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Abstract. In this paper, we consider time-dependent elastic Nash equilibria in oligopolistic markets.
Our analysis underlines the perturbation phenomena that should be taken into account in the study of
such equilibrium problems. Precisely, there are both internal and external sources generating variations
at any time of the commodity shipment between the supply market and the demand market. This also
affects, in principle, commodity outputs as well as the commodity at demand markets. Accordingly,
the three costs of production, the storage and the transportation, respectively, involved in a such model
are perturbed by the same and/or another perturbation. Then, in this work, we first fix the parametric
market equilibrium model for our problem, which we characterize by a time-dependent quasi-variational
inequality problem what enables us to state and prove our main result on the stability of the parametric
equilibrium commodity shipment in question. Our key tools make recourse to recent developments of
quasi-equilibrium problems as well as the qualitative stability of fixed points of set-valued maps.
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1. INTRODUCTION

Since the paper by Blum and Oettli [18], equilibrium problems are considered one of the
mostly popular cornerstone models of applied mathematics, which deal with the study of var-
ious problems arising from economy, finance, and engineering. This class of problems is
actually viewed as a common unified structure for a non-exhaustive list of other problems
as optimization, complementarity problems, variational inequalities, non-cooperative games,
quasi-optimization problems, inverse optimization, and quasi-variational inequalities; see, e.g.
[5, 19, 23, 26, 36]. For complete studies of the topic covering both the theory, algorithms, ap-
plications and nonlinear programming techniques for equilibria, we refer the reader to the com-
prehensive book [17]. Regarding different stability aspects of quantitative or qualitative type for
equilibria under perturbations, we refer to the recent contributions that considered various tech-
niques such as direct computations of bounds, non-geometrical methods, stability from fixed
point theory, set-convergence and quasi-convex programming tools besides the time-dependent
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approach exploring the generalized convexity or else metric projections in [1, 2, 3, 4, 35, 39]
and the references cited there.

The analysis of the behavior of equilibrium points facing to partial or complete changes in
the data of the problem has a relevant role in both theoretical and numerical treatments, which
is fundamental in managing the perturbations through conditions ensuring stable solutions.

The aim of the paper is twofold. At first, we establish the Lipschitz continuous dependence of
solutions to time-dependent quasi-variational inequalities with respect to parameters inherent in
the constraints sets, which is seen in our case as a time-dependent parametric quasi-equilibrium
problem. We consider two formulations of the problem: the point-to-point formulation and
the integrated one. Hence, we extend the approach of quantitative stability results obtained
for abstract equilibria in [3] to the more general time-dependent quasi-variational problem. It
is worth underlining here that time is central in real world applications from different fields
such as physic, technologies or else social and economical worlds (see [24]). Therefore it is
fundamental to involve the parameter of time in quasi-variational inequalities or evolutionary
quasi-variational inequalities, which are in reality time-dependent, to contribute to a better un-
derstanding of time-dependent concrete problems. The second goal of this work is to apply the
theoretical results to the time-dependent elastic oligopolistic market equilibrium problem.

We would like to give in this introduction an overview over oligopolistic market equilibrium
problems by discussing its related literature. In the early 1950s, Nash (see [30, 31]) presented
the so-called non-cooperative game. In [22, 32, 33, 34], the oligopolistic market equilibrium
problem was addressed in the static case by using a finite dimensional variational approach.
Barbagallo et al., in [10], considered the time dependence in the model obtaining its equivalent
time-dependent variational formulation. Moreover, the market was described by making use
of the Lagrange multipliers in [11]. In [12] and [13], the time-dependent model was improved
by considering production excesses and both production and demand excesses, respectively.
In order to find approximate equilibrium solutions, a numerical method was analyzed in [14].
Then, in [15], the authors left the point of view of producers whose aim is to maximize his
profit, analyzing the policymaker one whose aim is to control exports of goods by imposing
taxes or incentives. The optimal control model is characterized there by an inverse variational
inequality. In addition, Barbagallo et al., in [6, 9], considered the model in which the set of
constraints depends on the expected equilibrium distribution. Such a problem is called elastic
or with set adaptive constraint. In particular, in this model, the capacity constraint set is defined
by means of a multifunction and the equilibrium conditions are expressed by a time-dependent
quasi-variational inequality. Finally, in [16, 25], the uncertainty in the oligopolistic market equi-
librium problem was taken into account thanks to the introduction of random constraints. The
random firms’ point of view is governed by a random Nash principle which is expressed by a
stochastic variational inequality in a Hilbert space setting. Thanks to the variational formula-
tion, the existence and the uniqueness of the equilibrium solution were investigated (see also
[21, 29, 38, 40]). Furthermore, in [7], the authors studied a random time-dependent oligopolis-
tic market equilibrium problem in presence of both production and demand excesses from the
firms’ point of view. Then, in [8], the random time-dependent optimal control problem was
introduced and characterized by an inverse stochastic time-dependent variational inequality.
Accordingly, with these numerous contributions and many others not connected directly to
our context, the existence theory, stochastic aspects and numerical procedures are sufficiently
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treated for market models but the analysis of parametric perturbations for these models attracted
only a limited attention, so this paper gains its motivation from challenging stability questions
as described above.

