, and subdifferentiable on C for all x ∈C.
(A4) If x,y ∈C and {xn} and {yn} converge weakly to x and y, respectively, then f (xn,yn)→

f (x,y) as n→ ∞, f is jointly weakly continuous on C×C.

The Bregman projection from space E onto set C denoted by ΠC satisfies the property

∆p(x,ΠC(x)) = inf
y∈C

∆p(x,y), ∀ x ∈ E.

Observe that ∆p(ΠCx,y)+∆p(x,ΠCx)≤ ∆p(x,y) for all y in set C; and z = ΠCx if and only if

〈y− z, Jp
E(x)− Jp

E(z)〉 ≤ 0, ∀ y ∈C; (2.1)

Lemma 2.1. [17, 23] Let E be a real p-uniformly convex and uniformly smooth Banach space,
and r > 0 be a constant. Let z,xk ∈ E (k = 1,2, ...,N) and αk ∈ (0,1) with ∑

N
k=1 αk = 1. Then,

∆p(JE∗
q (

N

∑
k=1

αkJE
p (xk)),z)≤

N

∑
k=1

αk∆p(xk,z)−αiα jg∗r (‖JE
p (xi)− JE

p (x j)‖),

for all i, j∈{1,2, ...,N} and g∗r :R+→R+ being a strictly increasing function such that g∗r (0)=
0.

For any x∗ ∈C, the subgradient of the convex function g(x∗, .) at x∗ is represented by ∂2g(x∗,x∗),
that is,

∂2g(x∗,x∗) = {φ ∈ E∗ : g(x∗,v)≥ g(x∗,x∗)+ 〈φ ,v− x∗〉, ∀ v ∈C}
= {φ ∈ E∗ : g(x∗,v)≥ 〈φ ,v− x∗〉, ∀ v ∈C}.
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Lemma 2.2. [35] Let K be a nonempty and convex subset of a Banach space E. Let g : K→ R
be a convex and subdifferentiable function on K. Then g attains its minimum at x ∈ K if and
only if 0 ∈ ∂g(x)+NK(x), where NK(x) is the normal cone of K at x, that is,

NK(x) := {x̂ ∈ E∗ : 〈x−ϕ, x̂〉 ≥ 0, ∀ ϕ ∈ K}.

Lemma 2.3. [31] Let E be a real p-uniformly convex and uniformly smooth Banach space,
g : E→ R be a strong coercive Bregman function and Vp : E∗×E→ [0,+∞) be defined by

Vp(x,x∗) =
1
p
‖x‖p−〈x,x∗〉+ 1

q
‖x∗‖q, ∀ x ∈ E,x∗ ∈ E∗.

Then, the following assertions hold:
(i) Vp is nonnegative and convex in the first variable.
(ii) ∆p(x,JE∗

q (x∗)) =Vp(x,x∗), ∀ x ∈ E, x∗ ∈ E∗.
(iii) Vp(x,x∗)+ 〈JE∗

q (x∗)− x,y∗〉 ≤Vp(x,x∗+ y∗),∀ x ∈ E, x∗,y∗ ∈ E∗.

Lemma 2.4. [39] Let q ≥ 1 and r > 0 be two fixed real numbers. Then, a Banach space E is
uniformly convex if and only if there exists a continuous, strictly increasing and convex function
g : R+→ R∗, g(0) = 0 such that, for all x,y ∈ Br and 0≤ α < 1,

‖αx+(1−α)y‖q ≤ α‖x‖q +(1−α)‖y‖q−Wq(α)g(‖x− y‖),

where Wq(α) := αq(1−α)+α(1−α)q and Br := {x ∈ E : ‖x‖ ≤ r}.

Lemma 2.5. [41] Let E be a real p-uniformly convex and uniformly smooth Banach space.
Suppose that {xn} and {yn} are bounded sequences in E. Then the following two assertions are
equivalent: (i) limn→∞ ∆p(xn,yn) = 0; (ii) limn→∞ ‖xn− yn‖= 0.

Lemma 2.6. [29] Let f : E → R be a Gâteaux differentiable and totally convex function. If
x0 ∈ E and the sequence {∆ f (xn,x0)} is bounded, then {xn} is also bounded.

Lemma 2.7. [15] Let an+1 ≤ (1− αn)an + αndn for all n ≥ 0, where {an} is a nonnega-
tive real sequence, {αn} is a sequence in (0,1) with ∑

∞
n=1 αn = ∞ and {dn} being a real se-

quence. If limsupk→∞ dnk ≤ 0 for every subsequence {ank} of {an} satisfying the condition:
liminfk→∞(ank+1−ank)≥ 0, then limn→∞ an = 0.

Lemma 2.8. [7] Let C be a nonempty, closed, and convex subset of a uniformly convex and
uniformly smooth Banach space E and f : C×C→ R be a bifunction satisfying the conditions
A1−A4 of Assumption 2.1. For the arbitrary sequences {un} ⊂C and {λn} ⊂ (0,+∞), let {zn}
and {tn} be sequences generated by{

zn = argmin{λn f1(un,w)+∆p(w,un) : w ∈C},
tn = argmin{λn f1(zn,w)+∆p(w,un) : w ∈C}.

Then, for all x∗ ∈ EP( f ),

(1) 〈JE1
p un− JE1

p zn,w− zn〉 ≤ λn[ f1(un,w)− f2(un,zn)];
(2) ∆p(x∗, tn)≤ ∆p(x∗,un)− (1−λnc1)∆p(zn,un)− (1−λnc2)∆p(tn,zn).
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3. THE ALGORITHM

In this section, we present our proposed method and highlight some of its features. From
now on, we assume that

Assumption 3.1.
(1) E is a p-uniformly convex real Banach space, which is also uniformly smooth.
(2) C is a nonempty, closed, and convex subset of E.
(3) f : C×C→ R is a bifunction satisfying the A1−A4 of Assumption 2.1.
(4) D j : E→ E, j = 1,2, . . . ,m is a finite family of Bregman quasi-nonexpansive mappings

such that I−D j is demiclosed at zero for each j = 1,2, . . . ,m.
(5) The solution set Ω := EP( f ,C)∩

⋂m
j=1 Fix(D j) 6= /0.

In addition, let {γn}, {εn}, {ηn, j}m
j=0 be positive sequences satisfying the following condi-

tions:
(C1) {γn} ∈ (0,1), limn→∞ γn = 0, ∑

∞
n=0 γn = ∞.

(C2) {εn} ∈ (0,1) such that lim
n→∞

εn
γn
= 0.

(C3) {ηn, j} ∈ (0,1), ∑
m
j=0 ηn, j = 1 and liminfn→∞ ηn,0ηn, j > 0.

We now present the algorithm. The sequence {xn} is generated as follows:

Algorithm 3.1. Calculation of the sequence {xn}.