The remaining contents of the paper are organized as follows. In Section 2, we expose the
time-dependent elastic oligopolistic market equilibrium model, wherein we present the appro-
priate framework leading to its equivalent formulation as a time-dependent quasi-variational
inequality. In this section, we also give the conditions ensuring the existence of at least a
solution. In Section 3, we first propose a flexible formulation of a general parametric time-
dependent quasi-variational inequality problem by covering the two cases of integrated solu-
tions and point-to-point ones. Then, in Section 3.1, we summarize the needed concepts for
our abstract stability results from the fixed point theory. Afterwards, in Section 3.2, we point
out the contracting behaviour of the variational selections corresponding to our time-dependent
quasi-variational inequalities. Then, we state and prove some stability results of the parametric
formulation of our time-dependent problem regarding exact solutions in Section 3.3. In Section
4, we come back to the oligopolistic market problem for which we focus the attention, in the
first step, on the study of different parametric perturbations inherent in the problem. Then, we
go into stability results for this applied model by applying our main results in Section 3. More-
over, a numerical example is provided. Finally, in Section 5, we end the paper by concluding
remarks and some comments on our results.

2. TIME-DEPENDENT ELASTIC OLIGOPOLISTIC MARKET EQUILIBRIUM PROBLEM

Let us consider the time-dependent oligopolistic market equilibrium problem with the con-
straint set that depends on the expected equilibrium distribution. The introduction of this model
is motivated by the fact that the perception of the expected equilibrium distribution influences
the choice of firms.

The economic network is made up of m firms P;, i = 1,...,m, that produce a homogeneous
commodity, and n demand markets Q;, j = 1,...,n, that are generally spatially separated. We
analyze the model evolving during a time interval [0,7], T > 0.

Let x;; be the nonnegative commodity shipment between the supply market P; and the demand
market Q;, x;; =x;;(t),t €[0,T],i=1,...,m, j=1,...,n. Letus set x; = (x;1, ..., X;,) the strat-
egy vector-function for the firm P, i = 1,...,m. Let us suppose that x = (x;) € L*([0,T],R7™).
In addition, let us assume that the nonnegative commodity shipment x;; between the producer
P; and the demand market Q; has to satisfy time-dependent constraints, namely there exist two
nonnegative functions x,x € L*([0, 7], R"™) such that

0 <ux;;(t) <xij(t) <Xxij(t), Vi=1,....m,Vj=1,...,n, ae.in[0,T].
Let us define
D={xeL*([0,T],R™):  x;(r) <xij(r) <xij (1),
Vi=1,....m,¥Vj=1,...,n, a.e.in[0,T]},

which is a nonempty, bounded, closed, and convex subset of Lz([O, T],R™). Let us denote by

e p; the nonnegative commodity output produced by firm P, p;(t) = p;(t,x(¢)), t € [0,T],
i=1,...,m,
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e g; the nonnegative demand for the commodity at demand market Q;, g;(¢) = q,(t,x(t)),
tel0,7),j=1,....n.

We assumed that both production and demand functions may depend upon the entire production
pattern, because the expected equilibrium distribution influences the production plan of a firm
as well as the demand of supply markets. Hence, it results that p € L*([0,7] x D,R™), and
q € L*([0,T] x D,R™).

In the Hilbert space L?([0, T],R"™"), we define the canonical bilinear form on L>([0, 7], R™")* x
L*([0,7],R™), by

T
L P, w>= /O (¢(t),w(t))dt,

where ¢ € (L2([0,T],R™))* = L*>([0,T],R™), w € L?([0, T],R™) and

k
((1),w(t)) = l_zlfl)l(f)wl(f)-

It is worth to highlight that, in the time-dependent framework, it is more reasonable and
realistic to analyze solutions not instant by instant, but on average with respect to the whole
time interval. Therefore, the dependence of feasible conditions on the expected equilibrium
distribution, which we denote by x*, comes from the next inequalities through the average value
of the production function and the demand one with respect the time by means of the second
variable:

n 1 T
inj(t)ﬁf/ pilt,x (1))dz, i=1,...,m, ae.in[0,T], @
=1 0
m 1 T
le.j(,)gf/ g;(t,x* (1)), j=1,...,n, ae.in[0,T]. 2.2)
i=1 0

Hence, (2.1) means that the total of commodity shipments from a firm to all the demand markets,
at the time 7 € [0, T'], must be smaller or equal to the average value of the quantity produced by
that firm through the expected equilibrium distribution, at the same time ¢ € [0, T]. In addition,
(2.2) means that the total of commodity shipments to a demand market, at the time 7 € [0, T],
must be smaller or equal to the average value of the quantity demanded, by each Q; at the time
t, through the expected equilibrium distribution, at the same time # € [0, T]. Let us note that
(2.1) and (2.2) imply that production and demand excesses occur, respectively. In this way, the
production excess for the commodity of the firm P, is

1 (T !
&i(1) = —/ pilt.x*(0)dt— Y xi5(t), i=1,...,m, ae.in[0,T].
T Jo |
At the meantime, the demand excess for the commodity of the demand market Q; is

1T m , .
‘Sf(t)zf/o gj(t.(0))de— Y xi(t), j=1,....n, ac.in[0,T].
i=1
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Hence, the set of feasible distributions is the value of the multifunction K : D = L2([0,T],R"™)
defined by

n 1 T

K(x*)=<xeD: inj(t) < ?/ pi(t,x*(t))dt, Vi=1,...,m, ae.in [0,T],
Jj=1 0
m 1 T
inj(t)gf/ gi(t.x"(1)dt, Yj=1,....n, ae.in [0,T]
i=1 0

Let us indicate with

e f; the production cost of the firm P, f; = fi(t,x(t)), t € [0,T],i=1,...,m,

e d; the demand price of the commodity for the demand market Q;, d; = d;(t,x(t)), t €
[0,T],j=1,...,n,

e g; the storage cost of the commodity produced by the firm P, g; = gi(¢,x(t)), t € [0, T],
i=1,...,m,

e ¢;; the transaction cost, which includes the transportation cost associated with trading
the commodity between firm P; and demand market Q;, c;; = ¢;(¢,x(t)), t € [0,T],
i=1,....om j=1,...,n

Thus the profit of the firm P, i = 1,...,m, is given by

vi(t, x(1)) = i:ldj(tax(t))xij(t> — filt, x(2)) — &i(t,x(1))

J

n
- Z cij(t,x(t))x;(t), i=1,...,m, ae.in[0,T].
j=1

Let us suppose the following assumptions:

(i) vi(t,x) is continuously differentiable with respect to the second variable, for each i =
1,....m;
8vl~

(ii) Vpv(t,x) :== (07_

(t,x)) is a Carathéodory function, i.e. measurable in ¢
Xij i=1,...,m

j=1,....n
and continuous in x, such that

3h € L2(0,T)) : |[Vov(t,x(t)|| < |[x(t)|| +h(r), VxeD, ae.in [0,T];

(ii1) v; is pseudoconcave1 with respect to the variables x;, i =1,...,m.

In this model, each firm tries to maximize its own profit by considering the given optimal strat-
egy of the other firms, namely, it has a non-cooperative behavior. Consequently, the equilibrium
condition is stated by the following time-dependent elastic Nash principle.

I'A continuously differentiable function v(x) is called pseudoconcave with respect to x;, i = 1,...,m, iff

pa

XlyeooyXigeoosXim)y Xi— Vi) 20 = v(X1,00 0, Xy ooy Xim) Z V(X0 ooy Vige v e s Xim)-
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Definition 2.1. The distribution x* is a time-dependent elastic oligopolistic market equilibrium
distribution iff x* € K(x*) and, for each i = 1,...,m and a.e. in [0, T, it results

vi(t,x* (1)) > vi(t,xi(t),x" (1)), (2.3)
where x*;(t) = (x](¢),...,x7_ (), X, (£),...,x(2)).

Under assumptions (i), (ii), (iii), equilibrium condition (2.3) is characterized by the following
time-dependent quasi-variational inequality

! Avi(t,x*(t
/ ( V’<a i ”) (xij (1) —x55(6)dr 2 0, Vx € K(x*), 24)
i= 1/ Xij
which can be rewritten as
< =Vpr(x*),x—x">>0, VxeK(x"),
see [6, Theorem 2.1].
The following existence result holds (see [6, Theorem 3.1]).
Theorem 2.1. Letv € C'([0,T] x D,R™), p € L*>([0,T] x D,R™), and g € L*>([0,T] x D,R") be
such that Vpv, p,q are Carathéodory functions and
I) there exists y € L*([0,T)), ¢,y € L'([0,T)]) for which, for every x € R™, a.e. in [0,T),
IVov(t, x)[| < ¥(t) + [|x[|,
lp(2,2) | < (1) + [lxll?,
gt )| < w(e)+ |lx]1%;
) there exists n,0 € L=([0,T]), with n(t) >0, a.e. in [0,T], and 6(t) > 0, a.e. in [0,T],
such that for every xi,x, € R, a.e. in [0,T],
[p(2,x1) = p(t,%2)[| < N (0)[[x1 —x2]],

lg(z,x1) —q(t,x2)[| < 6(2)]|lx1 —x2]].
Then, time-dependent quasi-variational inequality (2.4) admits a solution.

3. ABSTRACT TIME DEPENDENT QUASI-VARIATIONAL FORMAT

In this section we denoted by (-,-) the inner product in R™. Let T > 0. Let F : [0,T] X
L?([0,T],R™) — L2([0,T],R™) be a Carathéodory function (i.e., measurable in ¢ and contin-
uous in x) such that

Jh e L2([0,T)) : ||F(t,x(1)|| < ||x(@)|| +h(r), Vxe L*([0,T],R™), a.e.in [0,T].

Let D be a nonempty, bounded, closed, and convex subset of Lz([O, T|,R™), and py > 0. Let
us consider a set-valued map of constraints K, : D = L?([0,T],R™) which depends on a real
parameter p € [0,ps] and such that K, (x) is a nonempty, closed and convex subset of R,
for every x € D, and each p € [0,ps|. With these data, the time-dependent quasi-variational
inequality problem (EQVIP) under consideration is as follows: for each p € [0, py], find xp €
Kp (xp) such that

EVIP, [ 0) 0 020, W e Ky(xy)
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Let us highlight that when, in addition, K, is a closed lower semi-continuous multifunc-
tion with K,(x) C D nonempty, compact and convex for all x € D, then (EQVIP), admits
at least a solution, for each p € [O,pf] (see, for instance, [37]). Remark also that the time-
dependent quasi-variational inequality (EQVIP), is equivalent to solving the following point-
to-point quasi-variational inequality:

for each p € [0, py], find xp € D such that x, () € K, (xp(¢)) and

(ASTQVIP),(1) (F(t,xp(t)),y—xp(t)) >0, Vy(t) € Kp(xp(t)), a.e.in [0,T],

where
Kp(xp(2)) = {y(r) e R™: y e Kp(xp)} .
One implication is trivial. Let us prove the other one. To this purpose, let us suppose by
absurdum that (ASTQVIP), () does not hold, namely, there exist p € [0,pr], x5(t) € K5(X5(1)),
and I C [0,T] with m(I) > 0O such that

(F(t,%5(1)),%5(t) —x5(¢)) <0, ae.inl.

Let us choose
xﬁ(t) in[0,T]\1,

Thus, it results
< F(xp)y—xp>= [(F(t.3(0)),%5(0) ~xp(0)) dt <0,
1

which is a contradiction (see, for instance, the proof of Theorem 2.1 in [20]).