Initialization: Choose x0 ∈C, u ∈ E, ρ0 > 0, µ ∈ (0,1), θ ≥ 3 and set n = 1.

Step 1. Given the iterates xn−1 and xn (n≥ 1), we choose θn such that 0≤ θn ≤ θ̄n, where

θ̄n :=


min

{ n−1
n+θ−1 ,

εn
‖xn−xn−1‖

}
, if xn 6= xn−1

n−1
n+θ−1 , otherwise.

(3.1)

Set

wn = J−1
(

J(xn)+θn(J(xn−1)− J(xn))

)
. (3.2)

Step 2: Compute

un = argmin
z∈C
{ρn f (wn,z)+∆p(z,wn)}.

If wn = un, set un = vn and go to Step 4. Else, do Step 3.
Step 3: Compute

vn = argmin
z∈ζn
{ρn f (un,z)+∆p(z,wn)},

where ζn = {z ∈ E : 〈J(wn)− ρnϕn − J(un),z− un〉 ≤ 0}, and ϕn ∈ ∂2 f (wn,un) satisfying
J(wn)−ρnϕn− J(un) ∈ NC(un).

Step 4: Compute

zn = J−1

(
ηn,0J(vn)+

m

∑
j=1

ηn, jJ(D jvn)

)
.
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Step 5: Calculate xn+1 and ρn+1 as follows:

xn+1 = J−1 (γnJ(u)+(1− γn)J(zn)) ,

and

ρn+1 =


min{ρn,

µ(∆p(un,wn)+∆p(vn,un))
f (wn,vn)− f (wn,un)− f (un,vn)

}
if f (wn,vn)− f (wn,un)− f (un,vn)> 0
ρn, otherwise.

(3.3)

Set n = n+1 and revert to Step 1.

We now highlight some of the features of our proposed method.

Remark 3.1. In Algorithm 3.1, g : E → R is a strongly coercive Legendre function which is
bounded, uniformly Fréchet differentiable and totally convex on bounded subsets of E such that
C ⊂ int domg.

Remark 3.2. (i) The authors in ([7, 30]) introduced extragradient methods for solving
pseudo-monotone EP, whose convergence depends on the Lipschitz coefficients c1 and
c2 of the equilibrium bifunctions, which are usually unknown and extremely challeng-
ing to calculate or even estimate. In addition, each iteration of their approaches requires
the solution of two strongly convex optimization problems over set C. We solve the sec-
ond argmin issue over a constructible half-space ζn, but our approach is built in a way
that its implementation is independent of the Lipschitz coefficients of the bifunction..

(ii) The authors in [13] investigated an extragradient algorithm for approximating the EP
solution by using a line search strategy in the context of 2-uniformly convex Banach
spaces. It is well known that the inner-loops used by the line search strategy may slow
the pace of convergence of their scheme and lengthen computation times. The line-
search method is less effective than our suggested Algorithm 3.1, which employs a
straightforward self-adaptive step size methodology.

(iii) By using the Bregman distance method, we expand the findings of [12, 21, 40] on the
subgradient extragradient procedure to p-uniformly convex Banach spaces.

Remark 3.3. From (3.1), it follows that

lim
n→∞

θn

γn
‖xn−1− xn‖= 0. (3.4)

In fact, we obtain θn‖xn−1− xn‖ ≤ εn, which follows from the above inequality and hypothesis
(C2) that

lim
n→∞

θn

γn
‖xn−1− xn‖ ≤

εn

γn
= 0.

Consequently, by the norm-to-norm continuity of J, it follows that

lim
n→∞

θn

γn
‖Jxn−1− Jxn‖= 0. (3.5)
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4. CONVERGENCE ANALYSIS

We now present the strong convergence analysis of Algorithm 3.1. First, we establish the
following necessary results.

Lemma 4.1. The sequence {ρn} generated by Algorithm 3.1 is well-defined and bounded.

Proof. From (3.3), it is clear that ρn+1≤ ρn for all n∈N. This means that ρn+1 is monotonically
decreasing. Furthermore, we obtain from Assumption 2.1 that

c1∆g(un,wn)+ c2∆g(vn,un)≥ f (wn,vn)− f (wn,un)− f (un,vn).

Hence

µ (∆g(un,wn)+∆g(vn,un))

f (wn,vn)− f (wn,un)− f (un,vn)
≥

µ (∆g(un,wn)+∆g(vn,un))

max{c1,c2}(∆g(un,wn)+∆g(vn,un))
=

µ

max{c1,c2}
.

Therefore, we conclude that {ρn} is bounded by min{ρ0,
µ

max{c1,c2}} > 0, which implies that
limn→∞ ρn = ρ > 0. �

Lemma 4.2. Let {xn} be a sequence generated by Algorithm 3.1 such that {xn} is bounded.
Suppose conditions (C1) and (C2) hold. Then, for all x∗ ∈Ω,

lim
n→∞

θn

αn

(
4p(x∗,xn−1)−4p(x∗,xn)

)
= 0.

Proof. Let x∗ ∈Ω. Observe that

∆p(x∗,xn−1)−∆p(x∗,xn)

=
1
q
‖xn−1‖p−〈x∗,J(xn−1)〉+

1
p
‖x∗‖p−

(1
q
‖xn‖p−〈x∗,J(xn)〉+

1
p
‖x∗‖p

)
=

1
q

(
‖xn−1‖p−‖xn‖p

)
+ 〈x∗,J(xn)− J(xn−1)〉

≤ 1
q

M‖xn−1− xn‖+‖J(xn)− J(xn−1)‖‖x∗‖,

(4.1)

for some constant M > 0. Applying (3.4) and (3.5), we obtain from (4.1) that

lim
n→∞

θn

γn

(
∆p(x∗,xn−1)−∆p(x∗,xn)

)
≤ lim

n→∞

(M
q
· θn

γn
‖xn−1− xn‖+‖x∗‖

θn

γn
‖J(xn)− J(xn−1)‖

)
= 0,

which is the required result. �

Lemma 4.3. Let 3.1 hold. Then the sequence {xn} generated by Algorithm 3.1 is bounded.

Proof. Let x∗ ∈Ω. We obtain from (3.2) that

∆p(x∗,wn) = ∆p

[
x∗,J−1

(
(1−θn)J(xn)+θnJ(xn−1)

)]
≤ (1−θn)∆p(x∗,xn)+θn(x∗,xn−1). (4.2)
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Since vn ∈ ζn, we obtain from Algorithm 3.1 that 〈J(wn)−ρnϕn− J(un),vn− un〉 ≤ 0, which
implies that

〈J(wn)− J(un),vn−un〉 ≤ ρn〈ϕn,vn−un〉. (4.3)

Also, since ϕn ∈ ∂2 f (wn,un), we have that f (wn,z)− f (wn,un) ≥ 〈ϕn,z−un〉 for all z ∈ E. In
particular, we have

f (wn,vn)− f (wn,un)≥ 〈ϕn,vn−un〉. (4.4)

Using (4.3) and (4.4), we obtain

〈J(wn)− J(un),vn−un〉 ≤ ρn{ f (wn,vn)− f (wn,un)}. (4.5)

Furthermore, since vn = argminz∈ζn{ρn f (un,z)+∆g(z,wn)}, we obtain from Lemma 2.2 that

0 ∈ ∂ (ρn f (un,z)+∆g(z,wn))(vn)+Nζn(vn),

which implies that there exist ϕ̄n ∈ ∂2 f (un,vn) and φ ∈ Nζn(vn), such that

ρnϕ̄n + J(vn)− J(wn)+φ = 0.