Now, for another parameter A around a reference valued Ay from a set A(4g) in an Euclidian
space, acting on F we consider the following perturbed format: for each A € A(Ap), for each
p €[0,py], find x, 5 € Kp(x, ) such that:

E) [ F )0 () 20, W€Kl )

In this context, we have to take into account the perturbed format with respect to A for the
problem (ASTQVIP),(z) as follows:
for each A € A(Ap), for each p € [0,py], find x, 3 € D such that x,, 5 (¢) € Ky (x, 2 (¢)) and

(ASTQVIP), » (7) (Fp(t,xp 2 (1), y—xp5(2)) 20, Vy(t) € Kp(x, 2 (7)), ae.in [0,T].

Remark 3.1. In [1], the authors observe that the key step of stability of quasi-equilibrium points
is the Lipschitz dependence of the solution map § with respect to parameters. Note that when
the parameters act on the operator (or the bifunction) this required Lipschitz continuity type
is a straight consequence of [3, Theorem 2.2.1, Step I] with the standard strong monotonicity
condition. Regarding the case when the parameters are inherent in the constraints, the result of
[3, Theorem 2.2.1] forces strictly the Holder dependence of the underlying solution map (called
below variational selection to use the terminology of Umberto Mosco), which is not enough for
the stability of quasi-equilibria because of the lack of an adequate stability of fixed points for
Holder continuous set-valued maps. The alternative proposed in [1] and also in [2] is the strong
monotonicity condition in the sense that (F(¢,x(t)) — F(t,y(t)),x(t) — y(t)) > v|x(¢) — y(1)||
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for every x,y € L?([0,T],R™"). However, this condition is not easy to check in practice as
it has a conflict with differentiability properties. Therefore, in the present contribution, we
restrict the parameter of constraint to a real one and adopt the recent computations of Lipschitz
constant by M. Passacantando and F. Raciti in [35], by using precisely a condition on the norm
of the difference between the projection of x on two closed convex sets K(f;) and K(;) in
[35, Theorem 2]. Though it is possible to go into a more general perturbation with a higher
dimension for this parameter on constraints for simplicity we stay in this work in the real-valued
case.

At this stage, to discuss the present contribution with the recent quasi-equilibrium devel-
opments in [1], we introduce the time-dependent quasi-equilibrium problem (EQEP) in the
integrated formulation as follows:

for each p € [0, py], find xp € K, (xp) such that:

(EGEP), /0 (e, xp (1) (1) > 0, Wy € Kp(xp),

where @ : [0,7] x D x D — R is a time-dependent real-valued function. Problem (EQVIP),
actually corresponds to the following point-to-point formulation:
for each p € [0, py], find x,, € D such that x, (1) € K, (x,(¢)) and

(ASTQEP), (1) D(1,x5(1),y(t)) >0, Vy(t) € Kp(xp(2)), a.e.in [0,T].

In a similar way to the quasi-variational inequalities, for the same second parameter A €
A(Ap), with our model of applications in mind, we consider the following global perturbation
form of both of the integrated and the poit-to-point cases:

for each p € [0,pf] and each A € A(Ao), find x, 3 € K, 3 (x, 1) such that:

T
(EQEP), 2 /0 D (t,x5 2 (2),y(t))dt >0, ¥y ecK,;(xp1);

for each p € [0,pf] and each A € A(Ao), find x, 5 € D such that x,, ; (¢) € K, 5 (x5 2 (¢)) and

(ASTQEP)p 2 (1) @12 (1).3(1)) 20, Vy(r) € Kp (x4 (1)), e, in [0,7].

To continue our analysis, we next introduce some concepts from the stability of fixed points
needed in the sequel.

3.1. Stability of exact fixed points. We still keep the notation X = L?([0,T],R"™") endowed
with the norm || - || ([0.7] omy- FOT any nonempty subset A of X and any point x € X, d(x,A) =
inf{||[x —y|| : y € A} stands for the distance from x to A, whereas d(x,0) = +co. If B is another
nonempty subset of X, ¢(A, B) denotes the excess of A on B given by ¢(A,B) = sup{d(a,B) :
a € A}. We adopt the convention e(0,A) = 0, for any subset @ # A C X, and e(A, Q) = +oo. The

extended Hausdorff distance between two subsets A and B of X is given by
h(A,B) = max{e(A,B),e(B,A)}.

The extension of the Hausdorff metric refers to the case that the distance becomes o. The
minimal distance between two nonempty subsets A, B of X is denoted and given by

d(A,B) =inf{|lx—y| : (x,y) €A xB}.



STABILITY OF TIME-DEPENDENT ELASTIC NASH EQUILIBRIUM 55

When one of the sets A and B is empty, we set d(A,B) = h(A,B) = +-oo. For a given set-valed
mapping ¢ : X = X, we write Fix(®) to stand for the set of fixed points of ®, i.e. x € Fix(P)
if and only if x € ®(x).

Theorem 3.1 ([27, Lemma 1]). Let X be a complete metric space and let T\, T, : X = X be two
set-valued mappings such that T;(x) is nonempty and closed, for every x € X, i = 1,2. Suppose
that both Ty and T, are Lipschitz continuous on X with the same Lipschitz constant x € [0,1).
Then

h(Fix(Ty),Fix(Tr)) < ! suph(Ti(x),Tr(x)).
l—x xeX
3.2. Variational selections for time-dependent quasi-variational inequalities in the inte-
grated and point-to-point formulations. Our stability analysis is to consider the point-to-
point formulation but as shown before, it is equivalent to the integrated formulation. Thus we
introduce the variational selections in the sense of Mosco for the integrated case and the point-
to-point one, respectively.
The variational selection corresponding to (ASTQEP),, 5 (¢) is the set-valued mapping

Spp:[0,T]x D=1 D,
defined for every (¢,x) € [0,T] x D, each A € A(Ap), and p x [0, py] by
Sl,p(tax) = {y S Kp(x) : CDA(I,)@Z) Z 07 VZ € KP(X)} .

In the same spirit, the variational selection corresponding to (EQEP), ; is the following set-
valued mapping

S Ap - D=D,
defined for every x € D, each p € [0,py], and A € A(Ap) by

A p(x) = {y e Kp(x): /OTCID,l(t,y,z)dt >0, Vze Kp(x)} :

Formulations (EQEP), ; and (ASTQEP),, 5 (¢) are quite general and are out of the scope in the
present work, however we adopt them for the sake of a simple use of variational selections and
useful discussions later as well.

Notation: For every p € [0, py], forall A € A(Ay) and every t € [0,T], we write

D, (laxp,by) = <F7L (taxp,k (t))ay(t) _xp(t»
and in L*([0, T],R™),

T
1(55,009) = [ {Ft3p 2 (0).5(0) =5 (1))t

Remark 3.2. Let us observe that .7} ,(x) (resp. Sy ,(t,x)) represents the set of solutions to
equilibrium problem EP( fOT ®, dt, Ky (x)), (resp. EP(®;, K, (x))), x € D. Furthermore, it is ap-
parent that the solutions to quasi-equilibrium problem (EQEP), ; (resp. (ASTQEP),, 5 (¢)) are ex-
actly fixed points of the set-valued variational selection .%) , (resp. Sy ), see [1, 2]. Then, the
useful properties of convexity and closedness on .7 ,(x) (resp. S, ,(t,x)) are needed for our
purpose, which is fortunately the case under strong monotonicity condition in view of single-
valuedness of the underlying selection map (since this strong condition forces the uniqueness
of the solution to the corresponding equilibrium problems).
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Let us stress that, in contrast to variational inequalities, as known in the literature, quasi-
variational ones do not dispose at the uniqueness of solutions even under strong monotonicity
conditions, so we have to fix the following further notation:

Notation:
e S(A,p) stands for the solution set of (EQEP), 3 ;
e S;(4,p) stands for the set of solutions of (ASTQEP), ; (¢), a.e. in [0,T7;
e For given constants ¢,m > 0, we set

6 :=0(c,m) = nﬁ){‘M +Z“+%q,

(0,2) [1—s s(1—s)
c
where s = /72 —2—z+ 1.
\ m

Remark 3.3. The constant 0 is indeed used in the Lipschitz continuity of the solution map with
respect to the real perturbation in the constraint map. For more details on the computation of
this Lipschitz constant for the stability of variational inequalities and applications with respect
to real parameters in the constraints, we refer to the recent paper [35].

Thanks to the two first points of the notation above, it is worth noting that
S(A,p) =Fix(#},p) and S;(A,p) =Fix(Sy ,). (3.1)
To start our treatment of stability, we first present the following.

Theorem 3.2. Let X := L?([0,T],R™). Let us assume that

(Co) the metric projection onto K, is Lipschitz continuous, that is, there exists some constant
M > 0 such that, for all x,y € X, for all p,p’ € [0, py],

1P, () (%) = P () ()| < Mlp —p'l,

where Py (y)(x) denotes the projection of x on the closed convex set Kp(y);
(C1) F is strongly monotone uniformly in A, that is, for some v > 0, for all A € A(Ay), a.e.
in [0,T],

(Fat.x(0) ~ Fa0.3(0).x0) ~5(0)) 2 Viix() ~y(0)|. Vxy€X:
(C2) F is Lipschitz continuous with respect to the parameter A with Lipschitz constant ¢ > 0,
uniformly in x, a.e. in [0,T].
Then, for all p € [0,py], all A € A(Ay) and a.e. in [0, T}, the variational selection of the problem
(ASTQEP), 5 (t) is a single-valued map, i.e. for all x € D, a.e. in [0,T], Sy, ,(t,x) is reduced to
a singleton {y, 5 (t)} and, for all p,p' € [0, py] and all A,1" € A(Ay),

o1 (1) =yl <ct||[A =" ||+e2|p—p|, (3.2)
where ¢1 = % and c is the constant given by
0(c,v) ifc<v,

Cy) =
M+2V2M+1 ifc=v.
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Proof. Taking into account Remark 3.2, from (the first step of the proof of) [3, Theorem 2.2.1],
for arbitrary fixed values of p € [0, p/] and 4 € A(4y), the variational selection S; , is a single-
valued map. Hence, S; ,(t,x) = {yp 4 (t)}, for p € [0,p¢], A € A(A9), a.e. in [0,T]. Moreover,
for an arbitrary fixed value of p € [0,py|, the map A — y, 5 (¢) is Lipschitz continuous with

Lipschitz constant ¢; = %, a.e. in [0,T]. For all 1,A” € A(Ay), we have

o2 () =vp ) <cil|A =L, Vp €[0,ps], ae.in [0,T]. (3.3)

Now, from [35, Theorem 2], it follows that for an arbitrary fixed value of A € A(Ap), the single-
valued map p — y,, 5 (¢) is Lipschitz continuous with Lipschitz constant ¢, a.e. in [0,T]. Thus,
for all p,p’ € [0, ps], it results

Vpa(@) =ypa@l <calp—p'|, VA EA(X), ae.in0,T]. (3.4)

Therefore, from the triangle inequality, for all p,p’ € [0, p] and all ,A” € A(Ap), we infer the
required estimate in (3.2) by using (3.3) and (3.4). This concludes the proof. ]

Corollary 3.1. Assume that the conditions of Theorem 3.2 are satisfied. Then, a.e. in [0,T], for
all (A,p) € A(Ao) x [0, py], the selection map S, , of problem (ASTQEP),,  (t) is a single-valued
Lipschitz continuous map in (p,A), with respect to the norm ||(-,-)|| defined by ||(p, )| :=
|p| + ||A||, with the Lipschitz constant c3 = max(cy,c2). If, in addition, ¢ < v and moreover
0(c,v) <1, then c3 < 1, and hence the selection map S, , is a contraction in (p,L) with the
constant ¢z € (0,1), a.e. in [0,T].