Furthermore, since φ ∈ Nζn(vn), for all z ∈ ζn, we have 〈φ ,z− vn〉 ≤ 0. Therefore,

ρn〈ϕ̄n,z− vn〉 ≥ 〈J(wn)− J(vn),z− vn〉, ∀ z ∈ ζn. (4.6)

Moreover, ϕ̄n ∈ ∂2 f (un,vn) implies that f (un,z)− f (un,vn)≥ 〈ϕ̄n,z− vn〉 for all z ∈ ζn. Thus,

ρn ( f (un,z)− f (un,vn))≥ ρn〈ϕ̄n,z− vn〉 ∀ z ∈ ζn. (4.7)

Combining (4.6) and (4.7), we obtain

〈J(wn)− J(vn),z− vn〉 ≤ ρn ( f (un,z)− f (un,vn)) ∀ z ∈ ζn. (4.8)

Since x∗ ∈Ω, then x∗ ∈ EP( f ,C). Observe that EP( f ,C)⊂C ⊂ ζn. Hence, by letting z = x∗ ∈
EP( f ,C) in (4.8), we have

〈J(wn)− J(vn),x∗− vn〉 ≤ ρn ( f (un,x∗)− f (un,vn)) .

Since f (x∗,un)≥ 0, then by the pseudo-monotonicity of the bifunction f , we have f (un,x∗)≤ 0.
Consequently,

〈J(wn)− J(vn),x∗− vn〉 ≤ −ρn f (un,vn). (4.9)

Adding (4.5) and (4.9) together gives

〈J(wn)− J(vn),x∗− vn〉+ 〈J(wn)− J(un),vn−un〉
≤ ρn{ f (wn,vn)− f (wn,un)− f (un,vn)}.

Applying Bregman three point identity, we have

∆p(x∗,vn)≤ ∆p(x∗,wn)−∆p(un,wn)−∆p(vn,un)

+ρn{ f (wn,vn)− f (wn,un)− f (un,vn)}.
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Besides, we obtain from the definition of ρn that

∆p(x∗,vn)

≤ ∆p(x∗,wn)−∆p(un,wn)−∆p(vn,un)+
ρn

ρn+1
ρn+1{ f (wn,vn)− f (wn,un)− f (un,vn)}

≤ ∆p(x∗,wn)−
(

1− ρn

ρn+1
µ

)(
∆p(un,wn)+∆p(vn,un)

)
. (4.10)

Since limn→∞

(
1− ρn

ρn+1
µ

)
= 1−µ > 0, then there exists N ∈N such that

(
1− ρn

ρn+1
µ

)
> 0 for

all n≥ N. Hence, ∆p(x∗,vn)≤ ∆p(x∗,wn) for all n≥ N. Also, from Algorithm 3.1 and the fact
that D j is quasi-nonexpansive for each j ∈ N, we have

∆p(x∗,zn) = ∆p

(
x∗,J−1

(
ηn,0J(vn)+

m

∑
j=1

ηn, jJ(D jvn)

))

≤ ηn,0∆p(x∗,vn)+
m

∑
j=1

ηn, j∆p(x∗,D jvn)

≤ ∆p(x∗,vn).

Therefore,

∆p(x∗,xn+1)≤ γn∆p(x∗,u)+(1− γn)∆p(x∗,zn)

≤ γn∆p(x∗,u)+(1− γn)∆p(x∗,wn)

≤ γn∆p(x∗,u)+(1− γn)[(1−θn)∆p(x∗,xn)+θn(x∗,xn−1)]

≤max{∆p(x∗,u)},max{∆p(x∗,xn),∆p(x∗,xn−1)}
...

≤max{∆p(x∗,u)},max{∆p(x∗,xN),∆p(x∗,xN−1)}.

Therefore, {∆p(x∗,xn)} is bounded. From Lemma 2.6, one sees that {xn} is also bounded.
Consequently, {zn}, {vn} {un} and {wn} are all bounded. �

Lemma 4.4. Let r = supn∈N{‖J(vn)‖, ‖J(D jvn)‖} and let Wq : E∗→R be the gauge of uniform
convexity of the conjugate function g∗. It follows that

∆p(x∗,zn)≤ ∆p(x∗,vn)−
Wq(ηn, j)

q
g
(
‖J(vn)− J(D jvn)‖

)
, (4.11)

where Wq(ηn, j) = (ηn,0)
q

∑
m
j=1 ηn, j +ηn,0(∑

m
j=1 ηn, j)

q.

Proof. Indeed, we obtain from Algorithm 3.1 that

∆p(x∗,zn) =Vp

(
x∗,ηn,0J(vn)+

m

∑
j=1

ηn, jJ(D jvn)

)
.
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Furthermore, we see from Lemma 2.3 and Lemma 2.4 that

∆p(x∗,zn)≤
1
p
‖x∗‖p−ηn,0〈x∗,J(vn)〉−

m

∑
j=1

ηn, j〈x∗,J(D jvn)〉

+
1
q

ηn,0‖J(vn)‖q +
1
q

m

∑
j=1

ηn, j‖J(D jvn)‖q−
Wq(ηn, j)

q
g
(
‖J(vn)− J(D jvn)‖

)
=

1
p

ηn,0‖x∗‖p +
1
p

m

∑
j=1

ηn, j‖x∗‖p−ηn,0〈x∗,J(vn)〉−
m

∑
j=1

ηn, j〈x∗,J(D jvn)〉

+
1
q

ηn,0‖J(vn)‖q +
1
q

m

∑
j=1

ηn, j‖J(D jvn)‖q−
Wq(ηn, j)

q
g
(
‖J(vn)− J(D jvn)‖

)
= ηn,0

{
1
p
‖x∗‖p−〈x∗,J(vn)〉+

1
q
‖J(vn)‖q

}
+

m

∑
j=1

ηn, j

{
1
p
‖x∗‖p−〈x∗,J(D jvn)〉+

1
q
‖J(D jvn)‖q

}
−

Wq(ηn, j)

q
g
(
‖J(vn)− J(D jvn)‖

)
= ηn,0∆p(x∗,vn)+

m

∑
j=1

ηn, j∆p(x∗,D jvn)−
Wq(ηn, j)

q
g
(
‖J(vn)− J(D jvn)‖

)
.