Proof. It is an immediate consequence of Theorem 3.2. U

Accordingly, we are able to get a similar result for parametric integrated quasi-variational
inequality problem (EQEP) p,2» Which we state as follows.

Corollary 3.2. Assume that the conditions of Theorem 3.2 are satisfied. Then, for all p € [0,py]
and all A € A(Xo), variational selection of problem (EQEP), ; is single-valued, i.e., for all
x €D, .7 p(x) ={yp} and moreover for all p,p’ € [0, py| and all 1, A" € A(Ay),

[¥0.4 = o2 <VT(er|a=2+elp—p']). (35)

L2([0,T],Rmm)

where ci and c; are the constants provided in Theorem 3.2.

Proof. Let (A,p),(A',p") €[0,pf] x A(Ap). From (3.2), we have

Hyp,x Rl Py < \/7(01 A =2"||+c2|p —P'|>-

O

Corollary 3.3. Assume that the conditions of Theorem 3.2 are satisfied. Then, a.e. in [0,T], the
selection map S, , of problem (ASTQEP),  (t) is Lipschitz continuous in (p, A ), with respect to
the norm ||(-,-)|| defined by || (p, A)|| :=|p|+||A||, with the Lipschitz constant c3 :== max(cy,c3).
If, in addition, ¢ < v and moreover 0(c,v) < 1, then c¢3 < 1, and hence the selection map S Ap
is a contraction in (p,A) with the constant c3 € (0,1), a.e. in [0,T].
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Corollary 3.4. Assume that conditions of Theorem 3.2 are satisfied. Then, the selection map
S, p of problem (EQEP),, ; is Lipschitz continuous in (p, A ), with respect to the norm ||(-,-)|| in

[0,p¢] x A(Xo) defined above, with the Lipschitz constant & = /T max(cy,c2). If, in addition,
1% 1
c< _T and moreover 0(c,v) < ﬁ’ then ¢3 < 1, i.e. the selection map yLP Is a contraction

in (p,A) with the constant ¢z € (0,1).

Remark 3.4. Note that over time, the Lipschitz bounds in the time-dependent case of Corollary
3.3 are small, at any time 7, than those of the variational selection in average (in Corollary
3.4). Besides, stable quasi-equilibrium problem in average (via a contracting character), force
the time-dependent bounds to be smaller, which means that stable quasi-equilibrium points
necessitate small perturbations in time.

3.3. Stability results: exact solutions to (EQEP) pAs

Theorem 3.3. Assume that the conditions of Theorem 3.2 are satisfied and suppose moreover

v 1 ;o
that ¢ < Nia and 6(c,v) < Nii Then, for all (A,p),(A",p") € 0,pf] x A(Ao)
/ / 6 / !/
h(S(l,m,S(l P )) < 1_353(111—1 I+1p—p'l), (3.6)

where 3 is the constant provided in Corollary 3.4.

Proof. At first, we remark that, in view of Corollary 3.4, the selection map .¥), , is a contraction

in (p, A) with the constant & := c3v/T € (0,1). Then, in view of (3.1), the required conclusion
is a consequence of Theorem 3.1. Indeed, from this result, it follows

h<Fix(,5ﬂ,1’p>,Fix(§”;u7p/)> < 1_153 )Sclelgh<y,l7p(x),5ﬂy7p/(x)). 3.7)

Thanks to (3.1), inequality (3.7) becomes

1
h(S(?L,p),S()u’p/)> < suph(yg7p(x),y,1/’p/(x)>. (3.8)

—C3 xeD

Since we are in the conditions of Corollary 3.2, for all x € D, ., ,(x) is reduced to a singleton
{y1p(x)}. Thus (3.8) means

1
h(S(l,p),S(l’,p’)) <175 2 b2 () =y @l 2o 7.2 (3.9)

63x

Hence, combining (3.5) with (3.9), it results that
1
p(shpise)) = LovT(ali-2+alp-p)

1—2¢5
< (I =2]+lp-p']),

3
1—2¢5

where c3 = max(cy,c;) and & = /T max(cy,c;). The claim is achieved. O
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4. STABILITY OF PARAMETRIC QUASI-EQUILIBRIA IN OLIGOPOLISTIC MARKETS

This section aims to discuss parametric perturbations and investigate their impact on the time-
dependent elastic oligopolistic market equilibrium problem. Let us underline that the profit
function is always subject to perturbations, which could come from different aspects. First of
all, the production cost depends on the produced quantities. Therefore, when some problems in
the productive process occur, production costs are accordingly subject to perturbations. On the
other hand, the storage cost also depends on the global quantity of the production. Thus it is
automatically perturbed as a result of changes in production plans, which is a realistic situation.
Moreover, the demand price, which is influenced by the quantities demanded, is a fortiori per-
turbed by an increasing or decreasing commodity shipments. Consequently, the profit function
has to be studied by taking into account the perturbation effects. Formally speaking, this kind
of perturbation is generally modeled by a parameter A which allows us to consider not only
internal influencing factors linked to the production system and the characteristics of the firms
involved in the market but also external ones connected to the environment of the market and
to the behaviour of consumers. In this way, in the model under our analysis, the commodity
output (produced) by firms and the commodity quantity demanded by demand markets are al-
ways determined approximatively, since they depend on raw materials, competition with other
firms and also market trend. Since a decision maker needs to know the extent of the validity of
the solution and its sensitivity to perturbations with respect to each parameter of the problem,
in particular to perturbations of the profit. Hence, it is worth studying the commodity shipment
distribution under perturbations. For the sake of simplicity, in this work, we consider at this
second level only one perturbation given by a real parameter p. Therefore, the feasible set is
also perturbed by the same parameter p.