Since D j is Bregman quasi-nonexpansive for each j ∈ N, we obtain

∆p(x∗,zn)≤ ηn,0∆p(x∗,vn)+
m

∑
j=1

ηn, j∆p(x∗,vn)−
Wq(ηn, j)

q
g
(
‖J(vn)− J(D jvn)‖

)
= ∆p(x∗,vn)−

Wq(ηn, j)

q
g
(
‖J(vn)− J(D jvn)‖

)
.

�

Next, we prove the strong convergence theorem for the sequence {xn} generated by our
proposed algorithm.

Theorem 4.1. The iterative sequence {xn} generated by Algorithm 3.1 under Assumption 3.1
strongly converges to x∗ ∈Ω, where x∗ = Proj f

Ω
(u).

Proof. Suppose x∗ = Proj f
Ω
(u). Then from Algorithm 3.1 and by applying Lemma 2.3 (iii), we

have
∆p(x∗,xn+1)

=Vp (x∗,γnJ(u)+(1− γn)J(zn))

≤Vp

(
x∗,γnJ(u)+(1− γn)J(zn)− γn

(
J(u)− J(x∗)

))
+ γn〈J(u)− J(x∗),xn+1− x∗〉

=Vp

(
x∗,γnJ(x∗)+(1− γn)J(zn)

)
+ γn〈J(u)− J(x∗),xn+1− x∗〉

≤ (1− γn)∆p(x∗,zn)+ γn〈J(u)− J(x∗),xn+1− x∗〉.

(4.12)
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Applying (4.11) in (4.12), we obtain

∆p(x∗,xn+1)≤ (1− γn)

[
∆p(x∗,vn)−

Wq(ηn, j)

q
g
(
‖J(vn)− J(D jvn)‖

)]
+ γn〈J(u)− J(x∗),xn+1− x∗〉.

(4.13)

Furthermore, by substituting (4.2) and (4.10) into (4.13), we have

∆p(x∗,xn+1)≤ (1− γn)[
∆p(x∗,wn)−

(
1− ρn

ρn+1
µ

)(
∆p(un,wn)+∆p(vn,un)

)
−

Wq(ηn, j)

q
g(‖J(vn)− J(D jvn)‖)

]
+ γn〈J(u)− J(x∗),xn+1− x∗〉

≤ (1− γn)∆p(x∗,xn)− (1− γn)
(

1− ρn

ρn+1
µ

)(
∆p(un,wn)∆p(vn,un)

)
− (1− γn)

Wq(ηn, j)

q
g(‖J(vn)− J(D jvn)‖)+ γnΨn,

(4.14)
where Ψn :=

(
θn
γn

(
∆p(x∗,xn−1)−∆p(x∗,xn)

)
+ 〈J(u)− J(x∗),xn+1− x∗〉

)
. Thus

(1− γn)

(
1− ρn

ρn+1
µ

)(
∆p(un,wn)+∆p(vn,un)

)
≤ ∆p(x∗,xn)−∆p(x∗,xn+1)+ γnΨn,

(4.15)

It also follows from (4.14) that

(1− γn)
Wq(ηn, j)

q
g(‖J(vn)− J(D jvn)‖)≤ ∆p(x∗,xn)−∆p(x∗,xn+1)+ γnΨn. (4.16)

Moreover, we see that

∆p(x∗,xn+1)≤ (1− γn)∆p(x∗,xn)+ γnΨn. (4.17)

We now show that the sequence {xn} converges to x∗. Let an := ∆p(xn,x∗). It is easy to see
that (4.17) satisfies the inequality an+1 ≤ (1− γn)an + γnΨn. To apply Lemma 2.7, it is enough
to show that limsupk→∞ Ψnk ≤ 0 for every subsequence {∆p(x∗,xnk)} of {∆p(x∗,xn)} satisfying
the relation

liminf
k→∞

(
∆p(x∗,xnk+1)−∆p(x∗,xnk)

)
≥ 0. (4.18)

Now, we assume that {∆p(x∗,xnk)} is a subsequence of {∆p(x∗,xn)} such that (4.18) holds.
Then, from (4.15), (4.18), and condition (C1), we have that

limsup
k→∞

(1− γnk)

(
1−

ρnk

ρnk+1
µ

)
(∆p(unk ,wnk)+∆p(vnk ,unk))

≤ limsup
k→∞

(
∆p(x∗,xnk)−∆p(x∗,xnk+1)+ γnkΨnk

)
= limsup

k→∞

(
∆p(x∗,xnk)−∆p(x∗,xnk+1)

)
≤− liminf

k→∞

(
∆p(x∗,xnk+1)−∆p(x∗,xnk)

)
≤ 0.
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It follows that

limsup
k→∞

(
1−

ρnk

ρnk+1
µ

)
(∆p(unk ,wnk)+∆p(vnk ,unk)) = 0. (4.19)

Since limk→∞ ρnk exists, then lim
n→∞

ρnk
ρnk+1

= 1. Using the fact that µ ∈ (0,1), it follows from (4.19)
that

lim
k→∞

∆p(unk ,wnk) = lim
k→∞

∆p(vnk ,unk) = 0.

By Lemma 2.5, we obtain

lim
k→∞
‖unk−wnk‖= 0 = lim

k→∞
‖vnk−unk‖. (4.20)

Consequently, we have

lim
k→∞
‖vnk−wnk‖ ≤ lim

k→∞
‖vnk−unk‖+ lim

k→∞
‖unk−wnk‖= 0. (4.21)

Similarly, from (4.16) and (4.18), we have

limsup
k→∞

(1− γnk)
Wq(ηnk, j)

q
g(‖J(vnk)− J(D jvnk)‖)

≤ limsup
k→∞

(
∆p(x∗,xnk)−∆p(x∗,xnk+1)+ γnkΨnk

)
= limsup

k→∞

(
∆p(x∗,xnk)−∆p(x∗,xnk+1)

)
≤− liminf

k→∞

(
∆p(x∗,xnk+1)−∆p(x∗,xnk)

)
≤ 0.

Therefore,

limsup
k→∞

(1− γnk)
Wq(ηnk, j)

q
g(‖J(vnk)− J(D jvnk)‖) = 0.

By condition (C3), we have limk→∞ g‖J(vnk)− J(D jvnk)‖= 0, j = 1,2, . . . ,m. By the property
of g and the fact that J−1 is norm-to-norm continuous on bounded subsets of E∗, we have

lim
k→∞
‖vnk−D jvnk‖= 0, j = 1,2, . . . ,m. (4.22)

Moreover, by applying condition (C3) and (4.22) we obtain

lim
k→∞
‖Jznk− Jvnk‖ ≤ lim

k→∞

(
ηnk,0‖J(vnk)− J(vnk)‖+

m

∑
j=1

ηnk, j‖J(D jvnk)− J(vnk)‖
)
= 0.

By the norm-to-norm continuity of J−1 on bounded subsets of E∗, we arrive at

lim
k→∞
‖znk− vnk‖= 0. (4.23)

From (4.21) and (4.23), we have

lim
k→∞
‖znk−wnk‖= 0. (4.24)
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Recall that wnk = J−1
[
J(xnk)+θnk

(
J(xnk−1)− J(xnk)

)]
. By using (3.5), we obtain

lim
k→∞
‖J(wnk)− J(xnk)‖= lim

k→∞
γnk ·

θnk

γnk

‖J(xnk−1)− J(xnk)‖= 0. (4.25)

From the norm-to-norm continuity of J−1 on bounded subsets of E∗, we have

lim
k→∞
‖wnk− xnk‖= 0. (4.26)

From (4.20), (4.23), (4.24) and (4.26) we obtain

lim
k→∞
‖znk− xnk‖= lim

k→∞
‖vnk− xnk‖= lim

k→∞
‖unk− xnk‖= 0. (4.27)

Thus limk→∞ ‖J(xnk+1)−J(znk)‖= 0. In view of the norm-to-norm continuity of J−1 on bounded
subsets of E∗, we have limk→∞ ‖xnk+1− znk‖= 0, which together with (4.27) yields

lim
k→∞
‖xnk+1− xnk‖= 0. (4.28)

Since {xn} is bounded, then wω(xn) is nonempty. Let x̂∈wω(xn) be an arbitrary element. Then,
there exists a subsequence {xnk} of {xn}which converges weakly to x̂∈E. It follows from (4.27)
that {unk} converges weakly to x̂ ∈ E. In view of unk = argminz∈C{ρnk f (wnk ,z)+∆p(z,wnk)},
it follows from Lemma 2.2 that

0 ∈ ∂

(
ρnk f (wnk ,z)+∆p(z,wnk)

)
(unk)+NC(unk), z ∈C,

which means that

ρnkϕnk + J(unk)− J(wnk)+φ = 0, where φ ∈ NC(unk). (4.29)

Observe that 〈φ ,z−unk〉 ≤ 0 for all z ∈C. Therefore, it follows from (4.29) that

〈ρnkϕnk ,z−unk〉+ 〈φ ,z−unk〉= 〈J(wnk)− J(unk),z−unk〉,

Consequently, we have

ρnk〈ϕnk ,z−unk〉 ≥ 〈J(wnk)− J(unk),z−unk〉. (4.30)

Furthermore, since ϕn ∈ ∂2 f (wnk ,unk), we have

f (wnk ,z)− f (wnk ,unk)≥ 〈ϕnk ,z−unk〉, ∀ z ∈C. (4.31)

Combining (4.30) and (4.31), we have

ρnk

(
f (wnk ,z)− f (wnk ,unk)

)
≥ 〈J(wnk)− J(unk),z−unk〉, ∀ z ∈C. (4.32)

Since limk→∞ ‖wnk−unk‖= 0 and J is uniformly continuous on bounded subsets of E, we have
limk→∞ ‖J(wnk)−J(unk)‖= 0. Consequently, passing limit k→∞ in (4.32) and applying condi-
tion (A4), (4.26), we obtain f (x̂,z)≥ 0 for all z∈C, which implies that x̂∈EP( f ,C). Also, since
limk→∞ ‖vnk−D jvnk‖= 0, j = 1,2, . . . ,m and vnk ⇀ x̂ by (4.27), we see by the demiclosedness
of I−D j that x̂ ∈ F(D j) for all j = 1,2, . . . ,m. Therefore, it follows that x̂ ∈ ∩m

j=1F(D j). Since
x̂ ∈ wω(xn) is arbitrary, we have wω(xn) ⊂ EP( f ,C)∩

⋂m
j=1 F(D j). To complete the proof, we

need to show that limk→∞ Ψnk ≤ 0. First, we show that limsupk→∞〈J(u)−J(x∗),xnk+1−x∗〉 ≤ 0.
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By the boundedness of {xnk}, we see that there exists a subsequence {xnk j
} of {xnk} such that

xnk j
⇀ q and

lim
j→∞
〈J(u)− J(x∗),xnk j

− x∗〉= limsup
k→∞

〈J(u)− J(x∗),xnk− x∗〉.

Since x∗ = Proj f
Ω
(u), then, by (2.1) and (4.28), we obtain

limsup
k→∞

〈J(u)− J(x∗),xnk+1− x∗〉

= limsup
k→∞

〈J(u)− J(x∗),xnk− x∗〉+ limsup
k→∞

〈J(u)− J(x∗),xnk+1−xnk
〉

= lim
j→∞
〈J(u)− J(x∗),xnk j

− x∗〉

= 〈J(u)− J(x∗),q− x∗〉 ≤ 0. (4.33)

Recall that

Ψn =

(
θn

γn
(1− γn)(∆p(x∗,xn−1)−∆p(x∗,xn))+ 〈J(u)− J(x∗),xn+1− x∗〉

)
.

By Lemma 4.2 and (4.33), we have that limsupk→∞ Ψnk ≤ 0. Next, Lemma 2.7 concludes that
∆p(x∗,xn)→ 0 as n→ ∞. By Lemma 2.5, it follows that lim‖xn− x∗‖ = 0. Hence, {xn} con-
verges strongly to x̂ ∈Ω as required. �

Next, we apply our result to study a variational inequality problem (VIP). Let A : C→ E∗ be
an operator. The VIP is formulated as finding a point

q∗ ∈C such that 〈x̄−q∗,A(q∗)〉 ≥ 0, ∀ x̄ ∈C. (4.34)

The solution set of VIP (4.34) is denoted by VIP(C,A).
Recall that the following definitions for mapping A : C→ E∗.
(D1) A is said to be pseudo-monotone; that is, for all x,y in C,

〈Ax,y− x〉 ≥ 0 =⇒ 〈Ay,y− x〉 ≥ 0,

(D2) A is said to be K-Lipschitz continuous with respect to ∆p, that is, there exists a constant
K > 0 such that ∆p(Ax,Ay)≤ K∆p(x,y) for all x,y ∈C,

(D3) A is said to be sequentially weakly continuous, that is, for any sequence {xn} ⊂ C,
xn ⇀ x ∈C implies that Axn ⇀ Ax ∈ E∗.

Lemma 4.5. [7] Let C be a nonempty, closed, and convex subset of a reflexive Banach space E,
and let A : C→ E∗ be a nonlinear mapping. Then,

ΠC

(
JE∗

q [JE
p (x)−θA(y)]

)
= argmin

z∈C
{θ〈z− y,A(y)〉+∆p(z,x)},

for all x ∈ E, y ∈C and θ ∈ (0,+∞).