Now, let us present the perturbed data of our time-dependent elastic oligopolistic market
equilibrium model. We suppose that a real parameter p affects both the production and the
demand functions. Denote by

e pi(t,x(t),p) the perturbed nonnegative commodity output produced by firm P,, 7 € [0, T,
peR,,i=1,....m,
e q;(t,x(t),p) the perturbed demand for the commodity at demand market Q;, t € [0,7],
AeER,, j=1,...,n
Thus p € L*([0,T] x D x R;,R"), and g € L*([0,T] x D x R, R"). Consequently, the fea-
sible conditions become: Y, x;;(f) < %fOTpi(t,x*(T),p)dT, i=1,...,m,ae. in [0,T] and
Y xt) < %fOqu(t,x*(T),p)d‘c, j=1,...,n,ae. in [0,T], while the set of feasible distri-
butions given by the value of the multifunction K : D x R = L2([0, 7] ,R") takes into account
the perturbation phenomena as follows:

n 1 T
K, (x") = xED:Zx,-J-(t)ST/ pilt, X (1),p)dT, Vi=1,....m, ae.in [0,T],
j=1 0

m 1 T
inj(t) < 7/ qi(t,x*(t),p)dt, Vj=1,...,n, ae.in [0,T]
i=1 0

Let us denote by



60 M. AIT MANSOUR, A. BARBAGALLO

e fi(t,x(t),A) the perturbed production cost of the firm P, € [0,T],A e Ry, i=1,...,m,

o d;(t,x(t),A) the perturbed demand price of the commodity for the demand market Q;,
tel0,T,AeRy, j=1,...,n,

e g;(t,x(t),A) the perturbed storage cost of the commodity produced by the firm P, t €
0, T, AeR,i=1,....m

e c;j(t,x(t),A) the perturbed transaction cost between firm P; and demand market Q;,
tel0,T,AeRy,i=1,....m, j=1,....n

Hence, the perturbed profit of the firm P, i = 1,...,m, is in turn defined by

n

vi(t, x(t Z — [ilt,x(2),A) — gi(t,x(z),4)

J:
- Z cij(t,x(t),A)x;j(t), i=1,....m,ae.in[0,T], L e R,.
Next, we state an elementary observation for which we omit the proof as it can be checked
easily.
Lemma 4.1. Let p € L*>([0,T] x D,R™) and let g € L*>([0,T] x D,R") be such that
e there exists a constant My > 0 such that, for all y € D, for all p,p’ € [0,p],

Ip(p,y) —p(p"¥) Il < Milp —p'l,
e there exists a constant M > 0 such that, for all y € D, for all p,p’ € [0,p],

lg(p,y) —q(p",y)|| < Malp —p'|.
Then, there exists a constant M > 0 such that

1P, () (X) = P, () (¥) | < Mlp —p'|,  Vx,y €D.

Let us stress that the set S(A, p) corresponding to the perturbed time-dependent elastic oligopolis-
tic market equilibrium model is the set of solutions of the following perturbed time-dependent
quasi-variational inequality:

L =Vpy(x*,A),x—x">>0, VxeKy(x").

By now we exploit Theorem 3.3 to infer immediately the following stability result on our market
model by taking into account Lemma 4.1.

Theorem 4.1. Let us assume that the following conditions are satisfied:
e there exists a constant My > 0 such that, for all y € D and for all p,p’ € [0,p],

Ip(p.y) = p(P" . ¥)|| < Milp —p'l;
e there exists a constant M > 0 such that, for all y € D and for all p,p’ € [0,p],

lg(p,y) —a(p’,y)|| < Malp—p'l;

e —Vpv is strongly monotone uniformly in A, that is, for some m > 0 and for all A €
A(Ay), a.e. in[0,T],

(= Vvale.x(t) + Vova (0(0),x(0) = (1) ) = mlx(e) = 0|2, ¥y X.
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FIGURE 1. Network structure of the numerical time-dependent spatial oligopoly problem.

e —Vpv is Lipschitz continuous with respect to the parameter A with Lipschitz constant
¢ > 0, uniformly in x, a.e. in [0,T].

1
Suppose that ¢ < % and 0 (c,m) < Nii Then, for all p,p’ € [0,p], forall A,A" € A(Xy), the
following estimate on perturbed solution sets holds
1 3 / /
< — _
(52,0050 ) < 12 (-2 o '], @

where ¢3 is the constant provided in Corollary 3.4.

Theorem 4.1 states that the sets of solutions of two perturbed time-dependent quasi-variational
inequalities with respect two different parameters, which characterize the underlying perturbed
elastic time-dependent Nash equilibrium solutions, which enjoy in our case nice stability esti-
mates with sharp bound. This means that equilibrium distributions of the time-dependent elastic
oligopolistic market equilibrium problem are stable with respect to Lipschitz perturbations.

4.1. A numerical example. This section is devoted to a numerical example of the theoretical
achievements presented.

Consider two firms and two demand markets, as in Figure 1. Let x,% € L?([0, 1],R*) be the
capacity constraints such that, a.e. in [0, 1],

0 zt t+3 4t+5
(t) : x(t) 1
X = g
= 1 ’ -

0 Zt 2t t+2

Let us introduce the following

D= {xeLz([O,T],R4) L) < x(0) < %), Vi=1,2, V)= 1,2}.