If we take f (x,y) = 〈A(x),y− x〉 for all x,y ∈C, then we find by ϕn ∈ ∂2 f (wn,un) that

f (wn,z)− f (wn,un)≥ 〈ϕn,z−un〉, ∀ z ∈ E,

which implies that 〈A(wn),z−wn〉− 〈A(wn),un−wn〉 ≥ 〈ϕn,z− un〉. Simplifying the last in-
equality, we obtain 〈A(wn)−ϕn,z−un〉 ≥ 0 for all z ∈ E. From this, it follows that

〈J(wn)−ρnA(wn)− J(un),z−un〉 ≤ 〈J(wn)−ρnϕn− J(un),z−un〉 ≤ 0, ∀ z ∈ ζn ⊂ E.
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Now, taking f (x,y) = 〈A(x),y−x〉 for all x,y∈C, one sees that bifunction f satisfies the con-
ditions (A1)-(A4) of Assumption 2.1 (see [7]). Hence, by applying Theorem 4.1 and Lemma
4.5, we obtain the following result for approximating a common solution of pseudo-monotone
variational inequality problems and the common fixed point problem of a finite family of Breg-
man quasi-nonexpansive mappings in p-uniformly convex real Banach space, which is also
uniformly smooth.

Theorem 4.2. Let E be a p-uniformly convex real Banach space, which is also uniformly
smooth, and let C be a nonempty, closed, and convex subset of E. Let A : C→ E∗ be a mapping
satisfying conditions (D1)-(D3), and let D j : E → E, j = 1,2, . . . ,m be a finite family of Breg-
man quasi-nonexpansive mappings such that I−D j is demiclosed at zero for each j. Suppose
that conditions (C1)-(C3) hold and Γ := VI(C,A)∩

⋂m
j=1 F(D j) 6= /0. Then, the sequence {xn}

generated by Algorithm (4.1) below converges strongly to x∗ ∈ Γ, where x∗ = Proj f
Γ
(u).

Algorithm 4.1.

Choose x0 ∈C, u ∈ E, ρ0 > 0, µ ∈ (0,1) and set n = 1. Given the iterates xn−1 and xn, we
have



wn = J−1
(

J(xn)+θn(J(xn−1)− J(xn))

)
un = ΠC[J−1(J(wn)−ρnA(wn))]

ζn = {z ∈ E : 〈J(wn)−ρnA(wn)− J(un),z−un〉 ≤ 0}
vn = Πζn [J

−1(J(wn)−ρnA(un))]

zn = J−1
(

ηn,0J(vn)+∑
m
j=1 ηn, jJ(D jvn)

)
xn+1 = J−1

(
γnJ(u)+(1− γn)J(zn)

)
,

(4.35)

where the sequence of step sizes {ρn} is defined by

ρn+1 =


min{ρn,

µ(∆p(un,wn)+∆p(vn,un))
〈Awn−Aun,vn−un〉 }

if 〈Awn−Aun,vn−un〉> 0
ρn, otherwise,

and θn is defined by (3.1).

5. NUMERICAL EXPERIMENTS

In this section, we provide some numerical experiments to show the performance of our
proposed iterative method, Algorithm 3.1 and compare it with some related methods in the
literature.

In the numerical experiments, for our Algorithm 3.1, we consider the case for which m = 5
and choose µ = 0.9, γn =

1
(2n+1) , ηn,0 =

n
2n+1 ,ηn, j =

n+1
5(2n+1) , j = 1,2, . . . ,5. In Appendix 7.1,

we choose λn = 0.3, βn =
n

2n+1 . In Appendix 7.2, we choose ξ = 0.1, v = 0.4 and in Appendix
7.3, we take N = 1. In Tables 1, 2 and 2, Iter. means the number of iterations while CPU means
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the CPU time in seconds. Firstly, we consider the following two examples in finite dimensional
spaces.

Example 5.1. Let the bifunction f be defined by f (x,y) = [F(x)]T (y−x), where F(x) = Mx+
P(x) with M an p× p symmetric semidefinite matrix and P is defined by:

P(x) = argmin
[
‖y‖4

4
+

1
2
‖y− x‖2 : y ∈ Rp

]
.

Let C = {x∈Rp : Ax≤ b}, where A∈Rq×p and b∈Rq with q= 10. The bifunction f is pseudo-
monotone and satisfies the conditions (A1)-(A4) of Assumption A (see [33]). In addition, for
j = 1,2, ...m, let D j : Rp→ Rp be defined by D j(x) = x

3 j = Tj(x). It is easy to verify that D j

is Bregman quasi-nonexpansive for each j = 1,2, ...,m. We choose u = x1 = (1,1, ...,1), x0 =
2u ∈C and different cases of p.

Example 5.2. Consider the Nash-Cournot oligopolistic equilibrium model [25]. Let the bifunc-
tion f ∈ Rm be defined as f (x,y) = 〈Px+Qy+ r,y− x〉, where r is a vector in Rp and P,Q are
two matrices of order p such that Q is symmetric positive semidefinite and Q−P is symmetric
negative semidefinite. We define the set C such that C = {x ∈ Rp : Ax ≤ b}, where A ∈ Rq×p

is a random matrix and b ∈ Rq with q = 10. It is easy to see that f is pseudo-monotone and
satisfies conditions (A1)-(A4) of Assumption 2.1 with the Lipschitz constants c1 = c2 =

‖P−Q‖
2 .

For the optimization program in Algorithm 3.1, we have the following steps:

un = argmin
z∈C
{1

2
zT Hnz+bT

n z},

where Hn = 2ρnQ+ I and bn = ρn [(P−Q)wn + r]−wn, and

vn = argmin
z∈ζn

[
1
2

zT H̄nz+ b̄T
n z
]
, (5.1)

where H̄n = 2ρnQ+ I and b̄n = ρn [(P−Q)wn + r]−wn. Also, since ϕn ∈ ∂2 f (wn,un), we see
that ϕn = 2Qun +(P−Q)wn + r. Furthermore, letting

an = (I−ρn(P−Q))wn− (2ρnQ+ I)un−ρnr,

we see that ζn = {x ∈ Rp : 〈an,x〉 ≤ 〈an,un〉}. Equation (5.1) is a quadratic convex program
which can be solved efficiently. In addition, for j = 1,2, ...m, let D j : Rp → Rp by D j(x) =
x

5 j = Tj. It is easy to verify that D j is Bregman quasi-nonexpansive for each j = 1,2, ...,m.

Also, r,P and Q are selected randomly and u = x0 = x1 = (1,1, ...,1) ∈C with different cases
of p.

We next consider the following example in infinite dimensional spaces.