Moreover, let p,q € L'([0,1] x D,R?) be the production and demand functions such that, a.e.
in [0, 1],

* _ 107 +2x5 (1) +p * _ [ Oor 4 () +x15(1) +2p
p(tvx (t)vp)_ ( 4f+2XT1(t)+2XT2<t)+5p ) Q(t7x (t)p)_ 8t—|—2x§l(t)—|—p °
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As a consequence, the feasible set is

Kp(x*) = ¢ x € L2([0,1],R*) : x;;(r) <xi(t) <Xij(t), Vi=1,2,Vj=1.2, ae.in[0,1],

2 1
Zx,] pl (t,x*(1),p)dt, Vi=1,2,ae.in [0,1],

1
Zx,, / qj(t,x*(t),p)dt, Vj=1,2, a.e.in [0,1]

Consider the profit function v € L?([0,1] x L2([0, 1],R*), R?) defined by

vi(t,x(t),A) = —SX%l (1) —2)6%2([) —dxpp(£)x12(2) + (8t +3A)x11(2) + (41 + A)x12(2),

VQ(Z‘,X(Z‘),l) = —2x%1 (l‘) — 6)6%2(1“) —2x71 (l‘)sz(t) —+ (31‘—}—51))621 (l‘) + (51‘—1—31))622(1‘).
Then, the operator —Vpv € L?(]0, 1] x D,R*) is given by
16X11(l)+4xlz(t)—8t—3l 4X12(l‘)+4xll(t)—4l‘—7t
—Vpv(t,x(t),A) = :
4xr1 (l‘) +2X22<t) —3t—-5A 12)@2(1‘) + 2x71 (t) —5t—-37

The time-dependent oligopolistic market equilibrium distribution in presence of excesses is the
solution to the time-dependent quasi-variational inequality:

2 2 -
/1 (_M> (xij(t) —x5(1))dt > 0,  Vx € Kp(x¥). 4.2)

i= 1 ] axi.i

In order to compute the solution to (4.2), we make use of the direct method introduced in [28].
Therefore, we have to solve the following system

(167, (1) +4x7, (1) — 8t —3A =0,
4x7,(t) +4x7,(t) —4r— A =0,
Ax5, (1) +2x5,(t) =3t =54 =0,
2x5, (1) +12x3,(t) — 5t =34 =0,
( ) <xji(t) <xi(t), Vi=1,2,Vj=1,2, ae.in[0,1],

1
Zx,] / pi(t,x*(1),p)dt, Vi=1,2, ae.in [0,1],

J=
2

1
Zx:} / q,(t,x*(t),p)dt, Vj=1,2, a.e.in [0,1].
=1

This system admits the following unique solution

2t+A 8+ A
6 12

13t +274 Tt +A
22 22

X (t) =
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13t +274 1
Observe that x* & K(x*) because x5, (f) = —;—2 Et’ forevery A € R..

Hence, the alternative is to consider the following set
Kp(x") = qx € L([0,1],RY) : (1) <o) <%yy(0), Vi j = 1,2, (i,) # (2,1),
. . 1 .
a.e.in[0,1],x5,(¢) = 51 ae.in 0,1],

1
Zx,] / pi(t,x"(1),p)dt, Vi=1,2, ae.in [0,1],

1
Zx,l / qj(t,x*(z),p)dr, ¥Yj=1,2, a.e.in [0,1] »,

and the system

(16x7, () +4x%, () — 8t — 34 =0,
Ax7, (1) +4x7,(1) =4t — A =0,

2x5, (1) +12x3,(t) — 5t =34 =0,
( ) Sxij(t) le'](t)v VZ,]: 1727 (Z7J> 7& (271)7 a'e'in[oa 1]7

2 1
2 xii(0) < / pi(t,x"(7),p)d7, ¥i=1,2, a.e. in [0,1],
0

Y x50 < [ qj(t,x7(1),p)dT, Vj=1,2, ae.in [0,1].
0

We check that the matrix-function

20+A  8t+A
. 6 12
YO= 7 a4
2! 12

is a solution to the system in question, in [0, 1], since 4x3, (f) +2x3,(t) — 3t — 5A < 0. Further-
more, we observe that the solution satisfies all the constraints, in particular if we compute

1 A 1 1 1
/0pl(t,x*(f),p)dl':10t+5—|—p—|—§, /0pz(t,x*(r),p)dr:4t+§l+5p+1,

1 A 1 1 1
| aex@par=6r+ 52045 [ @ (@).p)dr=81+p+7,
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we obtain the related production and demand excesses:

A 1 31 A |
N+—-+p+3 —t+ = +2p+5
4 3 6 12
Ep(t) = , Op(t) =
P 19 2 P A 1

5. CONCLUSIONS AND PERSPECTIVES

We analyzed time-dependent elastic Nash equilibria in oligopolistic markets highlighting the
perturbation phenomena. In particular, we considered the very realistic assumption that both
internal and external sources generate variations at any time of commodity shipments between
supply markets and demand markets. Our key ingredient was based on the characterization of
the parametric market equilibrium model subject to perturbation by a time-dependent quasi-
variational inequality problem, which allowed us to infer quite nice quantitative stability esti-
mates for the parametric equilibrium commodity shipment distribution from the stability of the
abstract time-dependent quasi-variational inequality problem, which we proved via variational
selections and fixed point arguments. For the perspective of this work, it could be very inter-
esting to extend the obtained stability of exact solutions for such models to new concepts of
approximative quasi-equilibrium distributions under multiple perturbations.
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