Example 5.3. Let E = `2(R) be the linear spaces whose elements are all 2-summable sequences
{xi}∞

i=1, `2 = {x : x = (x1,x2, ...,xi, ...), xi ∈ R and ∑
∞
i=1 |xi|2 < ∞}, with inner product 〈., .〉 :

`2× `2→ R and norm ‖.‖ : `2→ R defined by

〈x,y〉=
∞

∑
i=1

xiyi and ‖x‖=

(
∞

∑
i=1
|xi|2

)2

, where x = {xi}∞
i=1, y = {yi}∞

i=1 ∈ `2.
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Let C = {x∈E : ‖x‖≤ 1}. Define the bifuntion f :C×C→R by f (x,y)= (3−‖x‖)〈x,y−x〉 for
all x,y∈C. It can easily be verified that f is pseudo-monotone and satisfies the conditions (A1)-
(A4) of Assumption A with Lipschitz constant c1 = c2 =

5
2 . Also, for j = 1,2, ...m, we define

D j : `2→ `2 by D j(x) = x
2 j = Tj(x). It is easy to verify that D j is Bregman quasi-nonexpansive

for each j = 1,2, ...,m.
We test Example 5.1, Example 5.2 ,and Example 5.3 under the following experiments.

Experiment 5.1. In this experiment, we check the behavior of our method by fixing the other
parameters and varying θ in Example 5.1. We do this to check the effects of this parameter and
the sensitivity of our method on it. We choose qn =

n
2n+1u, gn =

n
2n+1u and p ∈ {5,10,15,20}.

Using ‖xn+1− xn‖ < 10−4 as the stopping criterion, we plot the graphs of ‖xn+1− xn‖ against
the number of iterations in each case. The numerical results are reported in Fig. 1 and Table 1.

Experiment 5.2. In this experiment, we check the behavior of our method by fixing the other
parameters and varying εn in Example 5.2. We do this to check the effects of this parameter and
the sensitivity of our method on it. Consider

εn ∈ {
1

(2n+1)3 ,
2

(2n+5)3 ,
1

(2n+1)4 ,
2

(2n+5)4 ,
1

(2n+1)5},

which satisfies Assumption 3.1 (5)-(C2). Choose qn =
n

2n+1u, gn =
n

2n+1u, and p∈{5,10,20,30}.
Using ‖xn+1− xn‖ < 10−4 as the stopping criterion, we plot the graphs of ‖xn+1− xn‖ against
the number of iterations in each case. The numerical results are reported in Fig. 2 and Table 2.

Experiment 5.3. In this experiment, we check the behavior of our method by fixing the other
parameters and varying ρ in Example 5.3. We do this to check the effects of this parameter
and the sensitivity of our method on it. We consider ρ ∈ {0.5,1.0,1.5,2.0,2.5}. Using ‖xn+1−
xn‖ < 10−4 as the stopping criterion, we plot the graphs of ‖xn+1− xn‖ against the number
of iterations in each case. We choose u = (1, 1

2 ,
1
3 , · · ·), qn =

n
2n+1u, gn =

n
2n+1u and consider

different cases of initial values x0 and x1 as follows:
Case 1 : x0 = (1

5 ,
1
25 ,

1
125 , · · ·), x1 = (1, 1

2 ,
1
3 , · · ·).

Case 2 : x0 = (2,1, 1
2 , · · ·), x1 = (1, 1

2 ,
1
3 , · · ·).

Case 3 : x0 = (1
4 ,

1
16 ,

1
64 , · · ·), x1 = (1, 1

2 ,
1
3 , · · ·).

Case 4 : x0 = (7
9 ,

7
18 ,

7
36 , · · ·), x1 = (1, 1

2 ,
1
3 , · · ·).

The numerical results are reported in Fig. 3 and Table 3.

Table 1. Numerical results for Example 5.1 (Experiment 5.1).

Cases App. 7.1 App. 7.2 App. 7.3
Alg. 3.1
(θ = 3)

Alg. 3.1
(θ = 6)

Alg. 3.1
(θ = 9)

Alg. 3.1
(θ = 12)

Alg. 3.1
(θ = 15)

p=5
CPU
Iter.

0.0819
9

0.0478
14

0.3300
48

0.0356
5

0.0318
5

0.0323
5

0.0328
5

0.0285
5

p=10
CPU
Iter.

0.0870
10

0.0462
11

0.4494
56

0.0501
6

0.0481
6

0.0603
6

0.0530
6

0.0519
6

p=15
CPU
Iter.

0.1107
11

0.0513
12

0.5404
61

0.0574
6

0.0541
6

0.0527
6

0.0572
6

0.0578
6

p=20
CPU
Iter.

0.1138
11

0.0608
12

0.4254
65

0.0723
7

0.0554
7

0.0575
7

0.0587
7

0.0738
7



242 O.T. MEWOMO, E.C. GODWIN, T.O. ALAKOYA

0 10 20 30 40 50
Iteration number (n)

10-5

10-4

10-3

10-2

10-1

100

101

E
rr

or
s

App 7.1
App 7.2
App 7.3
Alg 3.2 (  = 3)
Alg 3.2 (  = 6)
Alg 3.2 (  = 9)
Alg 3.2 (  = 12)
Alg 3.2 (  = 15)

0 10 20 30 40 50 60
Iteration number (n)

10-5

10-4

10-3

10-2

10-1

100

101

E
rr

or
s

App  7.1
App 7.2 
App  7.3
Alg 3.2 (  = 3)
Alg 3.2 (  = 6)
Alg 3.2 (  = 9)
Alg 3.2 (  = 12)
Alg 3.2 (  = 15)

0 10 20 30 40 50 60 70
Iteration number (n)

10-6

10-4

10-2

100

E
rr

or
s

App 7.1
App 7.2
App 7.3
Alg 3.2 (  = 3)
Alg 3.2 (  = 6)
Alg 3.2 (  = 9)
Alg 3.2 (  = 12)
Alg 3.2 (  = 15)

0 10 20 30 40 50 60 70
Iteration number (n)

10-5

10-4

10-3

10-2

10-1

100

101

E
rr

or
s

App  7.1
App 7.2 
App  7.3
Alg 3.2 (  = 3)
Alg 3.2 (  = 6)
Alg 3.2 (  = 9)
Alg 3.2 (  = 12)
Alg 3.2 (  = 15)

FIGURE 1. Top left: p = 5; Top right: p = 10; Bottom left: p = 15; Bottom
right: p = 20.

Table 2. Numerical results for Example 5.2 (Experiment 5.2).

Cases App. 7.1 App. 7.2 App. 7.3
Alg. 3.1
(εn =

1
(2n+1)3 )

Alg. 3.1
(εn =

2
(2n+5)3 )

Alg. 3.1
(εn =

1
(2n+1)4 )

Alg. 3.1
(εn =

2
(2n+5)4 )

Alg. 3.1
(εn =

1
(2n+1)5 )

p=5
CPU
Iter.

0.1510
10

0.1280
22

0.6744
47

0.0838
7

0.0852
7

0.0930
7

0.0777
7

0.0803
7

p=10
CPU
Iter.

0.0949
12

0.0786
23

0.4007
57

0.0781
8

0.0620
8

0.0580
8

0.0589
8

0.0739
8

p=20
CPU
Iter.

0.1115
13

0.0480
11

0.4606
69

0.0782
9

0.0848
9

0.0754
9

0.0803
9

0.0934
9

p=30
CPU
Iter.

0.0892
13

0.0803
13

0.5478
77

0.0551
9

0.0723
9

0.0804
9

0.0767
9

0.0783
9
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FIGURE 2. Top left: p = 5; Top right: p = 10; Bottom left: p = 20; Bottom
right: p = 30.

Table 3. Numerical results for Example 5.3 (Experiment 5.3).

Cases App. 7.1 App. 7.2 App. 7.3
Alg. 3.1
(ρ = 0.5)

Alg. 3.1
(ρ = 1.0)

Alg. 3.1
(ρ = 1.5)

Alg. 3.1
(ρ = 2.0)

Alg. 3.1
(ρ = 2.5)

1
CPU
Iter.

0.0054
24

0.0047
24

0.0044
44

0.0152
9

0.0113
9

0.0113
9

0.0121
9

0.0107
9

2
CPU
Iter.

0.0037
20

0.0067
24

0.0041
44

0.0115
9

0.0098
9

0.0099
9

0.0101
9

0.0098
9

3
CPU
Iter.

0.0008
24

0.0018
24

0.0012
44

0.0029
9

0.00251
9

0.0031
9

0.0025
9

0.0031
9

4
CPU
Iter.

0.0026
20

0.0036
24

0.0027
44

0.0027
9

0.0031
9

0.0044
9

0.0027
9

0.0023
9

Remark 5.1. We use distinct starting points, values of p and vary the other parameters in
Experiment 1, Experiment 2 and Experiment 3, respectively, we obtain the numerical results
shown in Tables 1-3 and Figures 1-3. We compared our method, Algorithm 3.1 with the methods
in Appendix 7.1, Appendix 7.2, and Appendix 7.3. In addition, we observe the following from
our numerical tests and experiments:

• In the numerical experiments, we randomly selected the parameters and noted that re-
gardless of the choices made, the number of iteration does not change and no significant
difference in the CPU time.
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FIGURE 3. Top left: Case 1; Top right: Case 2; Bottom left: Case 3; Bottom
right: Case 4.

• In Experiment 1, we examine the sensitivity of θ for each case of p in order to know if
the choices of θ affect the performance of our method. Clearly, from Table 1 and Fig. 1,
the number of iterations for our method is well behaved for θ ∈{3.0,6.0,9.0,12.0,15.0}.
In addition, there is no significant difference in the CPU time as we vary the value of θ .
• In Experiment 2, we examine the sensitivity of εn for each case of p in order to know if

the choices of εn affect the performance of our method. Clearly, from Table 2 and Fig.
2, the number of iterations for our method is well behaved for

εn ∈ {
1

(2n+1)3 ,
2

(2n+5)3 ,
1

(2n+1)4 ,
2

(2n+5)4 ,
1

(2n+1)5}.

Moreover, there is no clear difference in the CPU time as we vary the value of βn,i.
• In Experiment 3, we examine the sensitivity of ρ for each starting points in order to

know if the choices of ρ affect the performance of our method. Clearly, from Ta-
ble 3 and Fig. 3, the number of iterations for our method is well behaved for ρ ∈
{0.5,1.0,1.5,2.0,2.5}. In addition, there is no significant difference in the CPU time as
we vary the value of θ .
• From Tables 1-3, Fig. 1, Fig. 2 and Fig. 3, we noted clearly that in terms of number

of iterations, our method, Algorithm 3.1 performs better than the existing methods in
Appendix 7.1, Appendix 7.2 and Appendix 7.3 and no significant difference in the CPU
time.
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6. CONCLUSION

In this paper, we investigated a common solution to a pseudo-monotone equilibrium and a
fixed point problem of Bregman quasi-nonexpansive mappings in a p-uniformly convex Banach
space by using an inertial Halpern subgradient extragradient iteration. The dependence on
prior knowledge of the Lipschitz constants for the pseudo-monotone operator was eliminated
by using a self-adaptive step size. We demonstrated that our approach strongly converges to a
common element in the solution set.
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7. APPENDIX

Algorithm 7.1. [13]

Initialization: Choose x0, u ∈C and the sequences {αn},{βn} and {λn} such that

yn = argmin{λn f (xn,y)+
1
2

φ(y,xn) : y ∈C},

zn = argmin{λn f (yn,y)+
1
2

φ(y,xn) : y ∈C}

xn+1 = ΠCJ−1 (γnJ(u)+(1− γn)(βnJzn +(1−βn)JDzn)) ,

where 0 < a≤ λn ≤ b < min{ 1
2c1

, 1
2c2
},D : E→ E is a quasi-φ -nonexpansive mapping.

Algorithm 7.2. [13]

Initialization: Choose x0, u ∈C and the sequences {αn}, {βn} and {λn} such that

yn = argmin{λn f (xn,y)+
1
2

φ(y,xn) : y ∈C},

Find m the smallest nonnegative integer such that{
zm,n = (1−ξ m)xn +ξ myn,

f (zm,n,xn)− f (zm,n,yn)≥ α

2λn
φ(yn,xn).

Set ρn = ξ
m and zn = zm,n

choose gn ∈ ∂2 f (zn,xn) and compute wn = ΠCJ−1(Jxn−σngn)

where σn =
v f (zn,xn)

‖gn‖2 if yn 6= xn and σn = 0 otherwise.

xn+1 = ΠCJ−1 (γnJ(u)+(1− γn)(βnJwn +(1−βn)JDwn)) ,

where {λn} ⊂ [λ ,1],λ ∈ (0,1],D : E→ E is a quasi-φ -nonexpansive mapping.

Algorithm 7.3. [7]

Initialization: Iterative Step: Suppose {xn} is a sequece generated by x1 ∈C. Calculate xn+1
as follows:

wi
n = argmin{λngi(xn,w)+D f (w,xn) : w ∈C} i = 1, ...,N,

zi
n = argmin{λngi(wi

n,z)+D f (z,xn) : z ∈C} i = 1, ...,N,

in ∈ argmax{D f (zi
n,xn), i = 1,2, ...,N}, z̄n = zin

n ,

yn = ∇ f ∗
(

ηn,0∇ f (z̄n)+
m

∑
j=1

ηn, j∇ f (zn, j)

)
, zn, j ∈ Tj z̄n,

xn+1 = Proj f
C (∇ f ∗(γn∇ f (qn))+(1− γn)∇ f (yn)))
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where Tj : C → CB(C) is a multivalued Bregman relatively nonexpansive mapping, {λn} ⊂
[a,b]⊂ (0, p), where p = min{ 1

c1
, 1

c2
}, lim

n→∞
qn = q ∈ E.
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